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Abstract

SENSING THE CAPTURE OF NEGATIVE MUON BY ATOMS: ENERGY APPROACH 

A. V. Glushkov, O. Yu. Khetselius, Yu. V. Dubrovskaya, A. V. Loboda 

It is presented a new method to sensing and estimating the cross-section of the negative muon 
capture by atoms within a consistent energy approach in the QED theory. Estimates of cross-section 
of the μ- capture by He are obtained. 
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Ðåçþìå 

ÄÅÒÅÊÒÓÂÀÍÍß ÇÀÕÎÏËÅÍÍß ÍÅÃÀÒÈÂÍÎÃÎ ÌÞÎÍÀ ÀÒÎÌÀÌÈ: 
ÅÍÅÐÃÅÒÈ×ÍÈÉ Ï²ÄÕ²Ä 

Î. Â. Ãëóøêîâ, Î. Þ. Õåöåë³óñ, Þ. Â. Äóáðîâñüêà. À. Â. Ëîáîäà 

Ïðåäñòàâëåíèé íîâèé, ïîñë³äîâíèé ï³äõ³ä äî äåòåêòóâàííÿ òà îö³íêè ïðîöåñó çàõîïëåí-
íÿ íåãàòèâíîãî ìþîíó àòîìàìè, ÿêèé áàçóºòüñÿ íà åíåðãåòè÷íîìó ï³äõîä³ â ÊÅÄ òåîð³¿. Âè-
êîíàí³ îö³íêè ïåðåð³ç³â çàõîïëåííÿ íåãàòèâíîãî ìþîíó àòîìîì Íå. 

Êëþ÷îâ³ ñëîâà: äåòåêòóâàííÿ çàõîïëåííÿ íåãàòèâíîãî ìþîíó, àòîìí³ ñèñòåìè, åíåðãåòè-
÷íèé ï³äõ³ä 

Ðåçþìå 

ÄÅÒÅÊÒÈÐÎÂÀÍÈÅ ÇÀÕÂÀÒÀ ÎÒÐÈÖÀÒÅËÜÍÎÃÎ ÌÞÎÍÀ ÀÒÎÌÀÌÈ: 
ÝÍÅÐÃÅÒÈ×ÅÑÊÈÉ ÏÎÄÕÎÄ 

À. Â. Ãëóøêîâ, Î. Þ. Õåöåëèóñ, Þ. Â. Äóáðîâñêàÿ. À. Â. Ëîáîäà 

Ïðåäñòàâëåí íîâûé, ïîñëåäîâàòåëüíûé ïîäõîä ê äåòåêòèðîâàíèþ è îöåíêå ïðîöåññà çà-
õâàòà îòðèöàòåëüíîãî ìþîíà àòîìàìè. Âûïîëíåíû îöåíêè ñå÷åíèé çàõâàòà îòðèöàòåëüíîãî 
ìþîíà àòîìîì Íå. 

Êëþ÷åâûå ñëîâà: äåòåêòèðîâàíèå çàõâàòà îòðèöàòåëüíîãî ìþîíà, àòîìíûå ñèñòåìû, ýíåð-
ãåòè÷åñêèé ïîäõîä 

In last years with appearance of the intensive 
neutron pensils, powerful laser sources new inter-
est attracts a class of problems, connected with the 
γ quantum-muon-nuclear interactions (e.g.[1-20]). 

Speech is about processes of elementary particle-
nuclear interactions, which were studied ealier, but 
for significantly other energy and geometry scales. 
It is well known that a negative muon μ captures 

A. V. Glushkov, O. Yu. Khetselius, Yu. V. Dubrovskaya, A. V. Loboda

© A. V. Glushkov, O. Yu. Khetselius, Yu. V. Dubrovskaya, A. V. Loboda, 2006



32

Sensor Electronics and Microsystem Technologies. 4/2006

by a metastable nucleus may accelerate the dis-
charge of the latter by many orders of magnitude 
(e.g.[1,9,16]). Principal possibility of storage of 
significant quantities of the metastable nuclei in 
processes of the nuclear technology and their con-
centrating by chemical and laser methods leads to 
question regarding methods of governing velocity 
of their decay. It had been studied a possibility of 
action on processes of decay of the nuclei with par-
ticipating the electrons of atomic shells (K-capture 
and internal conversion)by means their ionization 
(e.g.[1,9,14-16]). It had been considered a possibil-
ity of accelerating discharge of a metastable nucleus 
by means of the angle momentum part to electron 
shell of atom [9,20]. A comprehensive QED theory 
of cooperative laser-electron-nuclear processes 
is developed in refs. [19,20]. An effect of electron 
shell is quite small as the parameter r

n
/r

a 
is small 

(r
n 
is a radius of nucleus and r

a 
is a radius of atom). 

A meso-atomic system differs advantageously of 
usual atom, as a relation r

n
/r

a 
can vary in the wide 

limits in dependence upon the nuclear charge. For 
a certain relation between the energy range of the 
nuclear and muonic levels the discharge of metast-
able nucleus may be followed by the ejection of a 
muon, which may then participate in the discharge 
of other nuclei. Estimates of probabilities for dis-
charge of a nucleus with emission of γ quantum and 
further muon or electron conversion are presented 
in ref. [16]. Let us also underline that despite the 
relatively long studying the processes of interac-
tion of mesons with atoms, nuclei hitherto there is 
no absolutely common opinion regarding values of 
energies when the muons are captured by different 
atoms and nuclei. The corresponding experiment 
is connected with known difficulties, and different 
theoretical estimates are significantly differ from 
each other. According to Mann and Rose (e.g.[4]), 
the muon capture occurs mainly under energies of 
Å~ 10êeV, but according to Bayer muons survive till 
thermal energies. In majority of papers (e.g.[1,4]) 
different authors predicted the muon capture ener-
gies in interval from a few dozens to thoursands eV. 
Traditional theoretical approaches to problem are 
based on the Born approximation with plane or dis-
turbed wave functions and the hydrogen-like func-
tions for the discrete states. For estimating the muon 
energies with the most high capture probability in 
many papers there is used the cross-section of in-
elastic scattering of muons on atoms by Rosenberg, 
which is however significantly decreased. In papers 
by Vogel et al and Leon-Miller (e.g.[4]) it is used 

the well known Fermi-Teller model, in which the 
atomic electrons are treated as an electron gas and 
muon is classically described. In paper by Cherepk-
ov and Chernysheva [4] the standard Hartree-Fock 
mathod is used to define the cross-sections of the 
Auger capture, elastic and inelastic scattering of the 
negative muons on atom of He in the energy range 
from 1 to 175 eV. The standard Hartree-Fock wave 
functions are used for description of atom and re-
moved electron and the Hartree-Fock functions 
in a field of “freezy” atom and ion respectively are 
used for treating the muon in the initial and final 
states. More modern approaches [2], based on the 
fermion molecular dynamics method began to use 
in the last years in the scattering and capture prob-
lem. In any case we suppose that more sophisticat-
ed methods of the QED perturbation theory and an 
energy approach type (e.g.[12-20]) are needed for 
correct solving the muon capture not only by light 
atoms, but by the heavy ones too. 

Here we present a new method to sensing 
and estimating the cross-section of the negative 
muon capture using a consistent energy approach 
[12,14,17]in the QED theory. Let us present the key 
moments of the approach. In the theory of the atom 
a convenient field procedure is known for calculat-
ing the energy shifts ΔE of degenerate states. This 
procedure is connected with the secular matrix M 
diagonalization. In constructing M, the Gell-Mann 
and Low adiabatic formula for ΔE is used. A similar 
approach, using the Gell-Mann and Low formula 
with the QED scattering matrix, is applicable in 
the relativistic atom theory (c.f.[9-12]). In contrast 
to the non-relativistic case, the secular matrix ele-
ments are already complex in the second order of 
the perturbation theory (PT) (first order of the in-
ter-electron interaction). Their imaginary parts are 
connected with the radiation decay (radiation) pos-
sibility. The total energy shift of the state is usually 
presented in the form: 

 ΔE = ReΔE + i ImΔE      Im ΔE = -Γ/2 (1) 

where Γ is interpreted as the level width, and the decay 
possibility P = Γ. The whole calculation of the ener-
gies and decay probabilities of a non-degenerate ex-
cited state is reduced to calculation and diagonaliza-
tion of the complex matrix M. To start with the QED 
Gell-Mann and Low formula one must choose the 
zero-order approximation. Usually one uses for this 
purpose a one-electron Hamiltonian with a central 
potential that can be treated as a bare potential in the 
formally exact QED PT. There are many well-known 
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attempts to find the more fundamental optimization 
principles for the bare one-electron Hamiltonian 
or (what is the same) for the basis of one-electron 
functions which represents such a Hamiltonian. The 
minimization of the gauge dependent multielectron 
contribution of the lowest QED PT corrections to 
the radiation widths of atomic levels is proposed in 
[12] as “ab initio” optimization principle (see be-
low). In present calculations of the muon capture we 
dealt with atoms and ions having the closed electron 
shells. For example, the ground state 1s2 of the He 
atom or He-like ion. Note that below we operate in 
the relativistic approximation, though for light atoms 
(H or He) the non-relativistic approach is suitable. 
It is usually accepted, as the bare potential, a poten-
tial including the electric nuclear potential V

N
 and 

some parameterized potential V
C
, that imitates the 

interaction of closed-shell electrons with incident 
particles. The parameters of the model bare potential 
are chosen so as to generate accurate eigen-energies 
of all two-particle (2QP) states, i.e. 1s2s,2p3s,3p,3d 
etc. with the same nucleus. In the second order of 
the QED PT the energy shift is expressed in terms of 
two-particle matrix elements 
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Here Qλ
Qul  is corresponding to the Coulomb in-

ter-particle interaction: 
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where Rλ(1,2;4,3) is the radial integral of the Cou-
lomb inter-electron interaction with large radial 
components; the tilde denotes a small compo-
nent; S is the angular multiplier (see expressions in 
ref.[18,19]). Expession for the Breit inter-particle 
interaction part is similar to (3) and presented also 
in ref.[16-19]. To calculate all necessary matrix el-
ements one must use the basis’s of the 1QP rela-
tivistic functions. In many calculations of charac-
teristics of the atomic elementary processes it has 
been shown that adequate description of these 
characteristics requires using the optimized basis’s 

of wave functions. In ref. [12] it has been proposed 
“ab initio” optimization principle for construction 
of cited basis’s. There is used the minimization of 
the gauge dependent multielectron contribution 
of the lowest QED PT corrections to the radiation 
widths of atomic levels. The details of procedure 
can be found in [12]. Below we first use such a basis 
in calculation of the muon capture cross-section. 
Further we briefly discuss the energy approach in 
scattering theory 11,12] and give main formulas. We 
briefly outline the main idea using, as an example, 
the negative muon capture by He atom: ((1s)2[J

i
M

i
], 

ε
in

μ)→(1sεl,ε
nl

μ). Here J
i
 is the total angular moment 

of the initial target state; indices ε
in

μ
 
and ε

fk
μ

 
are the 

incident and discrete state energies, respectively to 
the incident and captured muons. Further it is con-
venient to use the second quantization represen-
tation. In particular, the initial state of the system 
“atom plus free muon” can be written as ain

+μΦ0  
state. Final state is the state of an atom with the 
discrete state electron, removed electron and cap-
tured muon; in furhter |I> represents one-particle 
(1QP) state , and |F> represents the three-quasip-
article (3QP) state. The Auger capture part of en-
ergy shift Im ΔE appears first in the second order of 
the atomic perturbation theory (fourth order of the 
QED perturbation theory) in the form: 

 ImΔE=πG iv ie in fk( , , , )ε ε ε εμ μ   (4) 

Indices e,v are coresponding to atomic electrons. 
Here G is a definite squired combination of the two-
particle matrix elements (2). The value σ=-2 ImΔE 
represents the capture cross-section if the incident 
muon eigen-function is normalized by the unit flow 
condition. The cross-section is as follows: 

 
σ π( ) ( ) ( )

,

0 2 2 1 2 1→ = + + ⋅∑IF J jf sc
j jin sc   

 ⋅ < >∑{ , | , | },

,

B j j J j jfe fv
FK

fe fv f in sc
j jfe fv

0 2   (5) 

Here Bie iv
IK

,  is a real matrix of eigen-vectors coef-
ficients, which is obtained after diagonalization of 
the secular energy matrix. The amplitude like com-
bination in (8) has the following form: 
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In (15) values Qλ
Qul  and Qλ

Br  are defined by the 
expressions of the type (3). The different normaliza-
tion conditions are used for the incident and for the 
captured state electron wave functions. The details 
of the whole numerical procedure of calculation of 
the capture cross-section and also elastic and in-
elastic cross-sections can be found in [16,17]. 

We have carried out the calculation of the nega-
tive muon capture by atom of He. At first we stud-
ied the behaviour of the curves for cross-section of 
capture for the negative muons in dependence upon 
the ground quantum number n with summation 
on the orbital moments l for several values of hte 
muon initial energy. In whole our curves are lying 
a little highe than ones [4]. Analysis shows that the 
capture cross-section for energies of the incident 
muon 16 and 50 eV with growth of the orbital quan-
tum number (l>10) begins to decrease for all n.For 
small and large energies of muons in comparison 
with atomic ionization potential) states with large 
l are populated with less probability than for ener-
gies of the ionization potential order. It is qualita-
tively similar to the non-relativistic Hartree-Fock 
calculation. The more probable capture occurs to 
states with n=15-20. At the same time the Hartree-
Fock basises are not gauge-invariant ones. So, one 
could under-stand that an accuracy of calculation 
with the gauge-invariant basises within an energy 
approach is naturally higher. Calculated in present 
paper full cross-sections of the muon capture, elas-
tic and inelastic scattering in dependence upon the 
energy with summation on all n,l are presented in 
fig 1 (dotted line curves 7,8,9 respectively in fig.). 
For comparison we present the cross-sections of 
the Auger capture, elastic and inelastic scattering, 
obtained within the Hartree-Fock method (curves 
1,2,3), cross-section of the inelastic scattering by 
Rosenberg (curve 4), cross-section of the Auger 
capture by Copenman and Rogova (curve 5) and so 
called transport cross-section [1,4]. 

The Hartree-Fock basises are not gauge-invari-
ant ones. So, one could understand that an accu-
racy of calculation with the gauge-invariant basises 
within consistent energy approach (present paper) 
is naturally higher. This is regarding data by Rosen-
berg, Copenman-Rogova and transport cross- sec-
tions. More detailed discussion regarding an im-
portance of using the optimized gauge-invariant 
basises in the cross-section calculation and quan-
titative estimates are given in refs.[16-20]. In any 
case, we can conclude that a new proposed method 
to sensing and estimating the cross-section of the 

negative muon capture by atoms within a consistent 
energy approach in the QED theory can be usefully 
used in solving problem considered, in particular, in 
calculation of the Auger-capture of negative muons 
by heavy relativistic atoms. 

  

Fig. 1. The cross-section of the Auger capture, elastic 
and inelastic scattering, obtained within the Hartree-
Fock method (curves 1,2,3), cross-section of the inelas-
tic scattering by Rosenberg (curve 4), cross-section of 
the Auger capture by Copenman and Rogova (curve 5), 
the transport cross-section (cross symbol) [1,4] and the 
muon capture, elastic and inelastic scattering (present 
paper; dotted line curves 7,8,9 respectively). 
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