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Abstract. An advanced computational approach to determination of the electron-collisional 

strengths and cross-sections for atomic ions in the Debye plasmas is presented and used to 

calculate effective collision strengths of the Kr
26+

 Ne-like ion excitation states for temperature 

T=5×10
6
К and density ne==10

14
cm

-3 
. The obtained results are compared with the R-matrix 

data by  Griffin et al and other theoretical estimates.  The approach  is based on the generalized 

relativistic energy formalism  and relativistic many-body perturbation theory with the Debye 

shielding model Hamiltonian for electron-nuclear and electron-electron systems. The optimized 

one-electron representation in the perturbation theory zeroth approximation is constructed by 

means of the correct treating the gauge dependent multielectron contribution of the lowest 

perturbation theory  corrections to the radiation widths of atomic levels.  

1. Introduction 

The properties of laboratory and astrophysical plasmas have drawn considerable attention over the last  

decades [1-6]. It is known that multicharged ions play an important role in the diagnostics of a wide 

variety of plasmas. Similar interest is also stimulated by importance of this information for correct 

determination of the characteristics for plasma in thermonuclear (tokamak) reactors, searching new 

mediums for X-ray range lasers. The electron-ion collisions play a major role in the energy balance of 

plasmas. For this reason, modelers and diagnosticians require absolute cross sections for these 

processes. The cross sections for electron-impact excitation of ions are needed to interpret 

spectroscopic measurements and for simulations of plasmas using collisional-radiative models. Such 

well-known atomic methods such as multi-configuration Dirac–Fock, relativistic distorted-wave 

method, R-matrix and others approaches [4-18] have been intensively applied to problems considered. 

At present time a considerable interest has been encapsulated to studying elementary atomic processes 

in plasmas environments (for example, see [1-54] and Refs. therein) because of the plasmas screening 

effect on the plasmas-embedded atomic systems. In many papers the calculations of various atomic 

and ionic systems embedded in the Debye plasmas have been performed [4-10, 16-20]; it is well-

known that the Debye model is justified only in the limit of high temperature and low density. 

However, a development of the advanced computational quantum-mechanical models for the further 

accurate computing oscillator strengths, electron-collisional strengths and cross-sections for the atomic 

ions in plasmas, including the Debye plasmas, remained very actual and difficult problem.  

In this paper we develop and apply an advanced computational approach to determination of the 

electron-collisional strengths and cross-sections for the atomic ions in the Debye plasmas. The 
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approach is based on the generalized relativistic energy formalism  and relativistic many-body 

perturbation theory (PT) with the Debye shielding model Hamiltonian for electron-nuclear and 

electron-electron systems [17-25]. The PT formalism is constructed on the base of the same 

fundamental points as the well-known PT approach with the model potential zeroth approximation by 

Ivanov-Ivanova et al [1-3,26-32]. However there are a few fundamental differences. For example, in 

our case the PT zeroth approximation [18-20] is in fact the Dirac-Debye-Hückel one. In order to 

compute the radiative and collisional parameters an advanced version of a relativistic energy approach 

is used [47,55-64]. It is important to remind that a model relativistic energy approach in a case of a 

multielectron atom has been developed by Ivanov-Ivanova et al [26-30]. A generalized gauge-

invariant version of relativistic energy approach in a case of the multielectron atomic systems has been 

developed by Glushkov-Ivanov-Ivanova (see Refs. [30,33-36]). Earlier this approach has been 

successfully applied to many actual  problems of modern atomic, nuclear, mesonuclear, molecular 

optics and spectroscopy etc (look Refs. [37-52,55-68]). The method [33] is used to construct the 

optimized one-electron representation in the PT zeroth approximation by means of the correct treating 

the gauge dependent multielectron contribution of the lowest PT corrections to the radiation widths of 

atomic levels. The presented approach has been used to calculate effective collision strengths of the 

Kr
26+

 Ne-like ion excitation states for temperature T=5×10
6
К and density ne==10

14
cm

-3 
. The obtained 

results are compared with the R-matrix data by  Griffin et al and model potential data [5,20].  All 

computing was performed with using the modified PC code “Superatom-ISAN” (version 93). Other details can 

be found in Refs. [17-22]. 

2. Generalized energy approach in scattering theory    

In the theory of the non-relativistic atom a convenient field procedure is known for calculating the 

energy shifts E of degenerate states. This procedure is connected with the secular matrix M 

diagonalization [26-32]. In constructing M, the Gell-Mann and Low adiabatic formula for E is used. 

A similar approach, using the Gell-Mann and Low formula with the QED scattering matrix, is 

applicable in the relativistic atom theory. The secular matrix elements are already complex in the PT 

second order and their imaginary parts are connected with the radiation decay possibility. The total 

energy shift of the state is presented in the form:   

 

E = ReE + i ImE, 

(1) 

Im E = -/2, 

 

where  is interpreted as the level width. The whole calculation of the energies and decay probabilities 

of a non-degenerate excited state is reduced to calculation and diagonalization of the complex matrix 

M and definition of matrix of the coefficients with eigen-state vectors 
IK

ivieB ,
 [27-31]. To calculate all 

necessary matrix elements one must use the basis’s of the 1QP relativistic functions. In ref. [33] it has 

been proposed “ab initio” optimization principle for construction of cited basis’s. There is used the 

minimization of the gauge dependent multielectron contribution of the lowest QED PT corrections to 

the radiation widths of atomic levels. In the fourth order of QED PT there appear diagrams, whose 

contribution into the ImE accounts for  the polarization   effects.  This contribution describes 

collective effects and it is dependent upon the electromagnetic potentials gauge (the gauge non-

invariant contribution Eninv). The minimization of the functional Im Eninv leads to the integral 

differential equation, that is numerically solved [33]. 

The Dirac-Debye shielding model Hamiltonian for electron-nuclear and electron-electron 

subsystems is as follows (atomic units are used) [18-20]:                                     
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where c is the velocity of light and Z is a charge of the atomic ion nucleus, ij is the transition 

frequency; i ,j are the Dirac matrices. The plasmas environment effect is modelled by the shielding 

parameter  , which describes a shape of the long-rang potential. The parameter  is connected with 

the plasmas parameters such as temperature T and the charge density n  as follows:  

                                                                         Tkne B/~ 2 .                                                           (3a) 

Here е is the electron charge and kB  is the Boltzman constant.  The density n is given as a sum of the 

electron density Ne and the ion density Nk of the k-th ion species with the nuclear charge qk :   

 

                                                                            
k

kke Nq Nn 2 .                                                   (3b) 

It is very useful to remind the simple estimates for the shielding parameter. For example, under 

typical laser plasmas conditions of T~ 1keV and n~ 10
22

 cm
-3

  the parameter  is of the order of 0.1 in 

atomic units; in the EBIT plasmas T~ 0.05keV, n~10
18

 cm
-3

  and 
 ~10

-3
. We are interested in studying 

the spectral parameters of ions in plasmas with the temperature T~ 0.1-1keV (10
6
-10

7
K) and n~10

14
-

10
26

 cm
-3

 (~10
-5

-10
0
). It should be noted that indeed the Debye screening for the atomic electrons in 

the Coulomb field of nuclear charge is well understood due to the presence of the surrounding plasma 

electrons with high mobility. On the other hand, the contribution due to the Debye screening between 

electrons would be orders of magnitude smaller.  Majority of the previous works on the spectroscopy 

study have considered the screening effect only in the electron-nucleus potential where the electron-

electron interaction potential is truncated at its first term of the standard exponential expansion for its 

dominant contribution [5-10,18,19]. However, as the authors [8] note, it is also important to take into 

account the screening in the electron- electron interactions for large plasma strengths to achieve more 

realistic results in the search for stability of the atomic structure in the plasma environment.   

In the PT zeroth approximation we use the mean-field potential, which includes the Yukawa-type 

potential (insist of the pure Coulomb one) plus exchange Kohn-Sham potential [54,55] and 

additionally the modified Lundqvist-Gunnarsson correlation potential (with the optimization 

parameter b) as in Refs. [18,19,55-58]. The most complicated problem of the relativistic PT computing 

the radiative and collisional characteristics of the multielectron atomic systems is in an accurate, 

precise accounting for the exchange-correlation effects (including polarization and screening effects, a 

continuum pressure etc) as the effects of the PT second and higher orders . Using the standard 

Feynman diagrammatic technique one should consider two kinds of diagrams (the polarization and 

ladder ones), which describe the polarization and screening exchange-correlation effects. The 

polarization diagrams take into account the quasiparticle (external electrons or vacancies) interaction 

through the polarizable core, and the ladder diagrams account for the immediate quasiparticle 

interaction. The detailed description of the polarization diagrams and the corresponding analytical 

expressions for matrix elements of the polarization quasiparticles interaction (through the polarizable 

core) potential are presented in Refs. [6-8,31,59-65].  

An effective approach to accounting of the polarization diagrams contributions is in adding the 

effective two-quasiparticle polarizable operator into the PT first order matrix elements. In Ref. [31] the 

corresponding non-relativistic polarization functional has been derived. More correct relativistic 

expression has been presented in the Refs. [55, 59] and used in our work. According to Ref. [59], the 

polarization potential is as follows: 
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where Х is the numerical coefficient.   

The justification of the energy approach in the scattering problem is in details described in Refs. 

[18-20,27-30]. The scattered part of energy shift Im E appears first in the second order of the atomic 

perturbation theory. For example, the collisional de-excitation cross section is defined as follows:   

                      

                                 
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where  Q= Qul
Q

+ Br
Q  is the sum of the Coulomb and Breit matrix elements. For example, the 

Coulomb part Qul
Q

 contains the radial R and angular  S  integrals as follows see details in Refs.[17-19, 27-

31]): 
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                      (7) 

Here the tilde designates that the large radial Dirac component f  must be replaced by the small Dirac 

component g , and instead of li, li
’
=li-1 should be taken for 

i ij l  and li
’
=li+1  for 

i ij l . The plasmas 

shielding model is incorporated and based on introducing the Yukawa - type electron-nuclear 

attraction and electron-electron repulsion potentials. The relativistic wave functions are calculated by 

solution of the Dirac-Kohn-Sham equation with the optimized one-parameter exchange-correlation 

potential. The calibration of the single model potential parameter has been performed on the basis of 

the special ab initio procedure within  [33] (see also [30,55]).  

3. Results and conclusions 

In table 1 we present the theoretical data on the effective collision strengths of the Kr
26+

 Ne-like ion  

excitation states for the temperature T=510
6 

K and the electron density ne=10
14 

cm
-3

. The R-matrix 

data by DF Griffin et al (RM) [5] and model potential (MP) data [20] are listed for comparison too. It 

should be noted that strong compensation of different PT terms is a characteristic feature of the states 

with vacancies in the core. This is one of the main reasons for the fact that the accuracy of 

conventional a priori calculations of such states does not always satisfy the requirements arising in 
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many applications. Summation over jin,jsc in (18) spreads over the range 1/2-23/2.   For some levels the 

corrections due the correlation effects change the results by a factor of 2-3,5.  

 

 

Table 1. The effective collision strengths of the Kr
26+  

Ne-like ion excitation states 

for the temperature T=510
6
 К and electron density ne=10

14 
cm

-3
 (see text). 

Term RM  
 

MP Our paper 

2p
5
3s (3/2,1/2)2 8.29(-3) 8.13(-3) 8.17(-3) 

2p
5
3s (3/2,l/2)1 9.36(-3) 9.19(-3) 9.23(-3) 

2p
5
3p (3/2,l/2)1 3.49(-3) 3.38(-3) 3.41(-3) 

2p
5
3p (3/2,1/2)2 4.30(-3) 4.18(-3) 4.24(-3) 

2p
5
3s (1/2,l/2)0 1.32(-3) 1.21(-3) 1.26(-3) 

2p
5
3s (1/2,l/2)1 7.69(-3) 7.56(-3) 7.60(-3) 

2p
5
3p (3/2,3/2)3 4.03(-3) 3.89(-3) 3.94(-3) 

2p
5
3p (3/2,3/2)1 3.14(-3) 3.01(-3) 3.06(-3) 

2p
5
3p (3/2,3/2)2 3.36(-3) 3.12(-3) 3.16(-3) 

2p
5
3p (3/2,3/2)0 8.67(-3) 8.49(-3) 8.55(-3) 

2p
5
3p (1/2,1/2)1 2.69(-3) 2.54(-3) 2.59(-3) 

2p
5
3p (1/2,3/2)1 2.80(-3) 2.72(-3) 2.75(-3) 

2p
5
3p (1/2,3/2)2 3.27(-3) 3.16(-3) 3.21(-3) 

2p
5
3d (3/2,3/2)0 1.24(-3) 1.13(-3) 1.18(-3) 

2p
5
3p (1/2.1/2)0 1.71(-2) 1.58(-2) 1.63(-2) 

2p
5
3d (3/2,3/2)1 3.45(-3) 3.31(-3) 3.36(-3) 

2p
5
3d (3/2,3/2)3 3.80(-3) 3.67(-3) 3.74(-3) 

2p
5
3d (3/2,5/2)2 4.13(-3) 3.96(-3) 4.01(-3) 

Using of the shielding approach and an account for the highly-lying excited states is quantitatively 

important for the adequate description of the collision strengths.  

To conclude, let us note that in any case our calculation encourages us to believe that using 

relativistic energy approach with the optimal Dirac-Kohn-Sham one-electron PT basis and shielding 

model block is quite consistent and effective one from the point of view of the theory correctness and 

results exactness. This fact was surely confirmed by calculations of the oscillator strengths, radiative 

widths in atoms and multicharged ions (c.f. [3,18-30,66-70]).  
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