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VY KOHCHEKTYy JeKLid BUKJIaJEHI KJIacCH4HI NHUTaHHSA Teopii HMoOBipHOCTEH Ta
MaTeMaTUYHOI CTAaTHCTHKU (pO3alTy Kypcy «Buima maremarukay»), 30KpeMa, eJIeMEHTH
KOM6iHaTOpI/IKI/I, IOHATTA MOUCKPETHUX Ta HCECICPCPBHUX BUIIAJKOBUX BCJIWYNH, 3daKOHU
po3noainy iX WMOBIpHOCTEH, (YHKIS PO3MOAUTY WMOBIPHOCTEH CHCTEMH BHUIIQKOBHUX
BEJIMYMH Ta ii BIACTHBOCTI, TPAaHUYHI TeopeMH Teopii HMOBiIpHOCTEH, OCHOBHI BiJOMOCTI
MaTeMaTU4YHOI CTATUCTUKU, Y T.4. KpUTEPIi 171 NepEeBIPKU CTATUCTUYHUX T1roTe3 ToIo. J{is
CTY/EHTIB T'IPOMETEOPOJIOTIYHUX, EKOJIOTIYHUX Ta EKOHOMIYHUX crenianbHocTell. KoHcmekt
JIEKI1# BUKOPUCTOBYETHCA JUIsSl IEHHOT Ta 3204HOT (JOPM HABUAHHS.

B xoHcnekta J'ICKLII/Iﬁ H3JIOKCHBI KIIACCUYCCKUC BOIIPOCHI TCOpPUU BepOHTHOCTeﬁ u
MaTeMaTHUYeCKOM CTaTUCTHUKU (pa3,uena Kypca «Bpicmas MaTeMaTI/IKa»), B YaCTHOCTH,
DJICMCHTHBI KOM6I/IHaT0pI/IKI/I, MOHATHUA AJUCKPETHBIX W HEIPCPBIBHBIX CHy‘I&ﬁHBIX BCJINYHH,
3aKOHBI pacCIIpCaACICHUSA UX BepOHTHOCTCﬁ, (I)}’HKI.IHH pacnpeaciiCHuAd BCpOSITHOCTGfI CHUCTEMBI
CJ'Iy‘-IElfIHBIX BCJIMYHH U €€ CBOfICTBa, MNpeaACIbHBIC TCOPEMBI TCOPUHA B@pOHTHOCTefI, OCHOBHBIC
CBCACHUA MaTeMaTHYECKOU CTaTUCTUKH, B T.U. KPUTCPUU IJId HNPOBCPKU CTATUCTHYCCKUX
THUIIOTE3 U TOMY HO)IO6HOG. HJ'ISI CTYACHTOB THAPOMECTCOPOJIOTNICCKUX, SKOJIOTHYECKUX H
3KOHOMHNYCCKUX CHGHH&HBHOCTCﬁ. Koncnoekr JICKLII/Iﬁ HCIIOJIB3YCTCA IJISA IIHCBHOI71 U 3a049HOH
dbopm o0yueHus
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PO3/11 I. BUTIAJIKOBI MOI1

1.1. TIIpeamer Teopii iimoBipHocTeil. CTaTH4yHe O3HAYEHHA
HMOBIipHOCTI

VY MOBCSKAEHHOMY KHTTI HAM YaCTO JIOBOJUTHCS 3YCTPIUaTUCS 3 PI3SHUMHU
SBUIIAMH 1 (pakTaMu, sIKI MU Ha3MBAEMO 6unaokogumu. 30kpema, iHbopmariis,
Ha OCHOBI SIKOi pO3B’SI3yIOTHCS MPAKTUYHI 3371a4i B €eKOHOMIIT1, 3a3BUYail HOCUTH
HAOIUMCeHUl, HemoyHul, eunaokosutl Xapaktep. Hampukmnaa, BlIacHUK
MarasuHy He 3Ha€, CKIJIbKH Oy/ie MOKYIIIB, O13HECMEH — SKUM OyJe 3aBTpa Kypc
IpHBHI, OaHKIp — Y OBEPHYTh HOMY NO3UKY. AJie I y BUNTAIKOBUX (DaKTax 3a
MEeBHUX YMOB MOXYTh OyTH BUSBIICHI TieBHI 3akoHomipHocTi. Lli
3aKOHOMIPDHOCTI BHUBYa€ Teopis HWMoBIpHOCTe. [lns po3B’si3aHHs 3ajad,
MOB’SI3aHUX 3  aHAMI30M  EKOHOMIYHOI  1HopMmailii, BHUKOPUCTOBYIOTbH
WMOBIPHICHI Ta CTaTHUCTHUYHI METOIHM, OCKUIBKH XapaKTEPHOIO OCOOIMBICTIO
Teopii UMOBIPHOCTEH € Te, 110 BOHA PO3IJIAJAE SBHINA, B SKUX B Til YW 1HIIIH
dbopMi IPUCYTHSI HCBU3HAYCHICTb.

IupoKO pO3MOBCIO/IKEHE YSIBICHHS IOB’S13y€ HEBU3HAUYEHICTH 1, OTXKE,
AMOBIPHICTh 3 TaKUMH CHUTYallsIMU SIK Tpa B KOCTI, B PYJETKY, BUTATYBaHHS
kapT 3 koioau 1 1.m. Came motpeba y po3B’sA3yBaHHI NpPAKTUYHUX 3ajad,
NOB’SI3aHUX 3 a3apTHUMH IrpaMd, a TaKOoX 3 MUTAaHHSAMHU CTpaxyBaHHS 1
neMmorpadii, skuMu B cepeauHi 17 c¢T. 3aiiManuch Taki BIJIOMI BY€HI K
['tolirenc, Ilackans, @epma 1 SAkiB bepHymni, 00yMOBHU/Ia BUHUKHEHHSI TEOPii
WMOBIPHOCTEH SIK CAMOCTIIHOT HAYKH.

Sk 1 B KOXHIM MaTreMaTWuyHid JUCIUIUTIHI, B Teopii WMOBIpHOCTEH
ICHYIOTb JIESIKl n04amKo8i, nepsicHi IOHATTS, TIOKJIAJICH] B ii OCHOBY.

[lepmmM TakuM TOHATTAM € TOHSTTS 6uUnaokosoi noodii. JIo HBOTO
MPUXOJAUMO TaK.

Ilo-nepwe, g nodiero po3yMieMo Taky difo, IPO Ky MOKHA CKa3aTH, 10
BOHa B110yJack, a00 Bi1OyBaeThCs, a00 MOKe BIIOYTUCH, 400 HEMOXKIIUBA.

Ilpuxnaou: 1) llepmoro BepecHs moyanoch HaByanHa B JIHY im.
[.®panka (moxis BigOynack). 2) Ilpu KuzaHHI MOHETH TepO BHUIAJE 3BEPXY
(Moxe BiIOyTHCH, MOXE HE BiAOYyTHCH). 3) BUTArHYTH 3€leHYy KyJbKy 31
CKPUHBKH, siKa MICTUTh | OuTy 1 1 4OpHY KyJbKY (HEMOXKJIMBA MO1s).

llo-Opyee, OHATTS BUMAJAKOBOI MOJII MOB’SI3aHE 3 3aBIAHHSIM 1EGHO20
KOMNJIEKCY YMO8.

IIpuknaou komnnexcis ymos:

1) Ha TBepmy IUIOCKY piBHY IMOBEPXHIO KHIAEThCS KyOWK MpPaBHUIBHOT
¢dbopMu, BUTOTOBIEHUI 3 OAHOPIAHOTO Martepiany, 3 TpPaHsIMH, MO3HAYEHUMU
OJTHUM, JIBOMA,..., IIICThOMA OUYKaMH.



2) BenmeTbcst criocTepeXeHHs 3a MEBHOIO YaCTHHOK Heba B 30pSHY Hid
MPOTATOM JIESIKOTO IPOMIKKY Hacy.

3) Cepen HaceneHHsS SKOTO-HEOYJb HACEJICHOTO IYHKTY BHOHMpPArOTh
HaBManHsa 100 you. [poiec peanizaiiii NEBHOTO KOMILJIEKCY YMOB Ha3UBA€EThCS
excnepumenmom. Tenep MOXeMO [JaTU O3HAYEHHS 6uUNaoKo8oi nooii.
Bunaokoea nodia — 1ie mopis, sKa MOXe 8i00ymucy abo He 8i00ymuco, B
pe3ynbTaTi 3A1IHCHEHHS JESIKOTO €KCIEPUMEHTY, TOOTO B pe3yJbTaTi peasizarii
MIEBHOTO KOMILJIEKCY YMOB.

lpuxnaou eunaoxkosux noditi (B 3B’513Ky 3 BUIIIEBKA3aHUMHU KOMIUIEKCAMU
YMOB):

1) BunaganHs rpaHi KyOuKa 3 MapHOIO KUTBKICTIO OYOK.

2) [NosiBa komMeTH.

3) HasiBHicTh x04a 6 10-TH 4YOJIOBIK 3 BHIIIOIO OCBITOIO Cepell BUOpaHUX
CTa YOJIOBIK.

Akmo ma 4Yac KOXKHOI peamizamii 3aJaHOT0 KOMIUIEKCY YMOB ITOJIS
0008 ’513K060 BIJIOYBA€THCS, TO BOHA HA3UBAETHCS GIPOIOHOI0.

SIk1o K B pe3yabTaTi eKCIEPUMEHTY TMOIIS 0008 A3K0680 HE B1IOYIEThCS,
TO L€ - HEMOMCAUBA TIOJTIS.

OueBHUIHO, IO MICIA 00HOPA3068020 3JIIACHEHHS €KCIIEPUMEHTY, MU HE
BUSBUMO 3aKOHOMIPHOCTEW, SIKI BJIACTUBI JJI1 KOHKPETHOI BHUIAJKOBOI MOIi.
OmHak 3aKOHOMIPHOCTI MOXKHA BHUSIBUTH, SIKIIO 3A1MCHIOBATH EKCIIEPUMEHT
bazamopazoso 8 0OHAKOBUX YMOBAX.

Hanpuknao, paHi peecTpaiii HapoJKyBaHb JIT€ B HEBEJIUKOMY
HACeJICHOMY TYHKTI 3a HEBEJMKUU TepioJy 4Yacy He [JalTh CHIUKUX
CHIBBIJHOIICHh MIK KIJIBKICTIO HApPOHKCHUX XJIOMYUKIB 1 AiBuaTok. OJHAK
SKIIO 310paTy CTATUCTUYHI JaH1 1o 6citl Kpaiui 3a mpueanuii nepiod (KibKa
JECATUPIY) 1 TPOaHaIi3yBaTU iX, TO BUABUTHCS TIEBHA 3aKOHOMIPHICTh: Ha
kokHy 1000 HapOPKEHUX MPUITAJIAE 8 cepeOHboMy 515 XIOMUUKIB.

OTxe, IpyruM 3 MOYATKOBUX IOHATH TEOpii WMOBIPHOCTEH € MOHATTS
macosocmi ssBUII (TTOIH).

Macosi sasuwa po3TISINAIOTECA SK TPOTUJICKHICTH 10 OAWHUYHHX 1
MacoBICTb MOX€ MpOSIBIATUCH: 1) B waci; 2) B mpoctopi; 3) 1 B yaci, 1 B
POCTOPI.

Tenep Mu MOXXKEeMO OCTaTOYHO CHOPMYIIIOBATH, 110 € npeomMemom Teopii
nMoBipHOCTEH. IIpeomemom meopii iimosipnocmeit € BUBUCHHS KUIbKICHUX
3aKOHOMIPHOCTEM, XapaKTePHUX ISl MACOBUX OJHOPITHUX BUMAAKOBHX IMOIIH.

CmamucmuyHne 03HaA4eHHs UMOBIPHOCTI

Hexail neskuii eKCiepUMEHT 3HIMCHIOETbCS 7 pa3iB 1 NpU LBOMY B
pesynbTaTi M BunpoOyBaHb BinOyBaeThes momis A. BimHomenns m/n

HA3MBAETBCS IOHOCHOIO yacmomoio nosBu noxii A B cepii 3 n BUIPOOyBaHb.
Teopiss WMOBIPHOCTEH BHBYAE JIMINIE Takl TMOMIi, Jd SKUX Ma€ Micle
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BJIACTHUBICTH cmitikocmi yacmom. BoHa moysrae B TOMy, IO YacTOTa TOSBH
nonii A npu eenuxiu xinbkocmi BUIPOOYBAHb MajloO BiIpPi3HAETLCS Bil IESIKOTO
qucla.

Hanpuxnao, sxmo ©Oarato pas3iB MIKUAATH MOHETY, TO 4YacToTa

BUMNaAaHHs Tepba Oyae Maylo BIAPIZHATUCS BIT % YacToTa HapOIKEHHS

XJIOIYKMKA JUIS BEJIMKOI KUIBKOCTI TMpOaHadi30BaHUX JaHUX Oyjae Majo
Biapi3usaTucs Big 0,515.

3BiZICH, JIOTIYHO MIPKYIOUHM, OTPUMYEMO TaK 3BaHE CMAmMucmuiue
o3HavenHs AMOBIpHOCTI. Mmosipricmio TIONT HA3UBAETHCA 06 €KMUBHO iCHVIOUA
6enU4UHA, HaBKOJO SKOT TPYMYIOThCS BITHOCHI YaCTOTH INET MOJIi MpU BEJIUKIN
KinbKoCTi BUnpoOyBanb. [loznagaemo P(A) - imoBipHicTs moii A.

Jlerko 3po3yMiTH, IO 3a 3HAYCHHSAMH BIJIHOCHMX 4YacTOT MOJKHA
OTpUMATH JIMIIEe HAOMMIKEHE 3HAYeHHS WMOBIPHOCTI, TOMY 3 TOYKH 30Dy
MaTEeMaTHKH TaKe O3HAYCHHS € HEJIOCKOHAIMM.

Axmo dhopmynoBaTH TOCKOHAJIE CTAaTUCTHYHE O3HAYECHHS 3 TOYKU 30Dy
MaTeMaTUKH, TO MOXKHA CKa3aTH, IO UMOGIpHICMIO NOOii € 2panuys, 10 SKOI

npsMy€e BIJTHOCHA 4acToTa MOSIBU noii pu HEOOMEKEHOMY
. . . . m(n)
3pOCTaHHI KUIBKOCTI BUIIPOOYBaHb: P(A)= lim ———=. Ile osnauenns
n—Lo N

HaJIC)KUTh HIMEIIbKOMY MaTeMaTuky Pixapay Misecy .

1.2. E;leMeHTH KOMOIHATOPUKHU

KomO0inaTtopuka - po3ain MaTeMaTUKH, NPEIMETOM SKOTO € Teopist
CKIHYEeHHUX MHOYHH.

MHOXKHMHA - CYKYIHICTb OO’€KTIB JOBUIBHOI MTPUPOAM, SKI MarOTh
CHUIBHY ISl BCIX HUX XapaKTEPUCTUUHY BIACTUBICTb.

Ilpuknaou: MHOXWHA BCIX IIMCHUX YHCEI; MHOXXHHA IUIMX YHCEN -
HecKIHYeHHI MHOXXUHH, MHOXHMHA numx uucel Big 1 mo 100 - ckinuenna
MHOJKHHA.

A, B, C,... - Muoxunu, a, b, ¢ - ix enementu. Haramaemo, 1o,
A UB,ANB,A\B,J- BinnosiiHo 06’ €aHAHHSA, IEPETHH, PI3HUIA MHOKUH

i mopoxus muoxuna. ITosnaunmo: N(A)- xinbkicTs enementiB MHOXHUHH A.
Sxkmo N(A)=n, To xasatumemo, mo 4 — N-MHOXKKHA.

B ocHOBI KOMOIHATOPWKH JIEKaTh JBa €JIEMEHTapHI MpaBWIa — CyMH 1
T00yTKY.

CdopmymoemMo NpaBUIO CYMH.

N([A)=m, NB)=n, AnB=¢< = N(AUB)=m+n.



IIpaBuio n100yTKy (OCHOBHE NIpaBUJIO KOMOIHATOPUKH): KO [-y 1iro
MOXHa 3paiiicauTH Ny crmocobamwm, Il-y, ska He 3anexuTh Bim mepmioi, - Ny
croco6amy, ..., K-Ty, sika He 3a1eXHTh Bij ycix momepenHix, - Ny cocod6amu, To
nepIry, Ipyry, Aii nociiooéno MOKHA 3TIACHUTH Ny A)... N CTIOCOOaMH.

Ipukiaan. Ckinpkoma crocobamu MokHa motpamnutd 3 n. A po m D
sxmio 3 A 1o B Bene m nopir, 3 B 1o D —K nopir, 34 no C -n nopiris C go D
—1 nopir?

m k

Posze’szanns. 3a npaBwioM J00yTKy pyx 1wixom ABD  wmoxnHa
sniticautn mk cnocobamu, a musixom ACD - nl cnocobamu. 3rigHo 3
npasuiom cymu 3 A 1o D moxna norpanuru mk + nl cnocobamu.

Bnopsiokoeani muoscunu

Osnauenns. MuoxuHa M HasuBaeTbCs 6nOpsAOKO6aHOl0, SKIIO B HIl
BCTAHOBJICHO BIHOIIEHHS MOPSIIKY, III0 MA€ TaKi BIACTUBOCTI:
1) Va,b e M a6o a <h, abo b < a;
2) sxkmo a<b,b<c 1o a<c. s BuopsakyBaHHS N-MHOXHHH
JOCHTH KOXKHOMY 3 ii €JIeMEHTIB IpHIKMCATH OJUH 3 HoMepiB 1,2,..., 1, abo

IIPOCTO 3aIMCATH 11 EJIEMEHTHU B IIEBHOMY IOPSAKY.
Ty camy MHOXHHY OYEBHJIHO MOXHA BIOPSAKYBAaTH IMO-PIZHOMY.

Hanpuknaz aius muosxuan M={1,2,3} Moxnusi Taki BnopsiKyBaHHs:

(1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1).
Posmiwenns, nepecmanosxu, kombinayii

Osnauenns. Hexait M — N - muoxuna; k <n, k e N. Posmiwennam 3 n

eneMeHTiB 110 K Ha3uBaoTh Oyab-AKy 6nopsaokosany K- miaMHOKUHY MHOKMHU

M.

KinbKicTh pO3MIIICHB 3 71 €JIEMEHTIB 10 K 00UnCITI0I0Th 38 GOPMYIIOH0:

Ak— n!
" (n=k)



|
Ipuxnao. M={1,2,3}; n=3, k=2; A§=%=6. Crpasi, MOXIMBI

posmimenns taki: (1;2), (1;3), (2;1), (2;3), (3;1), (3;2) - Bcboro miicTs.
Osnauenns. Ilepecmanogkoio 3 1 eEMEHTIB HA3UBAETHCS PO3MILLEHHS 3 1
eleMeHTiB mo N , TOOTO Oyab-siIKe BIOPSJIKYBaHHA H-MHOXHWHH, SKa
CKJIAJJA€ThCS 3 PI3HUX E€JIEMEHTIB.
[Ilo6 3amaTh MEpecTaHOBKY 3 7 €JIEMEHTIB, JOCUTHh SKUMOCh YHHOM

BITOPSIKYBaTH /1-MHOXKHUHY.
KinbKicTh mepecTaHOBOK 3 7 €JIEMEHTIB 00UHCITIOIOTH 32 (POPMYJIOH:

pP,=n (p =A”:E!=n!j.
n n n O'

3okpema, P3 = 3! = 6, B uoMy MOXHa MepeKOHATUCH, TOBEPHYBIIKCEH 110
TIPHUKIILy PO MOKIKBI Bropsakysanns maoxkunu M={1, 2, 3}.
Osnauennsa. Hexait M - N-muoxuna; k <n,k e N. Kombinauyiero 3 n

eneMeHTiB 1o K Ha3uBaroTh Oyab-saKy K-miagMuoxuny MaoxuHKM M.
KinmpkicTh KOMOIHAIIIH 3 7 €JIEMEHTIB 110 K 009YHCITIOITH 3a (hOpMYJIOHO:
K n!
Ch=ri v
KI(n—k)!
3
Ipuxnao. M={1,2,3}; n=3, k=2; C% = E = 3. Cnpaspi, MOXIHUBi
xombinanii taki: {1;2}, {1;3}, {2;3} - scworo pu.

k . . :
Yucna (C, Ha3uBaloTb OIHOMHHMMH KOE(DIIIEHTaAMH, OCKIJIbKM BOHH

n
birypyrots y Bimomiii opmyri Gimoma Hbioroma (a+b)" = 3 Cﬁakbn_k.
k=0

n
ye n k. . .
Hoknasmm y it @ = b = 1, onepumo: 2" = ¥ C. - kinbkicTs migMHOKMH 7~
k=0
MHOKHHH.
Posmiwgenns 3 nOBMopeHHamu
Osnauenns.  Hexait M - N-mHOXHHA; keN - JOBIIbHE

HaTypajgbHe 4KCI0. Posmimiennam 3 noemopennamu 3 N €IEMEHTIB 110
K masuBaroTh Oynb-sKy 6nopsokoéary MHOXKUHY BUIIISIY (A1,dy,...,dy), O€ dj,
i=1, k-enementu mMuoxunu M, He 060B’43k0BO pi3Hi. KiIbKICTh pO3MIILEHD 3

. k k
IOBTOPEHHSAMH 3 /1 eleMeHTiB 110 K oGuncmioroTs 3a Gpopmymor: A, =N .

Ipuxnaou. 1) M={1,2}; n=2, K=3; A§=23=8.
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Crpasi, moximmi posmimenns taki: (2,1,1), (1;2,1), (1,1,2),
(1,2,2), (2,1,2), (2;2,1), (1,1,1), (2,2,2) - Bcroro Bicim.

2) M={1,2,3}; n=3,k=2; A2=3°=09.

Cnpasi, mosomsi posmimenns taki: (1;2), (1;3), (2;1), (2;3), (3;1),
(3;2), (1;1), (2;2), (3;3) - Bcboro NIEB’ATH.

Hepecmauogku 3 ROBMOPEHHAMU

Osnauenns. Ilepecmanosekoro 3 noemopennamu 3 N EIEMEHTIB

HA3MBAEThCS OYJIb-SKE BIIOPSAKYBAHHS F-MHOXHWHHU, CEpEl CJIEMEHTIB SKOi €
OJIHAKOBI.

k1o cepen €IEMEHTIB 7-MHOXHWHU € F1 €JIEMEHTIB MEpIIOro THUILy, 12

eJIeMEHTIB JPyroro THMY, ..., Hy eneMeHTiB K-oro tumy, npudomy Ni+ny + ...+
NK=N, TO KUIbKICTh TIEPECTAHOBOK 3 TIOBTOPECHHSIMU 3 H CJICMEHTIB
n!
obuncmrorote  3a  ¢opmynoro: P, (nl, n2,....,nk):—. Ocranns
nIn,t.ng!

GopMyna 3aja€ TaKoX KiIbKiCTh CHOCOOIB pPO3OUTTS n-MHOXKMHM Ha K
TTIIMHOKUH, III0 MICTSATh BIAITOBIIHO Ny, 719, ... Hi CJICMEHTIB.
|

Mpuxnad. M={1, 2, 2}; n=3, n1=1, n,=2, k=2; P3(1,2):%
Cnpasi,moxnusi nepecranosku taki: (1,2,2), (2,1,2), (2,2,1) - Bcworo Tpu.

Ipuxnao posoumms n-wnoxncunu. M={1, 2, 3}; n=3, nm=1, n,=2,
k=2:

P3(1,2) =3. Cnpasni, moxmusi posourrs Taxi: {1},{2,3}; {2}.,{1,3};
{3},{1,2} - Bcworo Tpu.

Kombinayii 3 noemopennsimu

Osnauenns. Hexait M - N-muoxuna; K € N- nopimbHe HaTypanbHe
uncno. Kombinauieio 3 nosmopennamu 3 N eneMentis no K Hasuparots Oyib-
aky K-MHOkmHY —BHrImy — {dy,dp,...,dx}, ne aij,i = 1K - enementn
MHOUHU M, He 000B’I3KOBO Pi3Hi.

KinbkicTh KOMOIHAILIK 3 MOBTOPEHHSMHU 3 /1 €JIEMEHTIB 10 K 00YHCIIIOI0TH

X n+k-1)
3a (opMYJIOHO: CE:CﬁJrk_l = ((n——l)'kl)
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— |
Ipuxnaou. 1) M={1, 2}, n=2, k:3;C23=C2=]%=4. Crpasi,

mosmBi komOimanii Taki:  {2,1,1}, {1,2,2}, {1,1,1}, {2,2,2} - Bcroro
YOTHPHU.

— |
2) M={1, 2, 3}; n=3, k=2; CZ=C; =%=6. CipaBti, MOKIHB

koMOiHamii Taki: {1;2}, {1;3}, {2;3}, {1;1}, {2;2}, {3;3} - BCbOTO LIICTH.

1.3 IIpocrip eseMeHTapHuX noaiii. Onepamnii HaJx BUNAJKOBUMHA
NoisIMH

IIpocmopom enemenmaprux nooit (£)) Ha3BEMO MHOXKHUHY, €JIeMEHTaMu
AKO1 € BC1 €JIEMEHTapH1 NO11i, OB’ s3aH1 3 JaHUM BUIIPOOYBAHHSM.

Ilin eremenmapnumu nomgismMu () MU PO3yMIEMO BCi HEPO3KIIAIHI
pe3yabTaTH TaHOTO BUMPOOYBaHHS, SIKI B3AEMHO BUKJIIOYAIOTh OJMH OJHOTO.

Ipuxnaou. 1) ITioxuoanus monemu I pa3z. MOXIHBI pe3ylbTaTH Y bOMY

eKCIIEpUMEHTI: BHIaJaHHs repba (eneMeHTapHa mofist [ abo 1); BUIaIaHHS
uudpu (enemenTapha nofis L abo m,). Q={I", I] } a6o Q={w 1, m,}.
2) ITiokuoanns eparvnozo xyouxa 1 pas. Toxi Q={ ® 1, ®y, ®3, W4, Os,

g}, 1€ O - Bunaganus K ogok.
3) Hiokuoanns monemu 2 pazu. Q={IT, [JI], I'l], []T'}.

Cmpineba no niockiu miuwieni. BBeneMo B IIJIONMIMHI MIIlIEHI TIPSMOKYTHY
cucreMmy koopauHar X(Jy i BIydaHHs B TE€BHY TOYKY IUIONIMHH MTOCTABHMO Y
BIIMOBIHICTh KOOPAMHATI 111€1 TOYKU. T/l MPOCTOPOM €JIEMEHTAPHUX TOJIH €
BC IUIOIIMHA, TOOTO MHOKMHA BC1X BIOPSIAKOBAHUX Map IIACHUX YHCE:

Q:{(x, y):—oo< X < 00,—00 < y<oo}.
Hexaii () - 1OBiUIBHMI OPOCTIP €JEMEHTAPHUX MOMAIN. Bunaoxosumu

nodisimu abo TPOCTO nodismu Ha3BeMo niomuodcunu A muoxunu 2. OTxe, Mu
MOHATTS 7100is OTOTOXHIOEMO 3 TOHATTAM MHodcuHa. Jlns mpuknamgy 2

(migkuaanas KyOuka) nomismu € A={ ®1, O3, 035} - BUIIQJIaHHS HEMapHO1
KiTbKOCTI 040K; B={ ), (4, D} - BUNMAZaHHA MAPHOI KIILKOCTI OYOK i T.IL
Jlis npuknanay 4 (crpinsba) mompiero € Oyab-ska obmaacts A B mwiomunHi XOYy.
[Monis A BinOyBaeThes, KO BiIOYBA€THCS BIyYaHHS B TOUKY (x, y)e A.
[Moxiro {2 Ha3MBATUMEMO 6ipo2ioHOI0, BOHA 00OB’I3KOBO BilOyHEThCs B

pesynbTari BUOpoOyBaHHs, a nomio @ - nemodciueoio, BOHA 0OOB’I3KOBO HE
B11I0YZEThCA B pe3yJIbTaTi BUIIPOOYBAHHS.
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PosrnsHemo gionowenns, B SIKMX MOXKYTh IepeOyBaTh IOAli OJIHA
BIJIHOCHO OJHO1, 1 onepayii Hao nodiamu.

Osnauenns. Kaxyts, M0 mogis A € okpeMuM Bumaakom moaii B (a6o
noxmis A Tarae 3a coboro B, a6o B e macminkom A), sxkmo muOoxkuHa A €

IiIMHOKAHOIO MHOXHUHU B.
[To3HauaoTh i BiJHOIIEHHA Tak camo sK juisi MHoxuH: A C B a6o

BoA.

Binnomenns A Bosnawae, mo Bci
eleMeHTapHi Toxii, sAKki BXomaTh 10 ckiaany A,

HaJIeKaTh TAKOX 1 10 B, TO6TO KOKHOro pasy, KOJIH
BinOyBaeThes nofist A, BigOyBaeTbCs TaAKOXK 1 OIS

B.

Ipuxnaou.

1) A:{ W 2 0)6}1 B:{ W 2, @ 4, O\)6} =
AcB.

2) Ionis A - Bay4anns B o0nacts A, noxis B - Bnyyanus B o6nacts B=>

AcB.

Osnauenns. I1ooii A i B nasusaiomocsa pienocunsnumu, axuo A B i
B o A. Pisnocunvnicmo nooiti noznauaroms max: A=B.

Osnauenns. Cymoio nsox nogii A i B (A+B a6o AU B) nasusactscs
TakKa Mojis, sika Bi0y1eThCs TOA1 1 Jullle TOAl, KOJu BiAOyaeThes Xoua O o7Ha 3
noxiii A a6o B (abo mumie A, abo e B, abo i 4, i B).

3rifHo 3 UM O3HAYEHHAM, SKIO Mooil A Bignosimae migmHoxmHa A
npocropy €2, a moxmii B - migmupoxuHa B, 10 moxmii A+B Bignosimae
migvmaoxkuaa AU B, sgxa  ckmamaerscs 3 ycix
eJIEMEHTApHUX TMOJ1N, sKI HajeXarh 00’ €IHAHHIO

muoocvn A i B.

Ipuxnaou. 1) A={ @y, 04}, B={ 04, 0} =
A+B={ ®,, 04, we}. 2) Iogis A - BiayyaHHs B .
obnacts A, moxist B - Biydanus B obmacte B =

A+B - Bnydanns xoua 6 B oaHy 3 obnacreit A a6o

B.

Osnauenns. Jooyrkom nsox noxiii A i B (AB a6o A MB) nasusaerncs
Taka IOJis, sKa BixOyAeThCs TOI 1 JIMIIE TOJi, KOJM BiIOymeThes K momis A,
tak 1 momis B.

[Moxii AB Binnosinae neperun muoxun A i B, T00T0 BOHa CKIama€eThHCS 3
eJIEMEHTApHUX IO/, sIKi BXOISATH 0 CKJIaxy 00uIBoX MHOKHUH A 1 B.
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Ipuxnaou. 1) A={ ® ,, 04}, B={ 04, 0} => ANB= {604}.

2) Ilopis A - BayuanHs B obOmacth A, nomis B - BayyanHs B
00J1aCcTh

B = AN B- Biyuanns B neperun nux obnacreii.

’

Osnauenns. Pisannero nsox moxiii A i B (A-B a6o A \ B) Hazupaetscs
Taka Mojis, sKa BigOyaeThCs TOJI i JHIIE TOMi, KOJX BinOyaeThes momis A, ane
ne BinOynerscs nogis B. IMoxii A-B signosigae pizuuusg Muoxua A i B, To6To
BOHA CKJIaJA€ThCA 3 eIEMEHTAPHUX IO/IH, SKi BXOAATh 10 A, ale He BXOIATH JI0

B.

Ipurnaou. 1) A={wy, 04}, B={w4, @} = A-B ={w,}.
2) Tonis A - Biy4anns B obnacts A, noxis B - Bayuanns B oomacts B =
A-B - BiyyaHHs B Pi3HHIIIO [IUX 00JIaCTEM.

'

Osnauenns. Tpormiaexunorw mnoxicro A 1o moxii A HasuBacTbes Momis

(2 — A,Bona o3nauac , mo noxis A He BigOymacs.

Hpumac)u. 1)A:{(O 2, ® 4} = K:{O)]_, ®3, W5, (06}.
2) Hopnis A - Bny4anns B obnacts A, moxis A - HeBayuanus B 001acTs A.

13



Osnauenns. Tonii A i B HasuBaroTbest HeCyMicCHUMHE, SKIIIO X JOOYTOK €
HEMOJKJIMBa nois, Tooro AB=0).

Hecymicuictes noniii 4 i B o3nawae, mo nosiBa momii A BHKIIOYAE
MOKITMBICTB TIOSIBY 1011 B 1 HaBImaku.

Ipuxnao. A={®,, w4}, B={w3, @5} = A1iB - vecymicHi.

[Tonarts cymu 1 J0OYTKY MOIIHA MONIMPIOIOTHCS Ha BHUIAJOK OYJib-
AKO1 CKIHUEHHOI, a TaKOXX 3JIIYeHHOI KUIBKOCTI TOmii. 30Kpema, oS

o0
UA=A+A +-- BinOysactbcsa Toai i Juie Todi, KOIM BiaOyBaeThes
i—1

o0
npuHaiiMui onua 3 moiit Aj, I=1,2,..., a noxis [ A = A/A, -+ -BinOyBaeTbes
i=1

Tomi i nMme Tomi, KomM BinOyBaroThes Bei mogii A, 1= 1,2,....

Osnauenns. Monii A1,A5,...,A; YTBOPIOIOTH MOBHY IPYILY MOil, IKIIO
B pPE3ylbTaTli BUKOHAHHA EKCIEPUMEHTY NpPUHANMHI OJHAa 3 LHMX NOIH
060B’s13K0BO BinOyznetses, T00to A + Ay +---+ A, =Q).

Oco0MMBO ICTOTHUMH JIJIi Hac Hajaaiul OyIyTb HOBHI epynu NONApHO
HecymicHux nodit. Takorw, 30KpeMa, € CyKyIHICTh YCIX €JIEeMEHTApHUX MOIIN Y
Bunaaky, kouu {2 € ckinyeHHa MHOXUHA. [I0BHY IpyIly HODApHO HECYMiCHUX
TIO/IiH 3aBXKIU YTBOPIOKOTH Oy/b-sKa momis A Ta nmpoTuiexHa 10 Hei nogis A,
ockineku AA =@, A+ A =Q.

JInst TOBUIBHUX TOAIM Oe3MmocepeHb0 3 O3HAUYEHB Orepalliil Hajl MOAIsSIMHU

BuIUMBaroTh criBBigHomends A4 = A, A + A=A, (A + B)JC =AC + +BC, a
Takox 3axkonu ne Moprana A+ B =AB, AB=A+B.

Aneebpa i o-aneebpa nodiii. Axciomamuune 03HA4UEHHS UMOBIPHOCTE

Flmoeipm'cmb - ne ¢yHKIS Biag BUMAAkoBoi momii. DyHKmii AicHOT
3MIHHOI, SIK MM 3HA€MO, 3a3BHWYali BH3HAYCHI HE JJId BCIX IIHCHUX 4YHCEJI, a
JWIIe IS AeSKOl MIAMHOKMHH MHOXKHMHM R, ska Ha3uBaeThca 001aCTIO
BU3HAUYECHHS. I7IMOBipHiCTL TAaKOX HE 3aBXKJIM BJIAEThCS BU3HAYUTH I Oy/b-
AKAX  IIMHOXKHMH  (BUNAgKOBMX noxii) Muoxuau €. JoBOOUTHCS
OOMEXyBaTUCS JESKUM KJIacoOM IMIAMHOXHWH. Big 1mporo kiacy mpupogaHO
BUMaraTH, o6 BiH OyB 3aMKHEHUM BIJIHOCHO OIlepalliii, BBEACHUX JJIsl MMOJIN
BHIIIE.

Osnauenns. Hexail Q - NOBiIbHUI TPOCTIp €JIE€MEHTApHUX IOMIH, a Si-
Jeska CyKYIHICTh BumaakoBux mnofii. CykymHicTh MOl S Ha3uBacThCS
aJIre0Poro NMoAii, K10 BUKOHYIOTHCSI YMOBH:

) QeS;

axmoAeS, BeS, moAd+ BeS, 4-BeS.
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HeMmosimBa mMoIist 3aBKI1M BXOJUTE [0 anreOpu moii, ockinbku =) —
Q. dxkmo AeS, to Ae€S, ockinekn A=L —A. Hapemri, asxmo A€ S,

BeS, 10 ABeS, romy mo AB = A+ B (ue Bummsae 3 gpyroro 3akony
ne Moprana).

HaiimeHmioo CykymHICTIO MOJIiM, fKa € anredporo, OYEBUAHO, € MHOKHHA
S={Q, O }, ockinbku Q + P=Q, O— Q=0).

Osnauenns. Anrebpa moxpii @ HasuBaeTbes — G-aaredporw  abo

GopemiBChKOI0 anrebporo, sikio 3 toro, mo A € @, i=1,2,..., Bumugae, mo

GAleCD.
i=1

3ayBaKMMO, 10 Y BHIAIKY CKiHYeHHOI MHOXuHH {2 Oynb-ska anreOpa
MOJIiH € G-anredporo.

Tenep Mu MOXKEeMO BBECTHU MOHSATTS KMOBIPHOCTI MO/II].

Osnauenns. YucnoBa ¢yukiis P, BusHauena Ha o-amrebpi momiii @,
HA3WBAETHCS HMOBIPHICTIO, SKIITO

1) P(4)>0;

2) P(QY) =1,

3.) AB=0 =P(A + B)=P(A) + P(B) (ckinuenna anqutuBHicTs);

35) AKIIO B MOCHiAOBHOCTI mofii Aq,A,... Bci MOiil MOMapHO HECYMiCHI,
o0 o0
to P| U A |= > P(Al) (3iueHHa AU TUBHICTS);
i-1 i-1
4) Hexait JUTS 3pOCTarouoi IIOCJIIIOBHOCTI MO

AcAc--cAcA,,c- i A=UA, abo mns croammoi
n-1

o0
nocnifosrocti monil, A CA, c---c A c A, - i A= U A, Toni
n-1

P(A)=lim P(A,) (axcioma HemepepBHOCTi).
N—>c0
Tpiiicy (2, D,P), ne -c-anrebpa, a P - iMOBIpHICTb, BU3HAUECHA BHIILIE,
Ha3MBaTUMEMO UMOBIDHICHUM NPOCHOPOM.

Hacnioku 3 axciom

) P(4) = I-P(A).

Joseoenns. OcCKinbKH A+ A= Q, TO
A2 A3

1 =P(Q)=P(A+A) = P(4)+P(A).

15



)  P@)=0.
H1

_ _ Al
JHoseoenns. Ockimekn Q=Q-Q=@, 10 P(D)=P(Q)=1-P(QQ)=1-
1=0.
3y V 4 B P{A + B) = P(A) + P(B) - P(AB) - teopema
JI0JIaBaHHsI TMOBIPHOCTEH. B
Hoseoenns. Ockinbku A+B=A+B A, ne noganku y npasiii yactuni —
A3 _ _
necymicHi noxii, o P(A + B) = P(4A) + P(BA). Ane B = BA + BA,
A3 _ _
tomy, amanoriuno, P(B) = P(AB) + P(BA), seinxu P(BA) = P(B) -
P(AB), tomy P(A +B)=P(4) + P(B) - P(AB).
4 P(A +B)< P(4) + P(B); P(A1+---+4,) < P(4)) +---+ P(4,).
Hoseoenns. P(A + B) = P(A) + P(B)-P(AB) < P(4) + P(B),
Al
ockineku P(AB)>0. Jlna Bumajgxy n JOJAHKIB HEPIBHICTH MOXHA JOBECTH,

BUKOPHUCTOBYIOUM METO]l MAaTEeMaTUYHOT 1HAYKIIIi.
5)AcB = P(4) < P(B).

Hoseoenns. Axmo ACB, moB = BA + B A=A+B K, TOMY
A3 Al
PB) = P(4) + P(BA) > P(A).

6) V A 0<P(4) <1.
HS5
Josedenns. Ac €2 = P(A4) < P(€)) = 1.

1.4 KnacuyHe 03Ha4YeHHsI IMOBIPHOCTI

Hexaii mpocTip enemMeHTapHUX MOA1N € CKIHUEHOK MHOKHUHOIO

Q= {C()]J 3, ...... C()N}, ]V(Q) =N,

T00TO € e N MOXITMBUX pe3ysbTaTiB BUIIPOOYBaHHS, OTKE, MHOKHUHA
() € TIOBHOIO IPYIIOO BCiX MMOMAPHO HECYMICHUX PE3YJIbTATIB BUIIPOOYBaHHSI.

BBaxxatumMeMo J0JaTKOBO, IO BCl €JIEMEHTapHI MOJIIl PiBHOMONCIUSI,
TOOTO 3 MIpKyBaHb CHUMETpPii a00 SKUXOCh IHIIMX BUIUIMBAE, IO HEMa
00’€KTUBHUX MPUYMH BBAXKATU OJIHY 3 €IEMEHTAPHUX MOMAIN OLIBIIT HMOBIPHOIO
NOPIBHSAHO 3 IHIIMMU. Hampukiaa, SKIIO eKCIEpUMEHT TMOoJsrae B
OJIHOPA30BOMY KHJIaHHI TPajIbHOr0 KyOMKa MpaBUIIbHOT (POPMHU, BUTOTOBJIEHOIO
3 OJTHOPIAHOTO MaTtepiaily, TO BCl 6 pe3yJbTaTiB IbOTO BUIIPOOYBaHHS MPUPOIHO
BBA)XATH PIBHOMOXKJIUBUMHU.
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Kiacuune o3HaueHHs HWMOBIpHOCTI (GOPMYIIOIOTH IS TOMIN, SKI €
migMHOxkuHaMu MEOKMHK 2. Skmo A z{a}ll ) Dig -1 @iy }, e

TO WUMOBIPHICTb MOI1 A BU3HAYAIOTH 32 (HOPMYIIOI0:
N(A)
P(A)=—"—, (1.1)
N(€2)
ne N (A) - KinbKiCTh e1eMeHTIB MHOKUHU A.
Omxe, umogipnicmio Tofii A Ha3MBAETHLCA BiAHOLIEHHS KiIBLKOCTI

CHOPUATIAMBUAX JJIs TOo;il A  eleMeHTapHMX MO 10 KIUIBKOCTI BCiX
PIBHOMOXJIMBHX 1 MOMAPHO HECYMICHUX PE3yJIbTaTiB BUMIPOOYBaHHS.

Busnauena 3a ¢popmyioro (1.1) dynxuis P(A) 3amoBosbHs€e BCi akciomu
Teopii WmoBipHOcTed. 3 opmynu (1.1) BumMBae, 1mo WMOBIPHICTH KOXKHOT
eJIEeMEHTapHO1 o111 (M piBHA

LCHE

OToXx KJIacM4Ha CXeMa O3HAYeHHSI HMOBIPHOCTI MOKE CIIYKUTH MOJICILITIO
TUX BUMAJAKOBUX SIBUIIL, JIJISl IKUX € MPUPOAHUM TpuityrieHHs (1.2).

i=1 N. (1.2)

Hpukaaa. 3HailTh WMOBIPHICTH TOTO, IO KUIBKICTh OYOK, SIKa BHUIIAJE
IIpH OJTHOPA30BOMY KHUJIaHHI KyOWKa, Oyzae a) mapHoio (monis A); 0) KpaTHOIO
TpboM (rofist B).

Po3ze’azanns.

Q={w,w,,.....0}, N(QQ) =6, A={w,, w,, 03}, B ={w;, w5},
N(A)=3, N(B)=2,

P(A) =

ol w

1
:E, P(B):

oN
Wl

T'eomempuuni umosipnocmi

Knacuune o3HaueHHs WMOBIPHOCTI HE MOXKHAa 3aCTOCYBAaTH  JI0

BUNPOOYBAaHHs, I SKOro MHOXUHA L) € HE3YEHHO MHOKUHOKO
eJIeMEHTapHUX MO/IIH.

Hexaii npoctip eneMeHTapHuX mofiit €2 - me BiAPi30K YKMCIIOBOI IPSAMOI
abo 00JsacTh Ha IUIOLIMHI, a00 B MPOCTOPI, a €JIEMEHTAapHI MOAll ® - OKpemi
TOYKH B MeKax wiei oonacti. [punycrumo, mo o6nacts {2 Mae CKiHYEHHY Mipy
() (wa npsmiit - K0BKKMHY, Ha IUIOLIMHI - IUIOILY, Y HPOCTOPi - 00’€M).
Posrsaemo cucremy @ migMuoxun npocropy L2, ski MaroTh Mipy. Bigomo, 1110

17



BOHHU YTBOPIOIOTH G-aare0py. Muoxunu 3 @ Ha3BeMO BHUIIAJKOBUMHM HOIiSMH.
SKIO eKCIepUMEHT Ma€ BJIACTHBICTh CHMETpIi MO0  €JIEeMEHTapHUX
pe3ynbTaTiB (HAMPUKIAA, ACIKUHA ,,TOYKOBUN’ 00’€KT “HaBMaHHSI KHIAEMO B
Mexax 00J51acTi), TO BCl €JIeMEHTapHi MOfii ,,piIBHOMPABHI’, TOX MPHUPOIHO

IOPUITYCTUTH, 10 WMOBIPHICTh MOMAJaHHS €JIEMEHTAapHOI Mojaii M y Oyab-sKy
yacTuHy {2 npornopiiiiina Mipi Li€l YaCTHHH i HE 3aJIeKHUTh BiJ Il pO3TallyBaHHs
i ¢opmu. Toxi iMmoBipHicTE Oyab-sakoi momii A € @ moxHa OOUHCIHTH,
KOPUCTYIOUHCh TAKUM O3HAYCHHSIM.

Osnauenns. TeomMeTpudyHoO0 WMOBipHicTIO monii A HasuBaeThes

u(A)
127(®)

MOKa3aTH, II0 TeOMETpUYHA WMOBIPHICTH 3aJJ0OBOJIbHSIE BCl aKCIOMH TeOopii
HMOBIPHOCTEH.

3aysaoicenns. 3a kiacuaHoro osHadeHHs imosiprocti P(4) = 0 nume

pinnomenns mipu W(A)mo wmipu p(Q), to6T0 P(A) = Moskna

IS

A=0. 3a reomerpuunoro e He Ttak. Cmpami, Hexaih {2 - mmIocka
obmacte, A - Touka abo mimig, po3mimena B €2. Tomi 3a QopmyIor
reomerpuunoi ¥imosiprocti P(4) = 0, xoua moxis 4 € MOXIMBOIO - TOYKA B
pasi ii ,,kumanas” Ha {2 MoXKe moTpanuTy Ha A.

1.5. YMoBHi iiMmoBipHocTi. Teopema MHOKeHHs1 HMOBIpHOCTE.

He3zanexcuicmo nooii

[TosicauMo crnoyaTKy Ha MHpPUKIAAl CyTh YMOBHOi imoBipHOcTi. Hexait

NBiUl KUJAIOTh  rpanbHUl  KyOuk.  IIpocTip  emeMeHTapHuUX  MOIii

cknanaetbes 3 36 enementis: Q= {(m,n):m,n =1,6}. Posrasuemo nogito A

- ,,cyMa 040K micns asox kunanb pisna 57, roni A = {(1,4),(2,3),(3,2),(4,1)},
N(A) 4 1

P(A)=——"=—==. [lpunyctumo, mo pe3yibTaT MEPIIOro KUIAHHA -

N(@Q) 36
sunazans 3 ouok (momis B = {(3,1),(3,2),(3,3),(3,4)(3,5),(3,6)}). B

Takidl cuTyanii #MoBipHicTs  momii A 3MIHMTBCA: CyMapHa KiJbKICTh OYOK
Oyze piBHOIO 5 NHIle TOMA1, KOJH 3a IPYTUM Pa3oM BUTAE ,,2”°, TOOTO B OJTHOMY
BUnaziKy 3 mectu. OTKe, HMOBIPHICTH 10011 A 3a yMOBH, 1110 BigOynack moxuis B,

P(4/B) = 1/6.
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B 3aranpHOMY BHITaJIKy (B yMOBaX KJIIACHYHOI CXEMH) MIPKYEMO Tak.
Axmo BigOynace moniss B, To 3miicHUBCA OoaAWH 3 N(B) eleMeHTapHUX
pesyabrariB. Cepen Hux nofis A 3’ aBisetbest N(AB) pasis. Tomy

P(A/B)= N(AB) _ N(AB)/N () _ P(AB)
" N(B) N(B)/N(Q) P(B)

VY Bunajky 3arajibHOi KMOBIPHICHOI MO/IeJIi PIBHICTh

P(A/B) = %, P(B)>0 (13)

MPUHAMAETHCS 32 O3HAUEHHS YMOBHOT UMOGIPHOCHI.
3 IbOTO O3HAYEHHS BUILIUBAIOTH TaKi BJACTUBOCTI YMOBHO1 MMOBIPHOCTI:

1) P(A/B)>0;
2) P(QIB) = 1;
3) P(B/B) = 1,
4) A1A2 =0 = P(Al +A2/B) :P(Al /B) + P(AQ/B)
Jloseoenns.
2) P(Q/B) = P(B) _P(B) =1

P(B) P(B)
3) PB/B)= BB _P(B)_,

P(B) P(B)

_P((A.+A)B) P(AB) P(AB)

DPATAIE =T e R T PE)

=P(A/B)+P(A,/B).
3 piBHocTi (1) Oe3mocepeAHbO BUIUIMBAE mMeOpemMa MHONCEHHS
imogipnocmeii: sxuo P(4) > 0, P(B) > 0, mo
P(AB) = P(A)P(B/A) = P(B)P(A/B). (1.4)

Mpukaaa. O6unciuTH UMOBIpHICT P(AB) y mnpukiam npo KUJIaHHS
KyOHKa, po3rJIiIHyTOMY Ha IOYaTKy maparpada.

Pose’sazanns. P(A/B) = 1/6, P(B) = 6/36 = 1/6 = P(AB) = 1/36.
Cnpasni, AB = {3, 2}, i 3a knacuunum o3nauennsm P(AB) = 1/36. O
®opMyily MHOKEHHsSI WMOBIpHOCTEH (1.4) MOXKHA y3arajJlbHUTU AJi1 BUIIAJIKY
Oyab-AK0i CKiHueHOi Kinbkocti momiii. Hexait Aq1,Ay,...,A,~ BUmankosi momii
taki, mo P(A1A4; -...- -A,.1)>0. Toxi
P(A145-...-A,)=P(A)P(Ay/A1)P(A3/A145)-...- P(A,JA145-...-A,1). (1.5)
Hosenemo popmyny (1.5) 3a 7OMOMOror0 METOAY MaTeMaTU4YHO1 1HIYKIi. JIjis
N=2 cnpasegymsicts (1.5) BuumBae Ge3nocepennno 3 (2). Ipumyctumo, mo
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dopmyna (1.5) BukOHyeThes mus N—1 MHOXKHMKA i BBENEMO MO3HAYECHHS:
AlAg' cen 'An_le,An:B. Tomi
P(Aydy-...- A,)=P((A14y- ... A,1)A,)=P(AB)=P(4)P(B/A)=
:P(AlAZ' cee Anl) P(A,/A]_Az cen 'An-l) =
= P(A1)P(Ay/A)P(Ay/A143) -...-P(A,/Ardy-..-A,1). ©

BBeeMO TOHATTS He3aiexcHocmi BHIIAIKOBHX IOJiM, SKe B Teopii
MMoOBipHOCTEH Bifirpae ayxe BaxiuBy pojb. Hexaii 2 - npocTip eneMeHTapHuX
noniti, A cQ, B ()- Bunankosi nonii.

Osnauenns. Iooii' A i B nasusaromocs nesanexcnumu, Ko

P(AB) = P(4)P(B).

Ipukaax. Mouery kuparooTth aBiui. Hexait A - mogis, ska mojsrae B
TOMY, IIIO 3a TEPIINM Pa3oM BHUIaB repd, B- momis, sika Mosrae B ToMy, IIo 3a

JAPYTUM pa3oM Bumas rep0. 3’sicyBaru, 4u Oy1yTh He3aneKHUMH moii A i B.
Po3zé’azanns. TIpoctopoM eneMeHTapHUX MO JaHOTO €KCIIEPUMEHTY €

muoxuna Q={IT, [[I], I'l] [][T'}. Toxni
A={IT, I'll}, B={IT, UI'}, AB={IT}

i P(4) =P@B) = % % P(4B) =%. Omxe, P(AB) = P(A)P(B),
TOMY BHIIAAKOBI ofii 4 i B - He3anexui. O

PosrnsHemMo  HaWBaXJIUBINIT  @1acmueocmi  WMOBIpHOCTEW s
HE3AJIE)KHUX ITOIHN.

1. SIxmo moxii A i B neszanexni, o P(A/B)=P(A) (P(B)>0), P(B/A)
=P(B) (P(A)>0). [oBemenus BUmIMBaE 0€3MOCEPENHBO 3 TEOPEMH
MHOKEHHS.

2. SIxkmo noxii A 1 B He3anexHi, To He3aexkHI Takox A ig,ﬂi B, A i
B.

Hosedenna. Jins oOIpyHTYBaHHs L€l BJAACTHBOCTI JOCHThH JOBECTH, IO
noxii 4 i B - nesanexwi. Ockimskun A=AB + AB , IPUYOMY JIOJAHKH i€l CyMu
— necymicHi nogii, To P(4) = P(AB) + P(AB). 3sincu P(48) = P(4) -
P(AB) = P(4) - P(A)P(B) = P(4)(I - P(B)) —P(A)P(B) omxe, A i B-
HE3aJIEKH.

SIKI0 MaeMO CyKYIHICTh MOJIN, SIKa MICTUTH Oljbllle, HIX JABI MOAIli, TO

dbopmyna 17151 0OYUCIEHHS MMOBIPHOCTI X AOOYTKY TaKOX CIIPOLIYETHCS, SKILO
11l TO/1T He3aJIeKH1 B CYKYITHOCTI.
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Osnauenns. Bunaakosi noxii Aq,Ay,...,An Ha3UBAIOTLCS He3AJEKHUMH
B CYKYIHOCTI, SIKIIO

P(AA, - A) = PADP(A, )-...-P(A, ) @9
s Oyne-sknx 1<y <, <---<i, £n (2<k<n).

Jlns He3aneXHHX y CyKymHocTi momii Aq,As,...,A,  #MOBipHicTH iX
TOOYTKY JIOPiBHIOE JOOYTKOB1 IMOBIPHOCTEH 1IMX MO, TOOTO

Skmo ymosa (1.6) BukonyeThcs nuie a1 K=2, To mopii HazuBarOThCS
NONapHo HesanedxcHumu. BUABISETbCS, M0 MONAPHO HE3AJIEXKH1 MOJIi MOXYTh
He OyTM He3aJIeXXHUMHU B CyKymnHocTi. [Ipo 1e cBIAUMTh MpUKIIAJ, HABEACHHI
C.H.bepnmreriHOM.

Mpukaaxg 1. Ha miommHy KuAarOTh TeTpaenp, TpU TpaHi SKOro
nogapOoBaHi BIANOBIAHO B YEPBOHUM, CHHIM, )KOBTUH KOJIBOPH, a HA YETBEPTY
IpaHb HAHECEHO BCI TPU KOJLOPH. PO3IJITHEMO BUITQAKOBI mofii: A; - Bumase

rpaHb i3 YEepBOHUM KOJIBOpPOM; A, - BHIaAE IpaHb i3 CHHIM KoibopoM; A3 -
BUIAJE TpaHb 13 >KOBTUM KOJBOPOM. 3’siCyBaTH, 4u OyayTh Il TOii
HE3aJIEKHUMU B CYKYITHOCTI.

Po3s6 azanns. Ouesunno, mo P(A4,) = P(4,) = P(A3)=

1
21

AN

PUsdo)=" =PAYP(A), PUAsAs)= 7= PAIP(AY, PlhoAe) =7 =
=P(4,)P(4).

Omxe, noxmii Ay, Ay, Az - nomapuo Hesamexui. IIpore wni noxmii He €
HE3aJIeKHUMU B CYKYITHOCTI, 00

P(A14,43) = % # P(A1)P(42)P(A43) :% .

Ipukaan 2. Hexait Ay, Ay, ....., Ay — Bunagxosi mopii, He3anexHi B
cyKymHocTi, i ixui imosiprocti P(A1),P(A43),...,P(4,) € Binomi. 3naiitm
iimMoBipHicTs mogii A, sKa moiArae B TOMy, IO B pe3yJbTaTi BUKOHAHHS
eKCIIEpUMEHTY Bif0yaeThes Xxoua 6 oxua 3 noaii Aq, Ao, ....., Ap.

n
Pose’sizanms. 3 ymoBu 3ajmaui Burmsac, mo A = J A, Posrisnemo

i=1
npoTwiexny momuito A. Ilsg mozist monsirae B TOMy, 110 B Pe3yJIbTaTi BUKOHAHHS
eKCIIEPUMEHTY He BinOyneThest o001 3 mogii Aq,A,...,A,, TOOTO 0gHOYACHO
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n

BinOymyThest momii A, Ay,...., A, . Tomy A = N A , 1 BHaCIOK HE3aJIe)KHOCTI
i=1

oI E,E,....,An
 P(A) =P(A)P(A2)-...-P(An).

Orxe, P(4) = 1-P(A) = 1-P(A1)P(A2)-...-P(An), T06T0 timogipHicmb

nosieu xoua 6 oOHiei 3 nesanedxcnux nooi N, Py, ...., A, dopisnioe piznuyi misxe

00uHUYero i 000YMKOM UMOBIPHOCIEU NPOMUTIEHCHUX 00 HUX NOOTU.

1.6. ®opmy.ia moBHOI iiMOBipHOCTI. @opmysu baiieca

[Mpunyctumo, 1o mnojis A Moxke BiOyBaTUCA B PI3HUX YMOBAaX, SIKHM
BIJMOBIZAIOTh mOmapHo HecymicHi momii  Hy,Ho,...,H,, sxi yTBOpIOIOTH
MOBHY Tpylny 1 sKi Ha3BeMoO cinomeszamu. Hexaii BizoMi HWMOBIPHOCTI
P(H),P(H,),...,P(H,) Ta yMOBHi fMOBipHOCTI
P(A/Hy),P(A/H,),...,P(A/H,). SIx 3naiitn P(A) B naniii curyartii?

Teopema. SAxwo Hy, H>,...,H, - nosna cpyna nonapno necymicnux nooiti i
P(H;) >0,i = 1,n, mo ons 6yov-sixoi nodii A cnpaseonusa pisuicmo:

P(A) =3 P(H,)P(A/H,) 17)
i=1

Hoseoenns. Ockinvku nognii Hi,Ho,...,H, yTBOpIooTs MOBHY TrpyIy
moxiit, o Hy +H, +---+H, =Q, i noxito 4 Mmoxna 3armcaru Tax:

A=AQ=AMH;+Hy+--+H,)=HiA + HA +--+H, A4,

Jie BC1 IOJIAHKH Yy MPaBiil 4aCcTUHI - MONApHO HECYyMICHI noAll. BukopucroByroun
aKClOMy aJMTUBHOCTI Ta TEOPEMY MHOKEHHS HUMOBIPHOCTEN, MAEMO:

P(A)=P(H,A)+P(Hpd)+---+P(H_A)= 3 P(H,A) = ¥ P(H,)P(A/H,),
i=1 i=1

1o ¥ Tpeba Oyio J0BECTH.

Piguicte (1.7) Ha3uBaioTh @popmynoro noenoi iimogipnocmi. BoHa
BUpakae WMOBIpHicTL moaii A 3a yMOBH, 110 BigOynacs oaHa i TiABKM OqHA 3
ronapHo HecyMicHux nomii Hq, Ho,...,H,,.

SIkio goxarkoso npunyctutu, mo P(A4)>0, To 3a TeopeMoro MHOKEHHS
AMOBIpHOCTEN MOKEMO 3aMuCaTH:

P(AH,) = P(4)P(H/A),

3BIJIKH
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P(AH,) _ P(H)P(A/H,)

P(H, /A= P(A) P(A)

abo

P(Hy /A) =

S P(H.)P(A/H,)
i=1

@®opmymu  (1.8) ©HazuBaroThCH ¢popmynramu bBaiteca (popmynamu
limosipHocmeii 2inome3). IM MOHa jaTM Take TiymaueHHs. Hexait monis A
MO>Ke B1IOYBaTUCh B PI3HUX YMOBaX, IIOJ0 XapakTepy SKUX MOKHA 3pOOUTH n
npunymens (2inomes) Hy,Ho,...,H,. Vmopiprocti mux rinores P(H,) nam
BigoMmi, sk i ymoBHi iimosipHocti P(A/Hy) monii A 3a ymoBu 3iilicHEHHS
KOJKHOI rirmoresu. SIKIIo B pe3y/bTari eKcriepuMenTy mois A Bigdynace, To 3a
dbopmynamu baiteca MU MOXEMO nepeoyiHumu AMOBIPHOCTI KOXHOI 3 TIMOTE3,

suaiimosum P(Hy /4).

IMpukaaa. 31 CKpUHBKY, KA MICTUTh 5 OUTHX 1 3 YOPHUX KYJIi, OJJHA KYJIs
HEBIJIOMOTO KOJIbOpY 3aryOseHa. SIka HMOBIPHICTh BUTSATHYTM HaBMaHHA 31
CKpHHBKHU Oiny Kyiro (moxis A)? SIka iMOBiIpHICTE TOTO, IO 3ary0JeHO YOPHY
KYJIIO, SIKIIIO BUTSATHYTA HaBMaHHS KyJIsl BUSBHIIACH 01710107

Po3s6’azanns. Tyt moxnusi asi noxii-rinoresu: Hy - 3aryoneno K 6inux
kynb (k=0; 1). Ouesunmo, monii Hp,Hi- mecymicni it yrBoprooTs nosny

3

rpymy, a ixmi HMoBipHOCTi cranoBnaTh: P(Hg)= g P(Hl)zg- Bianosinni

ymoBHi Himosiprocti momii 4 = AHotAH; cranosnars: P(A/Hg)= %,

4
P(A/Hy)= 7 .3a (opMyII0r0 MOBHOT HMOBIPHOCTI

_|_

P(A)= 5 P(H;)P(A/H;) = 2
i=0

o w
~N | o
0| ol
0| ol

Vmogipuicts P(Hy/A) o6uncimmo 3a popmymoro Baiieca:

3.2
P(Ho)P(A/H,) _8 7 _
P(A) °
8

P(H,/A) = ;
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1.7 IlocainoBHICTH He3aJIeKHMX BHIPOOYBaHb 3a cxemor0 bepnysuii.
Binomua ¢opmyJia. Binomunii po3noain

[lpumyctumMo, 10  MPOBOAWUTHCS  NeBHA  KUIBKICTh  OJHAKOBUX
BUIIPOOYBaHb, Y KOXKHOMY 3 SIKMX MOXJIMBI JIMIIE JIBa HECYMICHI PE3yJIbTaTH:

neska nomis A Moxke BinOyrucs abo He BinOyruca. Hampukian, Kouu
nigkugaemo 10 pa3iB MOHETY, TO 32 KOKHOTO MiJKUJAHHS MOHETH BUIaJie abo
rep6 (noxis A), abo mudpa (moxis A).

O3nauenns. BunpoOyBaHHS Ha3HBAIOTHCS HeE3aJ€KHHUMH CTOCOBHO
neskoi momii A, Ko WMOBIpHICTH Ii€l momii B KOXKXHOMY BUIpPOOYBaHHI He
3aJIeKUTH BiJl Pe3yJIbTATIB IHIINX BUMPOOYBaHb.

Osnauenns. Cepid NMOBTOPHUX HE3AJECKHUX BHUIPOOYBaHb 3 OJHUM 13
MOKIIMBUX pe3ynbrariB A abo A, y KoKHOMY 3 AKUX mofis A Mae omHy i Ty
camy iimMoBipHicte P(A) = p, nHasuBaetbcs cxemoro BepHyJuii.

OTxe, sSKUI0 BUIPOOYBAHHS IMPOBOAATHCS 3a cxemow bepnymii, To B
KOXXHOMY 3 HMX MOXJIMBUUM TUIBKM OJMH 3 JBOX pe3ysbTariB: A (ycmix) abo A
(HeBmaua), 1o Toro ok imoipuocti P(A)=p i P(A)=l-p=q ¢
OJIHAKOBUMHU B KO>KHOMY BHUITPOOYBaHHI.

[To3Haunmo uepes L, Kinbkicmob ycnixie (KUTbKiCTh mosiB miofii A) B cepii
13 N MOCTIAOBHUX HE3aJIEKHUX BUIIPOOYBaHb 3a cxemMoro bepHyii 1 004uciumo
MOBIPHICTB TOTO, IO KiIbKICTh yCIIiXiB B 7 BUNpoOyBanHsax pieHa k P{1,=K}
= P,(K), 3a ymoBu, mo IMOBIpHICT YyCHiIXy B KOXHOMY OKPEMOMY
sunpoSysanni P(4) = p. Hoxito {4,=K} moxna sanmcarn y urnsni

{u, =k}=AA-...-AA. AA AA+

k pa316 n—k p pasie
FAAA-.. AA-AA-. . AA+-+ AA-...-AA-AA-...- AA.
k pZaig n—k—i/pa3i6 n—k }34131'6 k p\cflsie

bepyun 10 yBaru He3aseKHICTh BUIPOOYBAaHb, MA€MO, 10 MMOBIPHICTb
KOXKHOT 3 TIO/TI-TOJaHKIB Y TIpaBiii YaCTHHI piBHA pk q"‘k. Bcil m momaHku —
MOTIAPHO HECYMICHI MOJli, a IXHA KITBKICTh PiBHA KUIBKOCTI MEPECTAaHOBOK 3
NOBTOPEHHSIMM MHOKUMHHU 3 71 €JI€MEHTIB, Cepell AKX K €JIEMEHTIB IMEepILOro
THITY i n-K €IeMeHTIB Jpyroro THITy, TOOTO

n! K
P (kn-ky=— " _—ck
(k=K =g =Ch
3aCTOCOBYIOUYH aKCIOMY aIMTUBHOCTI, OJEPIKUMO:
P,(k)=Clp*q"™. (L.9)
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®opmyna (1.9) HazuBaeThCs OiHOMHOW popmynoo abo Gopmynorw
bepuynni. Bona Bupaxae WMOBIPHICTh TOTO, IIO KUIBKICTh YCHiXiB B cepii 3 n
IOCIIIIOBHHUX HE3aJICKHUX BUIIPOOYBaHb 3a cxeMoio bepHysuti qopiBHIoE K.

Ha6ip uncen P, (K) (k= 0,1,..., n) nasusarots dinomnum posnodinom.

Homii  {u, =0} {, =13,...{e4, =N} yrBOpIOIOTE  mOBHY  rpyILy
nonapHo Hecymicuux o, ooke, {44, = O}, +H, =0+...+{u, =n}=Q,

romy épn (k)= P(Q) =1.

[{ro hopmyily MOKHA TAaKOK OTPUMATH U Oe3mocepeiHiM 00UHCISHHIM

n n
Y P(K)=3 Cp*q"*=(p+q)"=1"=1.
k=0 k=0

Hpuxkaaa. KyOuk  kuparote 5 paziB. OO0uumciutd  WMOBIPHICTH
BUIIAJIaHHSA YOTHPHOX IIICTOK.

Pose szanns. Tyr N=5, k=4, p=1/6, = 5/6. 3a nonomororo 6iHoMHOi
1 5 5 25

P(4)=Cs. =T =" - =
dopmyim orpumyemo: Ps (4) 5 5" 6 65 7776

Haiitimosipriwa xinekicms ycnixie y sunpobysanusx 3a cxemoio bepruynni

Teopema. HaiiiimoBipnima kinbkicts ycnixis Ky B 11 BumpoGysanusx 3a
cxemoro BepHyini 3amoBobHse ymoBy Hp-(<Ko<mp +p. Sxmo np-g- vemine,
TO € 0jIHe TaKe 3Ha4eHHs Ko, AKIo MP-( - 111, TO TaKMX 3HAYEHb JIBA.

JloBenieHHs. PO3riisiHEMO BiIHOILICHHS

n!
P(k+1) _ CKIp*Hign ™t (nok—ak+an”  (n—k)p
P Clpig 0o (kedn
(N—K)Ik!

Orxe, P,(k+1)>P,(K), axmo (n-k)p>(k+1)q, To6to np-q > k(p+q) =k.
Tomy

P, (k+ 1)> P, (k), axwo k<np- Q;
P.(k+ 1) = P,(K), sxwo k= np-q; (1.10)
P,(k+1) < P,(k), saxwo k>np- Q.
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Ile o3Hauae, mo 3i 3poctannam k Benuunna P,(K) cmouarky spocrae no
TIEBHOTO MAaKCHMyMy, a TOTIM crajac. 3HaiaeMo, TpH SKOMy K JOCATAEThCS
MaKCHMyM. MO>KITHBi 7IBa BUIIAIKH.

1) np-Q- werine yucno. Toxi uucno np-g+ 1 = np + p takox Herinre i
icHye emmme nite umcno Kg, mo 3amoBombHse ymoBy np-Q<Ko<mp+p.
Tokaxemo, o Kq - HaifiiMoBipHilIa kigbkicTs ycmixis, To6To mo P,(K) mocsrae
HaWOLIBIIOTO 3HAYCHHS TPH k=K. CrnpaBi, OCKITbKH Ko-1 <np-Q, TO 3riHO 3
nepuum crisgignomentsm (1.10) P,(Ko)>P,(Ko-1), a ockinsku Ko>np-(, To i3
tpetboro cmiBeigHomenns (1.10) surumsae, mo P,(Ky +1)<P,(Ko). 3Bincu
nicraemo, mo P,(Kg) >P,(K) nna scix KzKg, o610 Ko - HaitiimoBipHima
KIJIBKICTh YCHIXIB.

2) np-Q - uine uncno. Moxnagemo Ki=np -Q, toni K;+1=np-q+ =
= np + p. 3rigno 3 apyrum cmieigaomennam (1.10) P,(Ky +1) = P, (Ky)
UYepeste, mo Ky -1 <np-g i ki+l1>np-qg, to Bigmosigno 3
mepmoro i TpeThoro cmisBigHomens (1.10) Bummsace, mo P,(Ky) > P,(K:-1)
i P,(k+2) < P,(ky+1). Orox y mpomy BMmaaky € aBa HaiiiMOBipHimmi
smauenns:  K=Kk; i k=ki+l. Omke, B 3araneHOMy  BHIAIKy

pn—qg <k, <np+p.

Mpukaaa. Kybouk kuparoTe 5 pasiB. Slka HalliMOBIpHIIIA KUIBKICTh
BUNAJAHb IIICTKA?

Pose’szannn. Tyt n =35, p = 1/6, g = 5/6, np = 5/6, np-q= 0,
np +p =1.

Otrxke, 0 < Ko < 1, i naifiimMoBipHilIMMHM € 71Ba 3HAYEHHS KiJbKOCTI
sunafass mictku: Kg=0 i Ky=1.

1.8 I'panunyni Teopemu st cxemu bepuysuii

SIKIO TPOBOAATHCS BUIPOOYBaHHA 3a cxeMoro bepuymni i uncna 7 i K -

BeNMKi, To oOuncieHHs imosipHocteit P,(K) 3a 6imomuor dopmystor
BUKJIMKAE MEBHI TpyAHOUI. Y TakoMy pa3si AJigs OOYMCIEHHS X HMOBIpHOCTEN
3aCTOCOBYIOTh ACUMMTOTHYHI (HaOJMKeH1) (GOpMyiH, $KI BUIUIMBAIOTH 13
JIOKaNbHOI Ta IHTErpalibHOi TeopeM MyaBpa-Jlamiaca 1 rpaHMYHOT TEOPEMHU
ITyaccona. Ha3pa ,,rpannuHa” B 00OX BHIIaJKaxX IOB’s3aHa 3 TUM, IO 3rajaHi
TEOpeMH BCTaHOBIIOIOTH NoBeinky iimosiprocteit  P,(K) a6o P,(ky <k <

K,) 3a meBHHX yMOB, 10 SIKHX 00OB’I3KOBO BXOIHMTH yMOBa 1 —> 00,
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I panuuna meopema llyaccona

SIK1II0 MOBIPHICTD YCMIXy B KOXXHOMY 3 I HE3aJIKHUX BUIIPOOYBaHb 3a
cxemoto bepuymm piBHa p 1 sgKkmo ani N—>00 P —>00 Tak, o

A
k!
0,1,2,..., ne Py(K) — iimoBipHicTs mosiBu K ycmixiB B 1 BUIIpOOyBaHHSIX.

, i1 Oyab-skoro K=

np—>A(0<A<®), 10 lim P, (k) =
N—o0

Hoeseoenns. Toknasmm np = A, (otxe, ] N A ), 3amuIieMo

N—0o0
) | o n(n=D-(n=k+1) (AN, A
P (k) =CKXpkq"¥ = n knk _ )22 _
() =CoP7d (n—k)!k!ID | ki n n
k n -k k n
A(l_ﬁ_n) (1_%_2] ..... Ll_k_—%_&j _>i_.|im(1_&j _
k! n n n n n =% Kl now n

-4

n
k - k
=2 im (1{—&)] oA e
kl now n k!

10 i Tpeda OysI0 TOBECTH.
Omke, npu Bemukux n (N >100) i mamux p (np < 30) wmum
MO>KEMO KOPUCTYBATHUCS HAOIMKEHUMHU (POpMyTIaMu:

k
P, (k) = %e_i , (1.11)
k2 . k2 /’tk _2
Pl <k <k)= SRk~ 3 T, A=np. (1.12)
K=Ky k=k; K!

@opmymnu (1.11) 1 (1.12) Ha3UBaAKOTBCS acUMHUMOMUYHUMYU HOPMYTAMU
Ilyaccona. [Ipyra 3 Hux aae HaOJMXEHUH BHUpa3 Uisi UMOBIPHOCTI TOTO, IIO
KIJIBKICTh YCHIXiB B I BUIPOOYBAaHHSIX MICTHTHCS MiXK 3aJaHUMU duciaMu K i
ko. JocmimkeHnuss muTanHs npo TouHicth Gopmyn (1.11) 1 (1.12) mMu He
posrasgaemo. OOMeXMMOCS JHIIE THUM, WHI0 MNpuiiMemMo 0e3 JOoBeIeHHS

/Ik
HEPIBHICTH > PKk- X Z e < npZ.
keM kem K!

sKa € mpaBWIbHOK 1s 6yab-akoi muoxkuan M —{0,1,2,...}. 3okpema,
SKIIO M CKJIaaeThes 3 OHOro uucia K, To
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Y

- 2
Pn(k)_ﬁe

<np-. (1.13)

K
At : : .
Jlns Bupasy Fe /1, SIKAIA PO3TIIIAETHCS SIK (DYHKIIiSI TBOX 3MiHHHX K 1

A\, CKJIaJICHO TaOJIMIIIO 3HAYEHb.

ﬂ,k

Beenemo noznavenns P(K) = o e~*. CykynmicTs 3HaueHs

{P(K): k=012,..}

HA3UBAETKCS po3noodinom Ilyaccona 3 napamempom A > Q.

Hpuknaax. Y ¢ipmi npairoe 500 cniBpoOITHUKIB. 3HAUTH WMOBIPHICTD
TOTO, IO Y JBOX CIIBPOOITHHKIB JICHb HAPOJKEHHS IpUIIaJile Ha HOBHUH DIK,

BBAXKAIOYH, 110 MIMOBIPHICTh HAPOAUTHCS Y (DIKCOBAHUM J€Hb CTAHOBUTH 1/365.

Posé’azanns. Maemo: n=500, p=1/365, A =np = @ = E , k=2;
365 73
OOumcienHst x 3a OiHOMHOI0O (opmysor maroTh Ps(2)=0,2388347.
bauumo, 110
\Pso(2) - 0,2384517\= 0,000383 < 0,003753 = np”.

OTtxe, ominka (1.13) B jaHOMY BUTIQJKy MpaBHUIIbHA.
Jlokanvna ¢popmyna Myaspa-Jlannaca

Hexait IMOBIpHICTb YCIIXY B KOKHOMY 3 I HE3aJIEKHUX BUIIPOOYBaHb 3a
cxemor bepuyimni piBHa p, 0<p<l. Tomi nns BeIUKUX 3HAYEHB I UMOBIPHICTH
P.(k) mosBu k ycmixiB B T BUIPOOYBaHHSX OOYHCITIOETHCS 3a HAOIMKEHOIO

dbopmyIioro:

P, (k) = %, akupo  Xg * K—1p (1.14)
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2

1
e @(X) = ﬁe , - Qynkuis aycca.

[Ipy 1pOMY BCTAHOBJIEHO, IO BiAHOCHa moxuOka Gopmynu (1.14)
HaOIMKAETHCS 710 HYJIS, Ko N — 00,
Oynkuis [Naycca TabynpoBaHa. B OUIBIIOCTI MiAPYYHUKIB HaBEACHO

sgaueHHs @ (x) ana 0<Xx<3,99. Jlns oOumcineHHs 3HaYeHb ¢ (X) TpH
Bix emunx 3naueHHax — 3,99 < X <0 pukopucToByeMo mapHicTs GyHKLIT @ (X),

a s |x|>3,99 npuiimaemo, o @ (x) = 0.
Iumezpanvna meopema Myaspa-Jlannaca

Hexait IMOBIpHICTh yCHiXYy B KOKHOMY 3 I HE3QJIC)KHUX BUIPOOYBaHb 3a
cxemoro bepuymmi piBra p, 0 < p < 1, a Y, KUIBKICTb YCHIXiB B I

BUnpoOyBaHHsX. Toi

2

: Ly, —Np 1 b=
lim Pia<™"—<by=———[e 2dx
N—o0 { A NpQ } \/27Z'£

IUTSL BCIX a,b(—OO <a<h< OO).

Crparounch Ha IO TEOpPeMy, U BEIMKMX 3HAYEHb 71 3alUCYIOTh
nabmmkeny gopmyny ms iimosipaocti P{K; < 1, <Kk, }. 1106 orpumaru ii,

BBEIEMO TIo3HauerHHs K, = a,/nNpq +np, K, =b./npq -+ np.

Tomi
My — NP
Pia<=——<Db:=P{anpg+np < 1, <b./npg + np}=
{ Vnpg } ”
2 2
P <u <kgde e zaxe L fe zax
- 1—:un—2~\/ga _\/EXI ’
oy ko _k—np

X
Jnpg > Jnpg
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JIJist pOCTINIOro 3amucy OTpUMaHOi HaOIMKeHOoi (OopMyiu BBOASTH
2
t

l ) G
¢yuxuiro Jlannaca d(x)=—=[e 2dt,
() fzﬂg
R R G T
OCKUIBKH je 2dx:je 2dx—je 2 dx,
X1 0 0

TO OCTAaTOYHO OTPHUMAEMO

k, —np k—an
P{k; < 11, <Kk, } = D(X,) — D(%) = D| ~2 — | 2 . (1.15)
{1 H 2} (2) (1) [m} (m

Oyukuiro Jlammaca 4acTo BHKOPHUCTOBYIOTH y TeOpii MMOBIpHOCTEH 1
MaTE€MaTUYH1MA CTaTUCTHUI1, TOMY OMMILEMO ii HAUIIPOCTIII BIIACTUBOCTI.

(1)()()/\ _________
0.5

J

I'padix Gynkuii Jlarnaca

. @D(x)- nenapua pynxyia: D(-x) = -D(x).

—x

1
Jloseoenns. B interpani P(—X) = N [ e 2dt, 3pobumo saminy i =
T 0

2

2

x _YU-
U Toxi  di=-du, ®(—X)= % Je 2du=-d(x),
T o

. ®(0)=0; O(+0)=0,51DP(—0)=-05 = npamiy=05 i VY
= -0,5 acumnroru rpadika QyHKIi mpu X —> +00 1 X —> —00 BiMIOBITHO.
2
t
2

. . 1 % .
JHosedenns. B interpani @ (+X) = T _[ e 2dt, spobumo 3aminy
7T o

t=u+/2. Toni dt =+/2du,
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D(+x) = je—uzdu=£-ﬁ=1.
\NLTT 0 A/ 272' 2 2
. d(x) spocmaioua gynxyis.

®yuknia Jlammaca @(x) TadbymsoBana qus 0 <X <5, Jlnga oGumcnenns
sHayeHb @(x) mpu Bix'emHux 3HadeHHAX —S5<X<0 BuKOpUCTOBYEMO
HETapHICTh (QYHKIII.

Hpukaaa. 3HaiiTh WMOBIPHICTH TOro, MO npu 600 KUTaHHAX KyOuKa
Himicrka” punage 100 pasiB. Slka WMOBIPHICTH TOTO, IO KUIBKICTH BHUIIaJIaHb
,,IICTKN” € B Mekax Bix 90 qo 1107?

Posé sizanns. Maemo: n=600; k=100; p=1/6; np=100; npq=100-%=83,(3);
k—np

Jnpg =9,1287; X, = =0;
" Jnpg
»(0) 0,3989 _ 0,0437:

P.n ~ —
0 npg 91287
P{90 < 44590 <110} ~ cp{m—_”pj - cp(%—_”pj _

v NPY VALY

= (1,095) — B(~1,095) = 2d(1,095) = 2- 0,363224 = 0,72648.

3ayBasxkennsi. Tounictb HaOmuxeHux Qopmyn (1.14) 1 (1.15) icTtotHO
3aJIEKUTh B1Jl B3AEMOBIJIHOUIEHHSI BETUYMH 71 1 p. 30Kpema, 100p1 HaOIMKEHHS
i popmynu naroTh mpu p=0=1/2, iX 4acTO BUKOPHCTOBYIOTh, Koiu npgq>10.
3BijCH, 10 pedi, BUAHO: 110 OJMMXK4Ye OJHE 3 yucen p abo ( A0 HyJIsl, TO OUIBIINM
ciia Bubuparu n. Tomy B pa3i OJU3BKOCTI OJIHIET 3 BEMWYUH P a00 ( 10 HYJA
dopmynamu (1.14) 1 (1.15) 3a3Buyail HE KOPHUCTYIOTHCS; ISl I[LOTO BUITAJIKY
3HAYHO TOYHIIMUMU € HabmmxkeH1 hopmynu [lyaccona.

1.9 Teopema BepHyJii Ipo CTiHKICTh BITHOCHUX YaCTOT

Hexaif WMOBIpHICTh MOSIBU BHUMAAKOBOI MOJliT A B KOXHOMY 3 7
HE3aJIeKHUX BUIPOOYBaHb 3a cxemMoro bepHyiuti cTaHOBUTH p. JJig JOBUIBHOTO
yucaa € > 0 BU3HAUUMO 3a JJOIIOMOTO0 1HTerpajibHOi Teopemu MyaBpa-Jlamiaca
o, Fn

n n

HMOBIPHICTb TTO1T <& npu N —> o0, e BIJTHOCHA 4acTOTa MOJII,
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TOOTO WMOBIPHICTH TOTO, IO BIAXWJICHHS BIJHOCHOI YacTOTH TOMil Bija ii
HMOBIpPHOCTI 3a aOCOJIIOTHUM 3HAYEHHSM HE TepeBuInye yucia € > 0. Moxemo
3alucaTu

p{ﬂ

_n_pg
n

8}:P{—5Sﬂ“—_np<g - ﬂ”_np<8 k -
n

+ NPC n—oo

x2

je 2 dx = @ (+00) — D(—00) = 2D(+0) = 1.

Sg}zl.

—)oo «\/
OTtxe,
Fn
n
st popmyna Bupaxkae reopeMy bepHyi.

- P

nN—00

YV €>0 Ilim P{

Teopema bepmnynni

SIkmo B KOKHOMY 3 cepii He3aJIeKHUX BUIPOOYBaHb BUITAJIKOBA TIOJIS
HACTa€ 3 OJIHIEID 1 TOK CaMOI WMOBIPHICTIO P, TO 3a JIOCTaTHBO BEIUKOI
KUIBKOCTI BHUNPOOYBaHb 3 WMOBIPHICTIO $K 3aBrojHO Onu3bkow 10 1,
BIIXUJICHHS. BIJHOCHOI 4YacTOTH TMOSBH Ili€l Toxii Big il HWMOBIPHOCTI p
HE TIEPEBUIIYBATUME SIK 3aBI'OJTHO MAJIOTO HAaMepe/1 3a1aHOT0 YUCIIA €.

OCKUIBKH JUISL BEJIUKHX 71
& n 2
1 \pg _X* n

—& ,un—np ~ I e 2dx=20d| ¢ |— |,

Jnpg Vor /T Pq
Pq

TO JUIsl BEIMKUX N BUKOPUCTOBYIOTH HAOIMXEHY (GOpMYITy
n
Sg}z 20| ¢ |— | (1.16)

P{ ;un
Pq

n
Mpukaaa. Ilpooautbest 100 BumpoOyBanb 3a cxemoro bepuymmi 3
nMoBipHicTIO p=0,5 mosBu Tonli A B KOXHOMY OKPEMOMY BHUIPOOYBaHHI.
3HaWTH MEX1, B IKMX MICTUTBCS YacToTa Mofii 4 3 imoBipHicTIO 0,9545.
Po36’azanns. 3a ymosoro 3anaui n=100, p=0=0,5 1

P{ﬂ ~05< g} — 0,9545.
n
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3a ¢opmysoro (1.16) maemo, 1110

0,9545 = 20| ¢ % < ®(20g) = 0,47725. 3a Tabnunero 3Ha4eHb

¢ynkuii Jlarmaca saaxoaumo, mo 206 =2 = & =0,1. I3 mepisnocTi

o _05<01e-01< _05<01<04< <06
n n n

sumuBae, mo 40 < 1, <60, To6t0 3 iimMoBipHicTIO 069545 moxist A MOXe

3’sssutHCcs Big 40 1o 60 pasis.

Teopemuyni numauHs 00 po30iny

1. Ilo Ha3uBaeThCs BIPOTITHOIO; HEMOXIMBOIWO mojiero? Hapectu
MPUKIIAIN.
2. SIxa mojiist Ha3UBa€ThCA BUMNaAKoBor0? HaBectu mpukiaau.
3. JlaTi xjacu4He 03HAUYC€HHS WMOBIPHOCTI BUIIAIKOBOI MOI].
4. Illo Take anredbpa momii?
5. Akciomu Teopii HMOBIPHOCTEH.
6. [I{o Ha3MBaETHCS TEOMETPUUHOIO TMOBIPHICTIO?
/. Bu3HayeHHs1 yMOBHOI KMOBIPHOCTI.
8. ®opmysa MHOXEHHS WMOBIPHOCTEH IS JBOX 3aJICKHHX BUIAIKOBUX
o A 1 B mae Burnsin
n
9. Yomy nopiBHIO€E P (ﬂ A, j, SKIIO BUITAJIKOBI MOIT Al € 3aJIeKHUMU?
i=1
10. I'imoTe3u y popmyIi MOBHOT IMOBIPHOCTI Ta iX BIACTUBOCTI.
11. ®opmyna moBHOT WMOBIPHOCTI BUIAJKOBOI MOAIT A 3a HAsIBHOCTI n
rinore3 Bi Mae Bursz ...
12. 3a sxoi ymoBu popmyna bepHyIIi 3aCTOCOBYETHCS JIJIsi OOYHMCIICHHS
HMOBIpHOCTE?
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PO3I1J1 2. BUITA/IKOBI BEJIMYNHHAN

2.1. IloHATTS AUCKPETHHUX TA HeNMepPepBHUX BHUINAJAKOBHUX BeJIHYHH.
3akoHu po3noainy ix iMoOBipHOCTEl

PosrnsHemMo Takuii MPOCTIp €IEMEHTapHUX TMOJINA, B SKOMY KOXKHIM
eJIeMEHTapHii nofii @, € Q BiANOBiNAE OJHE 1 JMIIE OJHE YUCIIO X abo HalIp

qucen (Xl, ) O Xk) , TOOTO Ha MHOKHHI () BU3Ha4YeHa MeBHA (YHKIIIS a(a)l) ,
AKa KOXKHIM €JIEMEHTAPHIN MOl (), CTABUTH y BIANOBIJHICTH NIEBHUM €IEMEHT

OZHOBUMIpHOro Ipoctopy R; a6o n-sumiproro mpocropy Ry. 1o dyHkiio
HA3UBAIOTh 8UNAOKOBOIO BEIUYUHOIO.

O3HavyeHHsl. BumagkoBOoO BEIWMYMHOIO HA3UBAETLCSA Taka 3MIHHA
BEJIMYMHA, SIKa BHACHIIJIOK BUIPOOYBaHHS HaOyBa€ 3 JIEAKOI HMOBIPHICTIO
MIEBHOT'O 3HAYEHHS 13 MHOKHHU MOXKJIMBUX 3HAYECHb.

Y pasi, ko (@,) BinoGpakae MHOKUHY (2 Ha OJHOBUMIPHHMIA IIPOCTIp

Ri, BUNAanKOBy BenM4MHY HA3MBAIOTh O0O0HOSUMIpHOMO. SIKIIO BigOOpaXKEHHS
3MiACHIOETECS Ha R, TO BHNAAKOBY BEIMYMHY HA3MBAIOTH N-BUMIPHOKO
(cucTemMor0 N BUMAIKOBUX BEJIMYUH 200 N-BUMIPHUM BUIIAJKOBUM BEKTOPOM).

BunaakoBi BeTWYMHM MOKHA PO3NOJAUIMTH Ha Bl TPYNU B 3aJIEKHOCTI
B1Jl MHO>KMHHU 1X MOXJIUBUX 3HAYEHb.

[lepma Tpyma — 16 AWCKPETHI BHTAIKOBI BEIMYMHM. I1X 3HAYCHHS
YTBOPIOIOTH 3JI1Y€HY MHOKHUHY, TOOTO MOXYTh OyTH MepepaxoBaHi.
Hpyra rpyma — 1€ HENEepepBHI BHUMAJAKOBI BETUYMHHU. [X 3HAUCHHS

YTBOPIOIOTH CYIUTBHUI 1HTEPBAJ YUCIOBOI OCI.

Mpukaan. 3anano MHoxkuHy ninux uucen Q ={1, 2, 3,4, 5,6, 7, 8, 9,
10}. HaBmanus Oepyth omHe uucio. ExemenTapHuMH TOmissMH OyIyTh TakKi:
nosiBa oHoro 3 uncen &(w,) =1, 2, 3, ...,10 3 neBHO0 HMOBipHicTIO. MHOX1HA

MOXXJINBHUX 3HAYCHb Ot(a)l) € IUCKPCTHOIO, a TOMY u BUITAAKOBAa BCIIMYHMHA —

MOsIBa OJTHOTO 3 YKCEJI MHOKHUHH () — OyJie JUCKPETHOIO.

BunankoBi BeNMMYMHM I103HAYAIOTH BEIUKUMHU JITEPAMH JATHHCHKOIO
andasity X, Y, Z, ..., a X MOXKJIUBI 3HAYEHHS — MAIUMU X, ), Z, ... .

JIyist oncy BUITAIKOBOI BEJIMYMHU HEOOX1THO HABECTH HE JIUIIIE MHOKHUHY
MOKJIMBUX ii 3HA4€Hb, a W yKa3aTH, 3 SKUMU HMOBIPHOCTSIMH I BEJIMYMHA
Ha0yBa€ TOTO UM 1HIIIOTO MOMJIMBOTO 3HAYCHHSI.

3 L1€I0 METOI0 BBOJAATDH MOHSTTS 3aKOHY PO3IMOALTY KMOBIPHOCTEH.

CriBBIHOIIEHHS, 1[0 BCTAHOBJISE 3B’ SI30K MI’K MOKJIMBUMH 3HAYCHHSIMU

34



BUMAJKOBOI BEJIMYMHW Ta BIAMOBIZHUMH 1M HMOBIPHOCTSIMH, Ha3WBaIOTh
3AKOHOM PO3NOOLNY BUNAOKOBOI BeIUUUHU.

3aK0H PO3MOJILTY AUCKPETHOI BUIIAJKOBOI BEIMYMHUA X MOXHA 3a/1aTd B
Tabau4Hil PopMi ado 3a TOITOMOTOI0 HMOBIPHICHOTO MHOTOKYTHHKA.

VY pa3i TabnauuHOi (opMHM 3amKMCy 3aKOHY TMOJAETHCS MOCTIIOBHICTh
MOXJIMBUX 3HAY€Hb BHITAJIKOBOI BEIWYMHU X, PO3MIMICHUX y TMOPSAKY
3pOCTaHHS, Ta BIAMOBITHUX iM HMOBIPHOCTEH:

X=x; X1 X X3 | X
P(X=x) =pi |p1 P2 P3| Dk

Ockinbku BumagkoBi momii (X' =xj) 1 (X=xp) e Mix coboro
mecymicanmu (X=x) N (X=xy) = G, i=m; i, m =1, 2, ..., K) i
k
YTBOPIOIOTH MIOBHY TPYILY U(X = X; )= 'Q) |, TO HEOOXIHOIO € TaKa YMOBA:

j=1
Kk k
j=1 j=1

PiBHicTe (2.1) Ha3uBaWOTh YMOB0K HOPMYBAHHA ISl JTUCKPETHOI
BUIAJIKOBOI BennuuHu X. HaBeneHy TaOnuii0 Ha3UBAOTh psi0OM PO3HOOLTY.

Ipukaan. 3aKoH PO3MOALTY TUCKPETHOI BUTIAAKOBOT BETMYMHU X 3aaHO
TaOJIUIIEIO

X = xi 41 [2 [5 9
P(X = x) = pi 01[01/05 |ps |02

3HaTH  WMOBIPHICTb MOJKJIMBOTO 3HAYEHHS BUMAJKOBOI BEITUYWHU
X= X4 = 5.
Po36é’a3annsn. 3riHO 3 yMOBOIO HOpMYyBaHHs (2.1) Maemo:

5
> Pi=pP+P,+P3+pPs+Ps=1->01+01+05+p,+0,2=
i=1
2.2. dyHkuia po3noainay iiMoBipHocTel Ta ii BJacTUBOCTI
3aK0oH pO3MOJLTy WMOBIPHOCTEM MOXHA MOJIATH 11I€ B OJHIN (opMi, siKa

InpuaaTHa 1 A1 AUCKPCTHUX, 1 AJIs1 HEMICPEPBHUX BUIIAJAKOBUX BCIHWYHH, 4 CaMC:
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K (DYHKIIIO PO3MOALTY WMOBIPHOCTEH BHIAAKOBOI BennuuHHM F(X), Tak 3BaHy
IHTerpaibHy (QYHKIIIIO.

OyHKIIO apryMEHTY X, IO BU3HA4Ya€ HWMOBIPHICTh BHUIIQJIKOBOI IMOIIi
X < X, Ha3UBAIOTb YYHKYIEIO PO3NOOLTY UMOBIPHOCHE.

F(x) = P(X <X) (2.2)

[0 ¢yHKIIIO MOXHAa TIYMAayuTH TaK: YHACHIJIOK EKCIEPUMEHTY
BUIIAJIKOBA BEJIMUMHA MOKEe HAOYTH 3HAYEHHSI, MEHIIIOTO 32 X .

Hanpuknan, F(5) = P(X < 5) o3nauae, mo B pesynbrari excriepumenTy
BUIIAJIKOBA BeJMUMHA X (IMCKpPETHA YU HEMEpPEpBHA) MOXKE HAOyTH 3HAUYECHHS,
SIK€ MICTUTBCS JIIBOPYY Bif x = 5, 110 1ItocTpye puc. 2.1.

—— F(5)=P(X<5—>

>
32-101234356 X
1

Posrisaemo BimactuBocTi F(X):

1. 0<F(x)<1.

I{s1 B1aCTUBICTh BUILIMBAE 3 O3HAUCHHS (DYHKIIIT PO3IOALTY.

2. F(x) € Hecriapnoto dyHkuiero, a came F(X,) > F (X)), saxmo x, > x,.

Josenenns. [Toznaunmo Bianosinno 4, B, C moxii (X < Xp), (X < Xy) i
(X1 <X<L XZ). Bunanxosi nozii B i C € necymicaumu (AnC = ) (puc. 2.2).

A=X<x,)
C=x,<X<x,)
B <xpde— Y
X Xy X
Puc. 2.2

Tomi noxaito A MOKHA 3aIMCaTH TaK:

A=BuC(A=B+0().

3a ¢hopMyII0t0 AOAaBaHHS JJIsI HECYMICHHUX BUIIAQJKOBUX IO MaEMO:
P(4) = P(BUC) = P(B) + P(C)

abo

P(X< X2) = P(X< Xl) + P(X]_SXS )Cz). (2.3)

36



3BiJICH Ha TiICTaBi 0O3HAYCHHS IHTerpaibHOiI (yHKIT F(X), micraemo

F(Xz) = F(Xl) + P(Xl <X< )Cz)

abo

F(X)—F(x)=P(x <X <x;) 20. (2.4)

OTtxe,

F(X,)—F(X)=0—->F(X,)=F(X).

I3 npyroi’ BJIaCTUBOCTI F(X) BUILIMBAIOTh HaBeICHI Jalli BUCHOBKHU:

1. VIMoBipHICTh TOTO, III0 BHMaJAKOBa BeluunHa X HaOyJe MOKJIMBOTO
snauenns X = X € [a; [], nopisHioe npupocty inTerpansHoi Gpynkuii F(X) Ha
bOMY IPOMIXKKY:

Pla< X < f)=F(p)-F(«). (2.5)

2. SIkuio BUMaaKoBa BenuvrHA X € HEMEepPepBHOIO, TO WMOBIPHICTH TOTO,
1110 BOHA HA0yJie KOHKPETHOI'O MOKJIMBOT'O 3HAYCHHSI, 3aBXK/IU JIOP1BHIOE HYIIIO:

P(X =x)=0.
I cipaBi, mixcrasuBiun B (2.5) o = X, S =X + AX, nmicraremo
P(x; < X <X; +AX) = F(X; + AX) — F(x;).
Komu Ax — 0, maemo:
lim P(x;, < X < X; +AX) = (F(x +AX)-F(x.)). (26)
AX—0 AX—0
Ockinbku mpu AX — 0 X = x;, 10
P(X =x;)=F(x)-F(x;) =0,
10 ¥ MOoTp10HO OYJI0 TOBECTH.
OTxe, M HEMEepepBHOI BUIIAJKOBOI BEMWYMHHM X CHPaBIKYIOTHCS TaKi
PIBHOCTI:
Pla<X<p)=PlasX<p)=Pla<X S,B)z(27)
=P(a < X <p). '

3. SIkmo X e |- oo; 00| , BAKOHYIOTHCS [1Ba IOJaHi Jali CIIiBBiTHOMICHHS.

1) lim F(x)= lim P(X <X) = F(~20) = P(X <~20) =0,

X—>—00

Ockinbku momist X < — oo TOJsATaE B TOMY, IO BHUIAIKOBA BEJIWYWHA
HaOyBa€ 3HAYEHHS, SKE MICTUTBCS JIBOpPYY BIJ —oo. A Taka TOMIS €
HEMOXITHBOIO ().

2) lim F(x) = lim P(X <x) = F(ec) = P(X <) =1,

X—0
ITonis X< o mosisirae B TOMy, IO BUIIaJKOBa BeluuumHa X HaOyBae
YUCJIOBOTO 3HAYCHHS, SIKE MICTUTBHCS JIiBOpyY Bij + 00. Il moais € BIporiiHOO
(Q), ockinbku Gyab-sKe umcio X = X <o,
[3 mux [OBOX CHIBBIOHOIIEHHP BHUIUIMBAE BHCHOBOK: SKIIO MOYKJINBI
3HAYCHHS BUIAIKOBOI BEJITMYMHU X HaJIe)KaTh 0OMEXEHOMY IPOMIXKKY [a; D], To
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F(X)=0 mm x<a;
F(X)=1 mm x>b. (2.8)

IMpuxaan. 3aKoH po3MOaLTy TUCKPETHOI BUIAIKOBOI BETUYHHN X 3a1aHO
TaOUIIEIO:

X=x 4 [-1 |2 6 9 13
P(X=x)=p, |01 |02 |01 |03 |01 |02

[ToGymyBatu F(X) Ta 1i rpadik.
Po3é’azannn. 3rimno 3 BiuactuBocTsMu F(X), mictaemo HaBeneHi aaii
CITIBBITHOIIICHHSI.

1) F(-4)=P(X<-4)=0;

2) F(-1)=P(X<-1)=P(X=-4)=0,1;
3YF(2)=P(X<2)=P(X=-4)+P(X=-1)=0,1+0,2=0,3;
4)F(6)=P(X<6)=PX=-4)+P(X=-1)+P(X=2) =
=01+0,2+0,1=0,4;

5 FOQ)=PX<9)=PX=-4)+PX=-1)+P(X=2) +
+P(X=6)=0,1+0,2+0,1+0,3=0,7;

6) F(12) =P(X<13)=P(X=-4)+P(X=-1)+ P(X=2) +
+P(X=9)=0,1+0,2+0,1+0,3+0,1=0,8;

) F(X)k>13=P(X>13)=P(X=-4)+P(X=-1)+P(X=2) +
+P(X=9)+P(X=13)=0,1+0,2+0,1+0,1+0,3+0,1+0,2=1.

KommakTtao F(X) MokHa 3amucaT B Takiid ¢popmi:

(0, x<-4

01 -4<x<-1

0,3, —-1<x<2;
F(X)=P(X <x)=:0,4, 2<x<6;

0,7, 6<x<9;

0,8, 9<x<12;

1, x>12

I'padix pyukmii F(X) 306pakeHo Ha puc. 2.3.
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F(X)A
] —
:::::::::.4_‘: ________ |.<—T
— o | | i ! |
—T1 Ho’ll 1T T 1T T T T+ >
-4 -1 0 2 6 9 13 X
Puc. 2.3

2.3. HlinbHicTh iiMOBipHOCTEI Ta ii BJacTUBOCTI

JI1s1 HenepepBHUX BHITAIKOBUX BEJIUYHMH 3aKOH PO3MOJALTY HMOBIpHOCTEN
3py4HO OMHUCYBATH 3 JOMOMOIOI0 IIUIBHOCTI WMOBIPHOCTEH, SIKY MO3HAYAIOTH
f (x).

Ulinbnicmio  1imogipnocmell HENEPEPBHOI BHUITAIKOBOI BENIMYMHH X
HA3UBAETHCS TIepIIa MoXiAHa Bijl iHTerpanbHol GyHKIT F(X):

f(x) = lim F(X+AX)—F(x) _ F'(x) :M’ 2.9)
AX—0 AX dx
sginku AF(X) = f (X)dx.
OckinbKu
P(X< X <X+ AX) =F(x+AX) —F(X) = dF(x) = f (x)dx,
to mo0yTok f(X)dX — iimoBipHicTs TOroO, MO BHmMagKOBa BeauuMHa X

MICTHTHMEThCS y IPOMiXKKY [x, X + dx], Ie dx=Ax.
['eomerpuuno Ha rpadiky riasHOCTI ¥iMoBipHOCTI f(X)dX Bimmoimae
TJI0IIA IPAMOKYTHHKA 3 ocHoBoo 0X i Bucororo f(X) (puc. 2.4).

f(x)/\ P(x<X<x+dx)

Baactusocri f(X)
1. f(X)>0. Ila BracTuBicTh BHIIMBAE 3 O3HAYECHHS MILILHOCTI
HMOBIpHOCTI sk miepmoi moximuaoi Big F(X) 3a ymoBm, mo F(X) € HecmamHoro
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(byHKITIETO.

2. Ymoea nopmyeannsa nenepepBHO1 BUMIAAKOBO1 BEJTUYUHU X
o8}
[ f(X)ax=1. (2.10)

—00

JloBeaeHHsl.

T f (x)dx = TdF(x) =F(X)|”, = F(0) — F(—0) =1.

Skmo HemepepBHa BHUIIAJKOBa BelnuMHa X BHU3HAUYE€HA JIMIIE HA
npoMiXKy [@; b], To yMOBa HOpMyBaHHS Ma€ TaKHid BUTJIS:

[ fodx=1. (2.11)

3. IMOBIpHICTh TOMNAJIaHHS HEMEPEPBHOI BUITQJKOBOI BEJIUYHUHU B
IHTEepBa [o;p] OOUHCITIOETHCS 32 POPMYIIOIO

Pla< X <p)= ? f (x)dx. (2.12)

JloBeeHHs. 3a BIACTHBICTIO (QDYHKIIIT po3moainy WMoBipHOCTEH (2.7)

Pla< X < B)=F(pB)—-F(a).

3anexHicTh (2.12) MOXHa OJIaTH TaK:
B B
Pla <X <p)=[f(x)dx = [dF(x) = F(x) ¥ = F(B)-F(a).

4. OyHKIIIS pO3MOIiITY HMOBIPHOCTEN HETIEPEPBHO1T BUIIAIKOBOI BEJIMUNHU
Ma€ BUTJISIT

F(X) = Tf(x)dx. (2.13)
I[OBeIleH_HO:I.
J f(x)dx= [dF(x)=F(x) %, = F(x) = F (=) = F(x).

SIKII0 MOYKJIMBI 3HAUYEHHS HETIEPEPBHOT BUIIAJKOBOI BEIMYMHU HAJIEXKATh
nuine iHTepsany [a; b], To

F(x)= T f (X)dx. (2.14)

Ipuknan. 3akoH po3MOJITY HENMEPEepPBHOI BUIAIKOBOI BeIWYMHH X
TaKHM:
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0, X< -1
3
F&}zﬁxé?, ~1<x<3;
1, X > 3.

3unaiitn f(X) i moOymyBatu rtpadiku ¢yukmin f(x), F(x). OOuuciutu
P(0 < X<2), ckopucraBmmch (2.5) 1 (2.12).
Po3é’azanna.

0, X< -1

f(x)= F’(x)=<6—:1(x+1)2, ~1<x<3;

0, X < 3.
I'padiku pynkmin F(x), f(X) 300paxeno BiamosiaHo Ha puc. 2.51 2.6.
£(x) F)A
1 &-------

(3, 3/4

PO<X<2)

FQ2)

PO<X<2) A"
—‘ngu(O)H. >
X

-1 0 23
Puc. 2.5 Puc. 2.6

MmMogipricTs mogii 0 < X < 2 oGuuciumo 3a (2.5):

PO<X <2)=F(2)—F(O)=2/_L _26_13.

64 64 64 32

naii 3rigHo i3 (2.12) Mmaemo

P(O< X <2) :ff(x)dx:fi (x+1)%dx =
] 164

2
—if(xu)zdx—i(“l)s 27 1 26 13
64 64 3 | 64 64 64 32
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2.4. MaTteMaTH4YHe CIOAIBAHHSA TA HOr0 BJACTHBOCTI

Opniero 3 HallyacTilie 3aCTOCOBYBAaHUX Ha MPAKTHUIIl XapPAaKTEPUCTUK €
mamemamuyHe cnoOi8aHHs.

TepMiH «MaTeMaTW4yHe CIIOMAIBaHHS» BUIMAAKOBOI BEeMUYMHU X €
CHHOHIMOM TE€pMiHa «Cepe/IHE 3HAUCHHS» BUMAJAKOBOI BETUUHUHU X,

MaTtemMaTUYHUM CIOJIIBaHHAM BUIAJKOBOI BEIWYMHH X, BUZHAYCHOIO Ha
JTUCKPETHOMY MpOCTOpi {2, HA3UBAETHCS BEIHMUMHA

M(X) =X p,. (2.15)
i=1

SIkmo Q — oOMekeHa MHOKHHA, TO
n

M(X)=2%p;- (2.16)
s=1

HKHIO HpOCTip Q € HCIICPCPBHUM, TO MATCMATHUYHHM CHOIIiBaHHHM
HGHGpGpBHOI BI/IHaI[KOBO'l' BEJIMYMHU X HA3MBA€THCS BEIUYMHA

M (X) =[x f(x)dx. (2.17)
Sxuro Q =Q(— 00; ), TO

M(X)= Txf(x)dx. (2.18)
o © = [a: b], To

M(X)= Tx f (x)dx. (2.19)

Bracmusocmi mamemamuunoco cnooiearnms

1. MaremaTtuuHe crojiBaHHs BiJ cTayioi BeauduHu C JOPIBHIOE CaMiid
CTaNIHN:

M (C) = C. (2.20)

Cnpasni, cramy C MOXHa pO3IJIAJIaTH SK BUITAJIKOBY BEJIMYMHY, IO 3
WMOBIpDHICTIO, fKa JOPIBHIOE OJuHUIlN, HaOyBae 3HaueHHs C, a ToMy
M) =C-1=C

2 M (CX) = CM (X) (2.21)

JIns AMCKPETHOI BUMAAKOBOI BEIMUMHM 3TiaHO 13 (2.15) Maemo

Kk K
M(CX) =2 Cx;p; =C2.x;p; = CM (X).
i=1 i=1
Jlg HenepepBHOLI:
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M(CX) = Of Cxf (x)dx=C Ojoxf (X)dx =CM (X).

3. SIxmio A 1 B € cTanuMu BEIUYUHAMH, TO
M (AX + B) =AM (X) + B. (2.22)
JI714 IMCKPETHOT BUIIAIKOBO1 BEJIMYMHMU:

n n n

i=1 i=1 i=1

JInst HemepepBHOI BUMAAKOBO1 BEJIMYUHMU:

M (AX +B) =

= T(Ax+ B)f(x)dx=AT xf(x)dx+BTf(x)dx=AM(X)+B.

Hpukaag 1. 3aKkoH po3MOALTY JUCKPETHOT BUMAJAKOBOI BETMYMHU 3a/1aHO
TaOJIUIIEIO:

Xi —6 -4 |2 4 6 8
Di 01 01 (02 |03 ]01 |02
Oo6uuciutu M (X).

Po3eé’azannn. CxopucraBmmch (2.16), micranemo
6
M(X) = 2x;p; = X1p1 + X2 D3 + X3P3 + X4 P4 + X5 P5 + Xg g =
)

-~ 6-01-4-01+2-0,2+4-03+6-01+8-0,2=
~_0,6-0,4+04+12+0,6+16=28.

Ipukaan 2. 3a 3agaH010 GYHKITIEIO PO3MOALTY HMOBIPHOCTEH

0, X < —4;
F(x) =+ X3+4, -4 <X<6;

1, X > 6.
O6uucutu M (X).

Poze’sazanna. Jlna obuncnenns M (X) HeoOXimHO 3HAHTH WILTBHICTH

NMOBIpHOCTE
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0, X< —4:
F)=— 1 _4<x<6
6X+4" m
\O, X > 6.
Toni:
MO = T x FQdx= Tx—tdx=L]_X 4
=[x f(X)dx= [x X== X =
(%) _I4 () _I4 6vX+3 6_j4x/x+3
X+3=12° ,
—3<x<6 374 _
—x=72-3 > 0<7<3 :ljz 3szz:
<7< Z
dx = 2zdz 0
3 3 3
1 j(zZ—B)dz=1(jzzdz—3 jdzj=
30 3o 0
1 23 1
=~ S =32 |=2(9-9) =0,
3l 3 3
0
M (X)=0.

SIKIIO BHIAIKOBA BEIMYMHA X € [a; b], o M (X) € [a; b], a came:
MaTeMAaTUYHE CIIOJIBAaHHS BWIIAIKOBOI BEJIMYMHU Mac€ OOOB’SI3KOBO MICTHTBCS
BCEPEINHI iIHTepBaNy [a; b], ABnstour o000 IEHTP PO3MOALTY ITi€T BETMUUHH.

Hpukaaa 3. 3a 3a1aH010 MUIBHICTIO HMOBIPHOCTEN
0, X<-1

f(x):4$3\/x+1, ~1<x<T7,;

0, X>7

obunciutu M (X).
Po3é’sa3annsa. 3rigHo i3 (2.19) maemo:

7 7 7
M(X) =[x f(x)dx = jxé x+1 dx:éjx 3/x+1 dx =
O | |

44



3

X+1l=12
2
=x=23-1 —>—1£x£7=éj(z3—1)2322dz=
dx=3z%dz 0<z<2 °
12 1 2 2
:—j(26—23)dz:—(j26dz—jz3dz):
40 40 0

72

7

2
z* 1(128_4j_1128—28_100_§_
. =T o

iz 2.1
4 7], 4l 4 728 7

2.5. Moaa Ta MegiaHa BUIIAAKOBOI BeJIHYUHU

Moporo (Mo) auCKpeTHOI BHUIIAIKOBOI BENMYMHU X HA3UBAIOTh T€ il
MO>KJIMBE 3HAYCHHS, SIKOMY BIATOBIa€ HaO1IbIIIa HMOBIPHICTH MOSIBH.

Moo myisi HenepepBHOI BUIIAJKOBOI BEIWYMHHM X HA3UBaKOTh TE il
MOXJIMBE 3HAYCHHS, SKOMY BIAINOBIJa€ MaKCHMMajJbHE 3HAYCHHS IIUIBHOCTI
HMOBIPHOCTI:

f (Mo) = max.

Sxmo BUMamKoBa BENIWYWHA Ma€ OJHY MOJY, TO TaKHH PO3MOJILI
HMOBIPHOCTEW HA3UBAIOTh 0OHOMOOQNbHUM; SKIIO PO3IMOAIT Ma€ JIBl MOAH —
06omooanbHum i T. iH. IcHYIOTH i Taki PO3MOALNH, SIKi HE MAalOTh MOJH. IX
Ha3UBAIOTh AHMUMOOATbHUMU.

Menianoro (Me) HenepepBHOT BUIIAIKOBOI BeMYMHU X HA3UBalOTh Te il
3HAYEHHS, JUISI SIKOTO BUKOHYIOTHCS PIBHICTh HIMOBIPHOCTEH MO1H:

P(—o< X <Me)=P(Me< X <o) > F(Me)-F(—x) =
= F () - F(Me) —»
—>F(Me)=1-F(Me) > 2F(Me)=1—

— F(Me) =0,5. (2.23)

OTmxe, MeTiaHy BU3HAYAIOTH 13 piBHAHHSA (2.23).

Mpuxnag. PobitHuk mig yac poOoTH 0OCIYyroBye TpH BEpCTATHU-
aBTOMATH. VIMOBIpHICTB TOrO, IO BEPCTAT-aBTOMAT IOTpebye yBAarW POOITHHKA
3a MEeBHUH MPOMIKOK yacy, — BeJIMUYMHA cTaja 1 1opiBHIOE 0,8.

[ToGynyBaTi 3akoH PO3MOJLTY WMOBIPHOCTEH IUCKPETHOI BHUIAJIKOBOT
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BEJIMUYMHU X — YHCJIa BEPCTaTiB, Ki MOTPeOyIOTh YBaru poOITHUKA 3a IIEBHUM
MPOMIXKOK yacy. 3HaiTu Mo.

Po3zeé’azanna.

Mo>xMBi 3HAYCHHSI BUITAIKOBOT BETMUNHU:

X=0,1,23.

VIMOBIpHOCTI IINX MOXITHBHX 3HAYEHB TaKi:

p; = (0,2)* = 0,008;

P,=3p¢°=3-0,8-0,04 =0,096;

p; = 3p°q=3-0,64-0,2=0,384;

p,=p° =(0,8)°=0,512.

3anuieMo 3aK0H Ta6J'II/IIl€I'OI

X; 0 1 2 3
i 0,008 | 0,096 0,384 |0,512

I3 Tabmui Bu3Hayaemo Mo = 3.
OT1xe, qiCTAEMO OJTHOMOJIAJIbHUM PO3TOILIL.

2.6 Iucnepcis Ta ii BJacTUBOCTI

MaremaTuyHe CHOJIBaHHS HE Ja€ JOCTaTHbO MOBHOI 1H(opMallii mpo
BHUIIAJIKOBY BEJIUYHMHY, OCKUIBKH OJJHOMY i TOMY caMoMy 3HadeHHIO M (X) Moxke
BiAMOBIAaTH O€3/114 BUMAJAKOBUX BEJIWYWH, SIKI OyAyThb PI3HUTUCS HE JIMIIE
MOXJIMBUMM 3HAYEHHSAMH, a W XapakTEepoOM pO3MOJLITY 1 CcamMOl0 MPHUPOJIOI0
MOXJIMBUX 3HAYECHbD.

Mpukaag 1. 3akoHu po3MONLTy BHUITAJAKOBUX BenuyuH X 1 Y 3amaHi
TAOJIUIISIMU

x; |-05 [-01 [01 05
p; |04 Jo1 Jo1 o4

Vi —100 |-80 -10 |10 |10 |80
P 0,1 0,2 0,2 0,2 {01 0,2
Oo6uuncautu M (X) i M (Y).
Po3é’azanns.
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4
M(X)=3Yxp; =-05-04-01-01+01-01+0,5-0,4 =
s=1

~_0,2-0,01+0,01+0,2 = 0;

6
M(Y)=3y;p; =-100-01-80-0,2-10-0,2+10-0,2+80-0,2
j=1

=+100-01=-10-16-2+2+16+10=0.

OTxe, 1Ba 3aKOHU PO3NOALLY MalOTh OJHAKOBI MaTeMaTH4HI CIIO1BaHHS,
X04Ya MOKJIMBI 3HAYEHHs JUIA BHNAAKOBHX BenwduH X i Y icrotHo pismi. I3
HABEJCHOI0 MpUKIaAy 0auumo, 110 B pasl pIBHOCTI MAaTEMAaTUYHUX CIOIBaHb
(M (X) = M (Y) = 0) Bunagxosi Benuunen X i Y MaioTh TEHAEHIHIO JIO
xommBanb Bigaocno M (X) ta M (Y), mpuuomy Y wmae Ginbumii posmax
poscirosanns Bigaocno M (Y), mix Bumankosa Benmumna X BimnocHo M (X).
ToMy MareMaTH4HE CHOJIBaHHS HA3UBAIOTh YeHmMpoM poscitosanHs. Jns
BUMIPIOBAHHS PO3CIIOBAHHSA BBOJUTBHCS YHUCIIOBA XapaKTEPUCTHKA, SIKY
HA3UBAIOTh OUCNEPCIEND.

JUis BU3HAUEHHS JAMCIIEpCli PO3IIIAJAETbCS BIAXWICHHS BUIIAJKOBOL
BenmMuMHK X Bia cBoro marematnunoro crnogiBants (X — M (X))

MatemaTuuHe CroAiBaHHS TAKOTO BIAXWJIEHHS BUIIAJKOBOI BETUYMHU X
3aBXJIU OpiBHIOE HyIt0. CripaBi,

M (X =M (X)) =M (X)=M(M(X))=M(X)=M(X)=0.

OTxe, BIAXWIEHHS HE MOXE OYyTHM MIpOI PO3CIIOBaHHS BHUIAJKOBOI
BEJIMUMHHU.

Jlucnepcielo BUTNAIKOBOI BEIWYMHU X HA3UBAETHCS MATEMAaTHYHE
CIIO/IIBaHHS KBaJpaTa BIAXWICHHS I1€1 BEJIMUUHU

D(X)=M (X =M (X)) (2.26)
JIJ1s1 AUCKPETHOT BUMAAKOBOI BEUYUHY X ucCIepcis
D(X) =3 (3~ M(X))? p; @27
s neepeproi

D(X)= Of(x — M (X))*f (x)dx. (2.28)

Sxkmo X € [a; b],

- D(X) = [(x - M(X))2 (x)dx. (2:29)
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Bracmueocmi oucnepcii
1. SIxmo C — crajna BeaIuduHa, TO

D(C)=0. (2.30)
Cnpasi
D(C)=M(C-M(C))>=M(C-C)>=M(0) =0.
2. D(CX)=C?D(X). (2.31)
Maemo:

D(CX)=M(CX —M(CX))* =M (CX —CM (X))? =
=M (C(X =M (X))? =C?M (X —M(X))? =C?D(X)

3. SIkmo A i B — craini Benuuunn, TO
D(AX +B) = A’D(X). (2.32)
Amxe

D (AX +B) =M (AX + B—M (AX +B))? =

=M (AX +B—AM (X)-B)? =
=M (AX — AM (X))? = A2M (X =M (X))? = A’D(X).

Jlucriepciro MOkHA OOUMCIIUTH 1 32 TAKOKO (POPMYJIOIO:
D(X) = M(X2)=M2(X). (2.33)
JloBeneHHs. 3rigHo 3 (2.26) mgicraemo:

D(X)=M(X =M (X))2=M(X?=2M (X)X + M?(X)) =
=M (X?)=2M(X)M(X)+M (M?(X)) =
=M (X?)=2M2(X)+M?(X)=M(X?)=M?(X).

JInst TUCKPETHOT BUIMTAAKOBOT BETUYUHU X

D(X) = 3 x2p, - M2(X); (2.34)

TUTS Heneple:;BHO'l'

D(X) = Ofxzf(x)dx—MZ(X). (2.35)

ﬂKHIOXE_EZ; b], To

D(X)=?x2f(x)dx—M2(X). (2.36)
Cnin naM’a;ITaTI/I, IO AMCIEpCiss HE MOXe OyTH BiJ’€MHOIO BEITUYHHOIO

(D(X >0)).
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OTxe, amcriepciss XapakTepu3ye pO3CiIOBAHHS BHITAKOBOI BEIWYHHH
BiTHOCHO CBOT'O MaTEMAaTHMYHOTO CIIOJIIBaHHA. SIKIIO BWITaJKOBa BEIWYHHA
BUMIpsiHA B JICSIKUX OJWHHUIIAX, TO JHUCIIEPCisT BUMIPIOBATUMETHCS B IIUX CaMHUX
OJIMHUIISIX, i€ B KBaIPATi.

ToMy IOMIIBHO MAaTH YHCIOBY XapaKTEPUCTUKY TaKOi caMOi BUMipHOCTI,
SK 1 BUIMAJKOBA BEJIMYMHA. Tako YHMCIOBOIO XapaKTEPUCTUKOIO € CEpeliHE
KBaJIpaTUYHE BiAXUJICHHS.

CepedHnim ke6aopamudyHum  6iOXUJEHHAM BUIAIKOBOI BenWYuHU X
HA3MBAIOTh KOPiHb KBAJPATHUH 13 JUCTIEPCIi:

o(X)=D(X). (2.37)

Mpuxnag 2. 3akoH po3MOALTY AMCKPETHOI BUMAAKOBOI BETMYMHU X
3aJJaHO TaOJIUIEIO:

X; -4 -2 |1 2 4 6
Di 0102 |03 |02 |01 |01

O6uucutu D (X), o (X).

Po3é’azannsn. 3rigHo 3 (2.34) maemo:
2 2 6 2 6 2.
D(X)=M(X")=M*(X)=2xp;—| 2xp; | ;
i=1 i=1

6
M(X)=>xp;=-4-01-2-0,2+1-03+2-0,2+4-01+6-0,1=
i=1

=-0,4-0,4+03+0,4+0,4+0,6=0,9;
6
M(X?)=Yx’p; =16-01+4-0,2+1-0,3+4-0,2+16-01+36-0,1=
i=1
=16+08+0,3+0,8+1,6+3,6=8,7;
D(X)=8,7-(0,9)> =8,7-0,81=7,89;
o(X)=.D(X)=4789=~28.

2.7. CucTteMa JIBOX JUCKPETHHX BHNaAKoBHUX BeauduH (X, Y) Ta ix
YHMCJIOBI XapaAKTePUCTUKH

Ha omHomy i TOMy camomy mpoCTOpl eJeMEeHTapHUX MoAiil (2 MoXkHa
BU3HAYUTU HE OJHY, a KiJIbka BHUIIAJKOBHX BeNUYMH. Taka morpeda mocrae,
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HAMpUKJIad, KOJU JOCHIKYBaHUM OO €KT XapakTEepHU3ye€ThbCs KUIbKOMa
BUIAJIKOBUMHU TapameTpamMu. Tak, y pa3l BHUIOTOBJICHHS BajliB Taki iX
napameTpu, SIK JiaMeTp, IOBXKHHA, OBAJBHICTh € BUMAJIKOBUMU BEJIWYMHAMU,
3HAUEHHA SKUX Hamepe] He MOXKHa nependaduutu. AOo, CKaxiMo, CTPYKTypa
BUTpPAT BHUIIAJIKOBO B35ATOI OKpemoi CiM’i Ha XKy, OAAT, B3YTTS, TPaHCIIOPT,
3aJI0BOJICHHS JyXOBHUX TMOTpPeO TakoX € BUMNAJAKOBUMH BEIWYMHAMH,
BU3HAYCHUMH Ha OJTHOMY i TOMY CaMOMY TIPOCTOPI €IEMEHTAPHUX TTOIiH.

Ha 6araToBuMipHi BUTIQAKOBI BEIMYMHH MOIMIMPIOIOTHCS Maiixke 0e3 3MiH
OCHOBHI O3HauY€HHS, fAKI Oynu PpO3IIIAHYTI JUIsi OJHOBUMIPHOI BHIAIKOBOI
BEITUYMHM.

O3nauvenns. OgHovacHa MOSIBA BHACIIJOK MPOBEICHHS €KCIIEPUMEHTY N
sunaakoBux semuuuH (X1, Xy, ..., X;) 3 neBHOO IMOBIpHICTIO SBIIE COGOO N-
BHMIpHY BHUIIQJKOBY BEJIMYHHY, SKY Ha3UBAIOTh TAKOXK CUCEMOI0 N 6UNAOKOBUX
senudut, ado N-BUMIPHUM BUNAOKOBUM 8EKMOPOM.

3akoHom po3noodiny 080X OUCKDEMHUX BUNAOKOBUX GeluyuH Ha3UBAIOTh
nepesiKk MOKJIMBUX 3HaueHb Y = Y, X = Xj Ta BIANOBIIHKUX IM HMOBIPHOCTEH
CI1JIbHOI MOSIBH.

VY TabinyHii hopmi 11eil 3aKOH Ma€ TaKUid BUTJISI;

X=% 1y, |x X X -
Y=y 1 2 3 m Pyi
Y1 P11 [ P12 P13 Pim Py1
Y2 P21 | P22 P23 P2m Py2
Y3 P31 | Pa2 P33 P3m Py3
Yk Pk1 | Pk2 Pk3 e Pkm Pym
pxi pxl px2 px3 <o pxm

TyT BUKOpPHUCTAHO Takl MO3HAYEHHS

m k
pij = (Y =Yi) (X =X})); Py, = 2 Pijs Px; = 2 Pjj-
j=1 i=1
YMOBa HOPMYBaHHsI Ma€ TaKUW BUTJIAL:
K m

k m
2 2 Pij = 2 Py; = 2Py =1 (2.38)
i=1j=1 i=1 j=1

Yucnosi  xapakmepucmuxku O0as1  eunaokosux eenuuun X, Y, wo
ymeopiotoms cucmemy (X, Y)

k m m
M(X) =2 2 Xjpij = 2 Xj Py; - (2.39)
i—1j=1 j=1
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D(X)=M(X?)-M2(X)= 3. x2p; ~MZ(X) =

i=1j-1
m
> X5 Py, —~MA(X). (2.40)
j=1
&(X) =, = /D(X). (2.41)
K m K
M(Y) =2 2 Vibij = 2. YiPy;- (2.42)
1=1)=1 1=1
2 2 Koo 2
D({Y)=M(¥")-M (Y)=_21_ZIYi pij —M°(Y) =
1=1]=
K 2 2
=2.%i Py, —M=(Y). (2.43)
i=1

o(Y) =0, =/D(Y). (2.44)

2.8. KoeginieHT Kopesimii Ta iioro BJa1acTuBoCTiI

IIin yac BHBYEHHS CHCTEMH JBOX 1 OUIBIIE BUMNAJAKOBUX BEJIIMYHH
JIOBOAUTHCS 3’SCOBYBaTH HASIBHICTh 3B’SI3KY MK LIUMHM BEJIIMYMHAMHU Ta HOTO
xapakTep. 3 BIAMNOBIIHOI METOI0 3aCTOCOBYIOTh TaK 3BaHUN KOperAyiliHull
MOMEHM.:

K m
Ky =M(XY)=M(X)M(Y) =2 > ¥iXjpij — M(X)M(Y). (2.45)
i—1j=1
Y pasi K, = 0 38’30k Mixx Bemmauaamu X ta Y, 110 HaneKaTh CHCTEMI
(X, Y), Bincyrniii. Konu K, # 0, To mix Bignmosimaumu X i Y xopensiiinuii
3B’SI30K ICHYE.
TicHOTY KOPENSIIIHOTO 3B 3Ky XapaKTepru3ye KOePIIiEHT KOPEIIAIIii:

K
hy =—, (2.46)
OyOy

Ny|<1,a60 —1<1, <1,

Otxe, AKIIO BUNAAKOBI Beauuuuu X Ta Y € HesanexHumu, 10 Ky, = 0 i

Iy, = 0. PiBHICTH HYyJEBI Iy € HEOOX1/IHOI0, ajie HE JOCTAaTHHOK YMOBOIO
HE3AJIEXKHOCTI BUITAAKOBUX BEJINYMH.
CmpaBni, MOX€ ICHYBAaTH CHCTEMa 3aJIC)KHMX BHITAJIKOBHX BEIWYWH, B
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aKoi Koe(ilieHT Kopensiii nopiBHIOe Hym0. [IpukiaazoM Takoi CHUCTEMH €
cUCTeMa JBOX BHUMAAKoBUX BenuuyuH (X, Y), ska pIBHOMIPHO pO3MOJlJICHA
BCEPEJIMHI Koja pajiiycoM R 13 IIEeHTpoM y movaTKy KoopAauHaT. J[B1 BUMaIKOBI
Benu4uHE X i Y Ha3uBakoTh Hekopenvosanumu, akmo Iy, = 0, i kopenvosanumu,
stkuto Iy, # 0.

Orxe, sxmo X 1 Y He3anexkHi, TO BOHUA OyIyTh 1 HEKOpEIhOBaHUMU. AJie 3
HEKOPEJIHOBAHOCTI BUIIAKOBUX BEJIIMYWH Y 3araJlbHOMY BHITQJIKy HE BHILIUBAE
iX HE3aJIeKHICTb.

Hpuxknax. 3agaHo 3ak0H PO3MOJAUTY CHCTEMH JIBOX JUCKPETHHUX
BUMAAKOBUX BeauuuH (X, Y):

ry;P(24<Y<64; 52<X<152).

Po3zé’azanns.

i=1 j=1
=1=a=01.
31 3HAICHUM @ 3aKOH CHCTEMH HaOHpae TaKOro BUTIISAY:
X = Xj
5,2 10,2 15,2 i
Y =Yi Pyi
2,4 0,01 0,2 0,09 0,3
4.4 0,2 0,02 0,18 0,4
6,4 0,19 0,08 0,03 0,3
Pxi 0,4 0,3 0,3

OCHOBHI YHCIIOBI XapaKTePUCTUKH 00uMcitoeMo 3a ¢dopmynamu (2.39-

2.46):

= xj

5,2 10,2 15,2 P,
Y=Y 4
2,4 0,1a 2a 0,9a
4,4 2a 0,2a 1,8a
6,4 1,9a 0,8a 0,3a
Pxi

3uaiitu a. O6uncautu M (X); D (X); o (X); M (Y); D (Y); o (Y); K,;

CxopucTaBIIUCh YMOBOKO HOpMYBaHHs (2.38), 1iCTaHEMO:

3 3
> Pij =0la+2a+09a+2a+0,2a+18a+19a+0,8a+0,3a =
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3
M(X)= Y.X;Py; =52:0,4+10,2-0,3+15,2-03=
j=1

=2,08+3,06+4,56=97;
3
M (X ?) = zxfpxj =(5,2)20,4+(10,2)? 0,3+ (15,2)% 0,3 =
j=1
=10,816 + 31,212 + 69,312 =111,34;

D(X)=M(X?)=M?(X)=111,34—-94,09 =17,25;

o, =+/D(X) =415

3
M(Y)=2vipy; =24-03+4,4-04+6,4-03=0,72+176+192=44;
i=1

M (Y?) = %y?pyi = (2,4)%0,3+(4,4)%0,4 + (6,4)°0,3 =
=1

=1,728+ 7,744 +12,288 = 21,76

D(Y)=M(Y?)=M?3(Y)=2176—(4,4)° = 21,76 —19,36 = 2,4

oy =+/D(Y) =155
M (XY) = i iyixj p;j =2,4-5,2:0,01+2,4-10,2-0,2+

i=1j=1

+2,4-15,2-0,09+4,4-5.2-0,2+4,4-10,2-0,02 +
+4,4-15,2-018+6,4-5,2-0,19+,4-10,2-0,08 +
+6,4-15,2-0,03=0,1248 + 4,896 + 3,2832 + 4,576 +
+0,8976 +12,0384 + 6,3232 + 5,2224 + 2,9184 = 40,28;
Ky =M (XY) — M (X) M (Y) =40,28 - 9,7 - 4,4 =
= 40,28 - 42,68 = 1,4.

OCKUIBKH ny> 0, 10 MiX BIANOBIAHUMH BEIMYMHAMHM ICHYE

KOpeJSIiiiHui 3B’430K. {711 BUMIpIOBAHHS TICHOTH KOPEJALIINHOTO 3B’S3KY
00YMCIMMO KOe(DIIIEHT KOpemsIii

Ny = ny = —24 ~
¥ oy, 415-155

OcTaTOYHO MAaEMO:
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P(2,4<Y<6,4; 52<X<152)=0,2+0,02+0,09 +0,18 = 0,31.

2.9. YMOBHi 3aKOHM PO3NOAIJY CHCTEMH [BOX JHCKPETHHX
BHUIIAIKOBHUX BEJIUYHH TA iX YMCJIOBI XapaKTEePUCTUKH

YmosHum 3axonom po3nodiny ouckpemnoi eunaokosoi eeauyunu X npu
@ikcoeanomy smavenni Y = Yj Ha3sMBAE€ThCA IEPETIK MOXKIUBHX 3HAYEHD
BHUITQJKOBOI BeaMYMHH X = Xj Ta BIAMOBIZHHX iM YMOBHHX HMOBIPHOCTEM,
o0uuncieHux npu QikcoBanomy 3uaueHni Y = Y.

Y Tabnuuniii dopmi 3amucy ymosHumit 3axkon X / Y = Y; mae Takwuii
BUTJISA;

X=X X1 [X2 [X3 || Xm

P((X=x;)N(Y =y;)) By
p(\J( —y) —= P”. Pis/ |Pid Pig/ | | Pin/
| g Pyl Py2 Py3 Pym

P(X :Xj /Y :yi):

[Ipu 1pbOMy Ma€e BUKOHYBaTHUCh yMOBa HOPMYBaHHﬂZ

P Py. m
ZP(X—X Y = y|)—Z Z Ij =_—L=1. (Zpij:Pyi)-
=1 =1y Py. =1 Pyi j=1
UucnoBl XapakTepUCTUKH IS IILOTO 3aKOHY HA3UBAIOTh YMOBHUMM.
VYMOBHE MaTeMaTHYHE CIIOIIBAaHHS

M(X/Y =vy;)=
(2.47)
_ZX P(X_X 1Y = yl)—ZX Z jlj
=1 P Y| =1
YMoBHa gucnepcis i cepemaHe KBanpaTHqu BIJIXWJICHHS OOYHCIIOIOTHCS
BIIIIOBITHO 3a (bopMyJIaMH

D(X/Y=y)=— zx ~M2(XIY =v;); (2.48)
j=1

Y|
o(X 1Y =yi)=\/D(X/Y=yi). (2.49)
Ymoeuum 3akonom posnooiny eunaokogoi eeruuunu Y npu QhikcosaHomy
3HAYEHHI X = X; Ha3HUBaA€TbCA HepeHiK MOXJIINBUX 3HAYCHbBH BI/IH&I[KOBOT

BenuuuHM Y = )j i BiANOBiZHMX iM yMOBHMX MMOBIpHOCTEH, 0GUHMCICHUX MPH

¢ikcoBanoMy 3HaueHHi X = X;
VY TabauuHiii Gopmi 3amucy yMOBHUMN 3aKOH Ma€ TaKU BUTIISL
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Y=yj Y1 Y2 Y3 e[ Ym
P(Y =yj/X =xj)=
_ P((Y = yj)ﬂ(X :Xi)) _ F)ij Plj /le sz/sz ng /ng ij/ Pym

P(X=Xi) P

X

HpH [bOMY Ma€ BUKOHYBAaTHUCh yMOBa HopMyBaHH;I'

P m
ZP(Y Y./X—X)—Z—— Z j = =1 (Zpij_le)
J=1x; F)X| j=1 I:)X| j=1
VYMOBHE MaTeMaTHYHE CHOIBAHHS

MY /X =x)=

m |Z>IJ
=2YjP(Y =yj/ X =%)= Zy,P =
i=1
YMoBHa qucnepcis

1 k
D (Y /X =xi)=P—zyJ?Pij ~M?(Y/X =x;). (251)
xj 1=1

1k
B, 21"

YMOBHE cepelHE KBaIpaTUUHE BIIXUICHHS

o(YIX=%)=D(/X=x. (2.52)

2.10. ®yHkuis po3noainy WMoOBIpHOCTeH CHCTEMM JBOX BHUIAIKOBHX
BEJMYHH Ta il BJaCTUBOCTI

Dyukyicto po3nooiny UMosipHOCmEU cUcCmemMu 080X 6UNAOKOBUX GEIUYUH
(X, Y) HasuBaroTh TaKy (QYHKIIIO IBOX apryMeHTIB X, ), sSKa BH3HAYa€E
fMOBIpHICTH cribHOI TosiBU moii (X < X) [ (Y <y):

F(x,y) = P(X<x)N (Y <Yy)). (2.53)

['eomerpuuHo 11 PpyHKITIS 300pakeHa Ha puc. 2.7

/////:/y -
X<_x_ Y< % x>
/// 77
Puc. 2.7
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Bracmueocmi F(x, y)

1. 0<F(X,y) <1, ockimexu 0 < P((X <x) N (y <y)) < 1.

2. Slkmo oauu i3 aprymentis F(X, Y) mpsamye no +o0, To dyHkmis
PO3MOUTY CUCTEMH MpsAMYeE 10 (HYHKIIT PO3MOIUTY OJHOTO apTyMEHTY, 10 He
psiMye 10 +00, a caMe:

lim F(X,y) = F(x,0) = F(X); (2.54)
y—0
lim F(x,y) = F(0,y) = F(y). (2.55)
X—>»00
3. lim F(X,y)=F(00,0) =P(X<o,y<ow)=1. (2.56)
Y—>0,
4. lim F(x,y)=lim F(x,y) =lim F(x,y) =0. (2.57)
X—>—00 X——00 y—>—00
y—>—00

5. F(X, ¥) € Hecagnoro (yHKIII€I0 apryMeHTIB X 1 ).

JloBeneHHsl.

F(Xz, y) 2 F(X11 y)i X2 = Xi1.

Hexaii 4 = (X <X, Y <VY),B=(X<X, Y<Y),C=(X<X<Xy,
Y <Y) (puc. 2.8).

/PN
'/X_<_x_, ny_
v

Ockimku B (1 C# J,toA=BUC(4=B+C).
Toni P(A) = P(BU C) = P(B) + P(C).
V3sB1IM 10 yBaru, 1o

P(A)=P(X <X5,Y <Vy)=F(X,Y);
P(B)=P(X <X,Y <Yy)=F(X,VY);
P(C)=P(x < X <X,,Y <),

JIICTAHEMO:
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F(X,Y)=F(X, V) +P(X < X <X5,Y <yp) >
—> F(X,Y)—F(x,y) =P(X< X <X%,,Y <y)>20—>
= F(X2,Y) = F(x,¥) 20— F(X;,y) 2 F(X,Y).

AHaJIOTYHO JOBEIEMO, IO

F(X, y2) 2 F(X, y1), Y2 > V1.
Hosnaunmo temep 4 = (X < X, Y <y,), B = (X <X, Y <y,

C=(X<Xy1<V<y) (puc2.9).
ry
Yy (. »,)
’,ul" p ‘ p
/ it ﬁ:&:q
! PN >l (x9 yl)
AR

F /O g::‘ *
. oL

. Y XS

. / i’*‘* |

Puc. 2.9

Ockinpku B(1C =, t0A=BUC— P(4)=P(BUC) = P(B) + P(C).
P(X<XY <y,)=P(X<XY <y)+P(X <X,y <Y <Yy,) >

—>F(XY)=F(Xy)+P(X <X,y <Y <Yy) >
—>FXY)—F(Xy)=P(X <X,y <Y <Yy5)20—>
= F(X,¥2) = F (X, y1) 20— F(X,¥5) = F(X, y).

CKOpHUCTaBIINCH BIACTUBICTIO (5), MOKHA 00YMCIUTH HMOBIPHOCTI

Pla<X<b,Y<y)=F(b,y)-F(a,Yy);

P(X<x,c<Y<d)=F(x d)—F(x,c). (258)

6. ImoBipHicTh BiayueHHs Touku (X, Y) B JOBUIBHMI NPSIMOKYTHUK
(a< X< b, c<Y <d) obunciaroemo Tak:
Pla<x<b,c<y<d)=F(b,d)+F(a,c)-F(a, d) - F(b, c). (2.59)

JloBeneHHs1.

PosrasiHeMo Taki BUMAIKOBI MO/

A=(X<b, Y<d);B=(X<a Y<c)yC=(@<X<bh, Y<o);
D=(X<a,c<Y<d);E=(a<X<b,c<Y <d) (puc. 2.10).
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Puc. 2.10

Ockinbku BumagkoBi noxii B, C, D, E necymicHi, MaeMo:
A=BUCUDUE.

PA)=PBUCUDUE)=P(B) + P(C) + P(D) + P(E).
Px<b,y<d)=P(x<a y<c)+Pla<x<bhb,y<c)+
+P(x<a,c<y<d)+Pla<x<b,c<y<d).

Jlicranemo:

F(b,d) =F(a, c) + F(b,c) - F(a, c) + F(a,d) — F(a, c) +
+P@@<X<b,c<Y<d)

Pa@<X<b,c<Y<d)=F(b d)+ F(a c)— F(a, d — F(b, ¢),

110 ¥ Tpeba OyJio JoBECTH

Ipuxnaa. 3akoH po3MOJAUTY CHCTEMHU JBOX HEMEPEPBHUX BHUIAIKOBUX
BermuuH (X, Y) 3amaHo (GyHKITIEI0 pO3MoALTy HMOBIpHOCTEH

F(x,y)= 1 x<0,y<0;
= 1-e 2 —e 4723 x50,y>0.

O6uncumn P(0 <X <4,0<y<?2).
Po3e¢’azannn. BinnosinHy rpadiuny cxemy 300paxkeHo Ha puc. 2.11.

y A
(0;2)‘/ (4;2)
(O;O)T 1 (4;0) x

Puc. 2.11
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Jani 3rigHo 31 (2.59) Mmaemo:
PO<x<4;,0<y<2)=F(4;2)+F(0;0)-F(0; 2 -F(4;0) =
=1-e®-ef+e ™

2.11. lisbHicTs IMOBipHOCTEHl cHCTEeMH [JIBOX HelepepBHUX
punaakoBux BeanuuH (X, ¥), f(X, y) Ta ii B1acTuBocTi

XapakTepUCTUKOI0 CHCTEMH HENEPEepPBHUX BHUIAJKOBUX BEIHYMH €
IIIIbHICTh KMOBIPHOCTEH.

JIist BU3HAYEHHS MIUTBHOCTI MMOBIPHOCTEN CHUCTEMH JBOX HEMEPEPBHUX
BUIIAIKOBUX BeauuuH (X, Y) 3acTtocoByeThes hopmyna (2.59).

Po3rnsHeMo npsAMOKYTHHK 3i cTopoHamu Ax ta Ay (puc. 2.12).

y/\
(y+dy) (xt+Axy+Ay)
y-l-Ay ®-- %//
W7%%
(y) (tAny)
0 xé x-l-‘Ax ),c

Puc. 2.12

MMoBipricTs posmimenus cuctemu (X, Y) y mnpsamokyTHiii o6macti
(X< X <X+ AX, Yy <Y <y+ Ay) obuncmoerses 3a GOopMyIIor0

PX<X<X+AX,Yy<Y<y+Ay)==FX+AX,y + Ay) +

+ F(X,y) - F(x+ A, y) — F(x, y + Ay).

[TominuBmm 10 WMOBIPHICTH Ha IUIONIy MNPSAMOKYTHHKA AX, Ay 1

cupsimyBaBin AX — 0, Ay — 0, mictraHemMo WMOBIPHICTH Yy TO4YLl, TOOTO
[IIbHICTD:

im P(X< X <X+AX, y<Y <y+Ay)

AXAy
AX—0,Ay—0
_im (FOXHAX, Y+ AY) — F(x, Y + Ay)) = (F (x+ A%, Y) — F (X, Y)) _
AXAy
Ay—0 Ay Ax—0 AX
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F(x+Ax,y)—F(x,y)):

— lim
AX—0 AX
Ry Y HAY) - Fa(xy) " 5°F(x, )
= lim X X =F,(x,y)= = f(x,v).
s Ay xy (X, Y) 0, (X,y)
OTtxe,
ﬂZF(x y)
f(x,y)=—""22, 2.60
(X, y) 0, (2.60)

Oyukmis f (X, Y) mMoxke icHyBatm Jmmie 3a ymoBH, mo F (X, y) €
HEIMEPEPBHOIO 32 apryMEHTaMHU X 1) Ta JIBidl Ju(epeH1HOBHOIO.

@ynkuii f (X, Y) y TpUBUMIpHOMY MPOCTOPI BiJIMOBIIA€ TICBHA MOBEPXHS
— TaK 3BaHA M0GEPXHs PO3NOOLLY UMOBIpHOCMEU cucmemu 080X HenepepeHux
sunaokosux seauqun (X, Y).

Tomi f (X, y) dxdy — WHMOBIpHICT pO3MIIIEHHS CHCTEMH JBOX
BUIIaIKOBHX BEJIMYHMH y IPSIMOKYTHUKY 31 ctopoHamu dX, dy.

Bracmueocmi f (x, y)

1. Oynkiia f (X, y) >0, ockinbku F(X, Y) € HecnmaaHO BIIHOCHO
apryMeHTIB X 1 ).
2. YMoBa HOpPMYBaHHS CHCTEMH JBOX HCIEPEPBHHUX BUIAIKOBHX
BenuuuH (X, Y) Taxa:
[] f(x,y)dxdy=1 (2.61)
Q
Skmo (2= {— W< X<o,—o<Y< OO}, To (2.61) Habupae TaKoro
BUTIISILY:
o0 00
[ Jf(x,y)dxdy=1. (2.62)
—00 —00

3. UMOBIpHICTh PO3MIIIEHHSI CUCTEMH 3MIHHUX (X, ) B 00JacTi DcQ
OOYHUCITIOETHCS TaK:

P((x,y) e D) = [ f (x, y)dx dy. (2.63)
D

JIMOBIpHIiCTb pPO3MIIICHHS CHCTEeMH 3MiHHHX (X, V) Yy HpSIMOKYTHiif
obmacriD=(a<x<b,c<y<d)

bd
Pla<x<b,c<y<d)=[]f(x y)dxdy.(2.64)
ac
4, OyHKIS ~— po3MOAUTYy  WMOBIPHOCTEH  CHCTEMHM  JBOX  3MIHHHX
BU3HAYAETHCS 3 PIBHSIHHS

X Y
F(x,y)= [ [f(x,y)dxdy. (2.65)

—00 —00
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5. ko Q={a<x<b,c<y<d}, o

Xy
F(x,y) =[] f(x, y)dxdy. (2.66)

ac

2.12 OcCHOBHi 4HCJOBi XapaKTepPUCTHKH IA

HellepepBHUX BUNAAKOBUX BeJunquH (X, Y)

CUCTEMH JIBOX

(2.70)

BHUKOHYIOTBCA

M (X) = [[xf (x, y)dx dy; (2.67)
Q
D(X) =M (X?)=M2(X) = [[x*f (x,y)dx dy =M ?(X); (2.68)
Q
M (Y) =[] yf (x, y)dx dy; (2.69)
Q
D(Y)=M(Y?)=M*(Y) = [[y*f (x, y)dx dy —M*(Y);
Q
oy =4D(X), oy, =4D(Y); (2.71)
Kyy =M (XY)=M(X)M(Y) =
= [[ xy f(x, y)dx dy—M(X)M(Y); (2.72)
Q
KX
ly :Tﬁyy’ ‘rxy‘ <1
HKmOQ:{—oo<X<oo,—oo<y<oo}, TO
CITIBBITHOIIIEHHS:
M(X) = T ofxf (x, y)dx dy; (2.73)
D(X) = of szf(x, y)dx dy — M2(X): (2.74)
M(Y)= T Tyf (x, y)dx dy; (2.75)
DIY)= | [y2f(x y)dxdy—M>(Y); (@76
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Ky =] [xy f(x,y)dxdy -M(X)M(Y). (2.77)

Sxio Qz{a3x£b, CSySd},TOMaeMo:

d
M (X) =?jxf (x, y)dx dy; (2.78)
b
adC
D(X) = [[x*f(x,y)dxdy —M?(X);  (2.79)
b
ad
M(Y) = [ [ yf(x, y)dx dy; (2.80)
b
adc
D(Y) = [[y?f(x,y)dxdy—M?(Y);  (281)
bc

ad
Ky = ]xy T(x,y)dx dy -M(X)M(Y). (2.82)
bc

2.13. YMOBHI 3aKOHM PO3MOAITY /Jisi HeNepepBHUX BHIAIKOBHX
BesinuuH X Ta Y, siKi yTBOPIOKWTH cuctemy (X, Y)

Sk 1 B cucTeMi JIBOX JUCKPETHUX BUIAIKOBUX BEIUYMH, Y CUCTEMI JBOX
HETIEPEPBHUX BUIAIKOBUX BEJIMYHMH PO3TIISIAIOTHCS YMOBHI 3aKOHH PO3IIOJILTY.
MosxHa 3anucatu

F(X) =F(x,0)= )j( off(x, y)dx dy;
Yy o
F(y)=F(o,y)= [ [f(x,y)dxdy. (2.83)
3BiacH o
f(x)=F'(x)=(] (JT(xy)dy)dx)= [f(x,y)dy; (2.84)

y o o0
F(y)=F'(y)=(] (]f(x,y)d)dy)y = [ f(x,y)dx. (2.85)

—00 —00
YMOBHI 3aKOHHM PO3NOJALTY JUIsl HETIEPEPBHUX BUMAJAKOBUX BelnyuH X, Y,
0 yTBOPIOIOTH cuctemy (X, Y), BU3HAYAIOTHCS YMOBHUMHU IMIUTBHOCTSIMHU
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iimosiprocreii f (X /'y), T (y / X):
P(y<Y <y+Ay/ X =x) _

f(y/x)= lim
Ay—0 Ay
_ gim P(y<Y <y+Ay/x< X <X+Ax) _
Ax—0 Ay
Ay—0

_ lim P(y <Y <y+Ay, X< X <X+ AX)AX _

Ax—0 Ay AX P(X < X < X+ AX)
Ay—0

Tyt 3acTtocoByerbes popMyna yMOBHOI MMOBIPHOCTI

P(y<Y <y+Ay,x< X <X+ AX)|=
P(Xx< X <X+ AX) \

P(y<Y <y+Ay, X< X <X+ AX)

B P(y<Y <y+Ay/x< X <X+ AX) =

_ lim Ax Ay _
A0 P(x < X <X+ AX) Bl
Ay—0 AX
F(y+Ay, X+ AX) + F(X,y) — F(x+ AX) — F(X, y + Ay)
: AX Ay
= |im
AX—0 F (X + AX) -F (X)
Ay—0 AX
im F(y+Ay, x+AX)+ F(x, y) — F(X+ AX) — F (X, y + Ay)
AX—0 AX Ay
_ Ay—0

im F(Xx+ Ax) — F(x)
AXx—0 AX

=| BHKOPHUCTOByrOuH noBeneHs (2.66), s f(X,y) i f(X), maemo | =

= Oof(x’ y) (2.86)
J £(x, y)dy
AH_aOJzorquo JIOBOJIMMO CITIBBITHOIIIEHHS
f(x/y)= f]f)z Y) _ _ F(x ) (2.87)
V' T x, y)dx

—00
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I3 (2.86), (2.87) micraemo
FOGy) =TTy /x)=1(y) f(x/y). (288

JIis yMOBHHMX 3aKOHIB PO3IMOJAUTY HENEPEPBHUX BHUIAIKOBUX BEIUYHH
YyMOBa HOPMYBaHHS Ma€ TaKUN BATJIAL:

[f(x/y)dx=1, [ f(y/x)dy=1 (2.89)
}_li(omo BHIIAIKOBI1 B_e?I)I/I‘{I/IHI/I XT1aY € HE3aIC)KHUMH, TO
fx/y)=1(x), f(y/x)="1(y). (2.90)
VY npomy pasi (2.88) Habupae BUTTSAY
F(x,y) =1(x) f(y). (2.91)

I[JUI HC3aJIC)KHNX BUIIAAKOBHUX BCIIMYMH XTaY BHUKOHYETBHCA piBHiCTL

Fx,y) =F(x) F(y). (292)
UucioBi  XapaKTepUCTUKU  JUII  YMOBHUX  3aKOHIB  PO3MOJILTY
HMOBIPHOCTEI:

M(X/y)= ofxf (x/y)dx; (2.93)
M(Y/x)= Ojoyf (y/x)dy; (2.94)

D(X /y) = szf(x/y)dx— M2(X 1y); (2.95)

D(Y /x) = of y2f(y/x)dy —M2(Y /x). (2.96)

—Q0
2.14. OcHOBHI 3aKOHM PO3MOALTY JUCKPETHUX BUNAJIKOBUX BeJIHYUH

binomianonuii 3aKon po3noodiny umosipnocmeil

JluckpeTHa BUMAIKOBA BeMWYMHA X Ma€ OIHOMIATbHUI 3aKOH PO3MOJILTY,
SKIIO WMOBIPHICTh i1 MOMXJIMBUX 3HA4eHb OOYHUCITIOETHCA 3a (POPMYJIIOI0
bepnymni:

R =P(X =k)=Cfp*q"™*, k=0,1,2,3,..n. (2.97)

VY tabauyHii HopMi LieH 3aKOH HabUpae TaKOTO BUTJISY:
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X =x, =k 0 |1 2 3 .. |n

R =P(X =k)= cloa™ |c2p2g"2 | C3p3gh-3 n
kpkan q n Pd Chpq Chipq p
n

[Ipu mepeBipiii BUKOHAHHS YMOBH HOPMYBaHHS BUKOPHCTOBYETHCS (op-
Myna 6iH0My HBIOTOHa TOMY 3aKOH PO3MOILTY Ha3UBAIOTh OiHOMIAILHUM:

k yn—k n
ZPk— SCkpha™* =@+ p)" =1
k=0 k=0
[To6yayemo HMOBIpHICHY (DYHKIIIIO JIJISI I[HOTO 3aKOHY

n n
A(X)=k2xkpk=k2xk<:ﬁ pX ”k—zc (P)*g"™* = (q+ px)"
=0 =0

OTtxe, iMOBIpHICHA PYHKIs U151 OIHOMIAJIBLHOTO 3aKOHY
A(X) =(q+ px)". (2.98)

3HaliIeMO OCHOBH1 YMCJIOBI XapaKTEPUCTUKH ISl [ILOTO 3aKOHY:

 MX)=AQ)= [(q + px)”]'le = [np (q+ pX)”‘l]lle =

=np(q+ p)=np;
(p+q=1),
M(X)=np. (2.99)

2 A1) =|np(a+ PO ]yt =n(n-1) (g + px)"2 2]X =
=n(n-1)(q+p)p° =n(n-1)p* A’@D) = n(n—1) p>;
D(X)=A"+ A1) - (AD)* =n(n—-1)p* +np—(np)* =

= (np)* —np” +np —(np)* = (np)* —np? +np — (np)® =

=—np®+np =np(l- p) =npg;
D(X) =npq; (2.100)

o(X)=.npq. (2.101)

Hpukiaan. YV maptii OJHOTUITHUX ACTaJIe CTaHIAPTHI CTAaHOBIATH 95%.
Haemanns 3 maptii 6epyts 400 nertaneii. Busnauntu M (X), D (X), o (X) ms
JUCKPETHOI BHUIIQJKOBOI BENIMYMHU X — TMIOSBU YHCIIA CTaHAAPTHUX JeTalieit
cepen 400 HaBMaHHS B3ATHX.

Po3é’azanna. JluckperHa BUIIaIKOBa BenuyuHa X Mae OiHOMIaTbHUMN

3aKOH PO3IOALTY HMOBIPHOCTEH, SIKa MOYKE HAOyBaTH 3HAYCHHS
X=k=0,1,2,..,400.
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NMOBIpHOCTI MOXJIMBUX 3HA4Y€Hb OOUYHCIIOIOTBCS 32  (POPMYJIOIO

Bepnymni: B, =P (X =k)=C§00 pkq400_k, ne p = 0,95 — iiMoBipHicTH

nosiBu cranjaptHoi aetam, =1 — p =1 — 0,95 = 0,05 — HAMOBIpHICTH MOSBH
HECTaHJIapPTHOI JeTal.

3rigno 3 (2.99), (2.100), (2.101), maemo:

M (X) = np =400 - 0,95 = 380;

D (X) =npq =400-0,95 - 0,05 = 19;

o(X) = /npg=+19 = 4,36.

Ilyacconiscokuil 3aKoH po3nooiiy UmosipHocmeil

JluckpeTHa BHUNAJKOBa BelWyMHAa X Ma€ IIyacCOHIBCHKUM 3aKOH

PO3IOILTY, SKITO HMMOBIPHOCTI i1 MOXKJIMBUX 3HAYEHb
k

B =P(X =k) =%e‘a, k=0,1,2,3, ..., n, (2.102)

T0OTO 00uMCIIOEThCA 3a popmyroro Ilyaccona, ne a =NP. ¥V tabnauuHii

dbopmi 11eli 3aKOH PO3MOALTYy Oye TaKHil:

X=KkK 0 1 2 3 .. |0
k 2,.—a 3,—a
a _ _ . | —a’e “| =a’e 1l 1 3
P:P(X:k):ﬁea e @ ae @ | 2 3l ﬁae
n ok n Ak
YR =Y S etoety 2 —etioel=1,
k=0 K! k=0 K!

YMOBa HOpMYBaHHSI BUKOHYEThCHI.
[ToOGynyeMo WMOBIpHY (PYHKITIFO IS ITLOTO 3aKOHY:

n n k n k
A(X) = Zxk 0 =3 WK a_e—a _e @Y (ax) _ e 8 _ qa(x-D)
k=0 k=0 K k=0 K
Otxe,
A(X) =e3(*D (2.103)

Bupasu s M (X), D (X):

1 M(X)=A@M) =)y =(ae** D)y =a;

M(X)=a=np. (2.104)

2 A1) = (e )y = (%™ )y =a%;
D(X)=A"(1)+AQ)-(AQ)?=a’+a-a’=a;
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P(X)=a; (2.105)
o(X)=+/a. (2.106)

Otxe, nans IlyacCOHIBCBKOTO 3aKOHY pO3MOALTY HMOBIpHOCTEH
M(X)=D (X) =a.

Hpuxnag 1. Ilpunag mae 1000 wmikpoedeMeHTIB, SKi MPaIIOIOTh
HE3aJIXKHO OJMH Bil OJHOr0. VIMOBIpHICTB TOTO, IO MiKpOETEMEHT BHiine i3
Jaay T dac poOOTH TMpuiaay, € BEeIWYuHOIO cTanoro 1 gopiBHioe 0,004.
Bmnauntu M (X), D (X), o (X) BumagkoBoi BenuumHH X — YHCIA
MIKpOEJIEMEHTIB, 10 BUMIYTH 13 Jaay MijJ 9ac poOOTH MpUiiaiy.

Po3é’a3anna. BunaakoBa BenmnunHa X € JUCKPETHOIO, IO Mae
IIyaCCOHIBCBKHM 3aKOH pO3MNOJALTYy — WMOBIPHOCTI ii MOXIJIMBUX 3HA4YEHb
oOuncimoThest 3a Qopmyrnor Ilyaccona, koTpa € acCHUMIOTOTHYHOIO MO0
dopmynu bepHymm s BEMMKHX 3HAa4eHb N 1 MaJIMX 3HAYEHb [P, TaK 3BAHUX
MaJIOMMOBIPHUX BUMAJKOBHX MOIIH.

3a yMOBOIO 33/1a4i MaeMO:

M (X)=np = 1000 - 0,004 = 4;

D(X)=M(X)=np=4;

0(X)=\/%=\/Z=2.

Mpuxnang 2. Y peskomy HaceraeHoMy MyHKTI maemo 0,1% manbTOHIKIB.
Haemanns BuOuparots 5000 MemIkaHIliB IbOTO HACEIEHOTO MYHKTY. BUusHaunTu
M (X), D (X), o (X) BumagxoBoi BeTUYMHNA X — YHUCIIA JAJbTOHIKIB, SKUX Oyjie
BusiBiieHo cepen S000 HaBMaHHS BUOpAHUX MEIIKAHIIIB.

Po3¢’azanns. JluckperHa BUMajkoBa BenuyrMHa X Mae MyacCOHIBCHKHMA
3aKkOH posmoaury. I3 ymoBm 3amaui: N =5000, p=0,0001. 3rigao 3 (2.104),
(2.105), (2.106), mictaemo:

M (X) =np=5000 - 0,0001 = 0,5;

D(X)=M(X)=np=0,5;

o(X)=+/np=.05~0,71.

T'eomempuunuit 3aKoH po3nooiny iUmogipnocmeil

[HKOIM cripoOu 3A1MCHIOIOTH 10 MEPIOi MOSBU BUIAIKOBOI moii. Yucio
mpoBeNeHuX crpold Oyae AMCPETHOI BHIMAJKOBOIO Benu4uHOW. [limouunciosa
BUIAJIKOBA BeIMYMHA X Ma€ TEOMETPUYHHUMA 3aKOH PO3MOJAUTY, SIKIIO
WMOBIPHOCTI 11 MOXKJIMBUX 3HAYEHB

R =P(X =k)=pg“?t, k=1,2,3,....n. (2.107)
Tyr p — HUMOBIPHICTh TOSIBH BHUITAJIKOBOI MOl B KOXHIA crpoll — €
BEJIMYMHOIO CTalor, 0 = 1 —p.
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VY TabnuuHii Gopmi reOMETPUYHHM 3aKOH PO3MOIITY TaKHil:

X=X, =k 1 |2 |3 4

R =P(X=k)=pg** | P | PAd | pg? | pg?®

[Tpu mepeBipilli YMOBHM HOPMYBaHHSI BHUKOPHUCTOBYETHCS (PopMysa CyMH
HECKIHYEHHOI T€OMETPUYHOI Mporpecii, TOMy # 3aKOH PO3MOALTY Ha3HBAaIOTh
FCOMeTpI/I‘-IHI/IM‘

ZPk—p+ P+ pg° +pq° +..= pA+q+q°+q° +...)=
k=1

1
=p o= =p =
—q p
Ho6yﬂy€Mo AMOBIPHICHY (PYHKI1IO

<  k T - Kk
ACX) = XX py = Sx*pakt =P S (gwk.
k=1 k=1 qk=1
VpaxoByro4u, 10 ‘X ‘ <1, nicraemo
K

(qX) -

I, T M8

A(X)= 3Xp =Yk pgt = P
k=1 k=1 d«
OcCKinbku ‘X‘ <1, 1o

AX) =2 3 (0" = P (gx+ (@02 + (@3 +..) =2 P
k=1 q g 1-gx
A(X) =X (2.108)
1-qgx

UucioBl XapakTepUCTUKH IS ITLOTO 3aKOHY:

Y _ﬂ. | p@—0x) + pgx B

:{ p } _ P _p_1
L-ax)* |y, @-q)° p> P

M(X)="1.
P

(2.109)
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| P } :[qu(l—qX)} _
2 . {(1—QX)2 X=1 (1—QX)4 X=1

{ 2pq } _2pg _2pq_2q.
a-ox)° )y, @-a)® p*  p’
) , , 29 1 1 2q+p-1
D(X)= A + K@)~ (K@)2 = 34 = 2 -2+ P=1_ G
P> P P p p
D(X)=iz; (2.110)
p

o(X)=—"—. (2.111)

Cepen AMCKPETHUX BUIMAIKOBHUX BEJIWYMUH JIMILE T€OMETPUUYHOMY 3aKOHY
pUTaMaHHa BJIACTUBICTH BIACYTHOCTI micisaii. Lle o3Havae, mjo MMOBIPHICTH
NIOSIBH BUTIAJIKOBOT MO/Ii{ B K-My €KCIIEpUMEHTI HE 3aJIC)KHTh BiJ] TOTO, CKIJIBKH 1X
3’sIBUITOCS 10 K-T0, 1 3aBXKIAM JOPIBHIOE .

Mpukaan. 'panbanii KyOUK MIAKUIAETHCS J0 TEPIIOi MosiBU 1udpu 6.
Busnauntu M (X), D (X), o (X) ana BunaakoBoi BenudyuHH X YHCIA
3A1MCHIOBAHUX ITIKAIAHD.

Po3zé’sazannn. BunagkoBa BenmunHa X € IIUJTOYKMCIIOBOIO, IO Mae€

F€OMETPUYHUN 3aKOH PO3MOAUTY HMOBIPHOCTEH. 3a YMOBOIO 3amadi: P = %;

_5
4=5
Ckopucrapimchk (2.109), (2.110), (2.111), nicranemo:

5
M (X) = :6;D(X):%:%:30;
36

L
p

ol R

o (X)=+/30 ~5,48.
Pisnomipnuii 3aKon po3nooiny umoeipnocmeil

JluckpeTHa BUIAJKOBa BeMYMHA X Ma€ PIBHOMIPHUN 3aKOH PO3MOJILITY,
SKIO0 KMOBIPHOCTI ii MOYKJIMBUX 3HAY€Hb OOUHCIIOIOTHCS 32 (POPMYIIOIO:

1
P =P(X =k)=". (2.112)
n
VY TabnuuHiii Gopmi 3anKcy piBHOMIPHUHN 3aKOH PO3IOALTY Ma€ BUTIISL;
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X = Xy = k 1 2 3 n
1 |1 |1 |1 1
Re=PX=k)=— 15 15 |5 p
n n1 n
YMoBa HopMyBaHHs ) Py = >, — = — =1 BUKOHY€THCS.
k=1 k=1N

WmoBipHicHa QyHKIIIA U HOTO 3aKOHY

n n 1 10 . 11-x"
AX)= Txp = Ixf S == P ==
k=1 ket N Nk nl-x
Vil
A(X)=11 . (2.113)
n 1-x
n+1
abo A(X):L.
n(l-x)

YucioBi XapakTEpUCTUKUA PIBHOMIPHOTO 3aKOHY:

M (X )= A(L)= l(x—_XMJ _

n{ 1-x

B 1((1—(n +1)x”)+ X — x”*lJ

n (1-xY

. . 0
=|HpH x=1 pgictaeMO HEBH3HAYEHICTH (—), AKY PO3KpPHUBAEMO
0

n n+1
3a nipasuiiom JlomiTans | =l[lim (1_(n +1)X ) (l_ X)+ X=X J —

n\ x-l (]__X)Z
_ @A-(+D)xM)A-x)+x—x""1)
Nn{ x-1 (1_)()2
1 "m1—(n+1)x4—x+(n+1)x”+1+x—x’“rl B
n{ x-l (1_)()2
1 —(+D)X" +(n+)x"—x"
N{ x-1 (]__x)2
1 —(n+)X" 4 (n+1)*x" - (n+D)x" | _
n{ x-1 -2 (1-x)
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_n+if X"+ (n+1) x" = x"
2Nn | x-1 —2(1—X)

]:| IIpu x = 1 3HOBY jicTaeMo

. 0 .
HCBHU3HAYCHICTD (6 , AKY PO3KpHUBA€MO 3a IIPABUIIOM Jlomirans | =

_n+1f —n(n-Dx" 2 +n(n+)x" T -nx"1)
2n | x-1 1

=n—+1(—n(n—1)+n(n+1)—n)=
2n
=n—+1(—n2+n+n2+n—n):n—+1;
2n 2
M (X) = ”T” (2.114)
2. BukoHnyroun aHanoriyHi, aje OiJblI TPOMI3JKI MEPETBOPECHHS,
IICTAa€EMO:
2
n®-1
D(X )= ; 2.115
(X)== (2.115)
2
vn© -1
ol X )= : 2.116
(X)==5 (2.116)

Mpuxnan. 3uaiitu M (X), D (X), o (X), Ko 1miioyncioBa BUIAIKOBA
BenuYMHA X Ma€ PIBHOMIPHUHN 3aKOH PO3IMOJUTY 1 MOKJIMBI 3HAUECHHS 11 TaKi:

X =k=123 ...,100.

Po36¢’azanna. 3a ymosoro 3anaui maemo: N = 100, P, = 1/100. 3rixuo 3
(2.114), (2.115), (2.116) nictaemo:

M(x)N=1_100+1 o0
2 2
2_ —_—

D(x)= =1 1000-1_9999 o) oo
12 2 12

2 —_—
(X)) = % ! _ /83225~2887

71



2.15. 3akoHM po3noaisly HerepepBHUX BUNIAAKOBUX BeJIUYUH

Hopmanvnuii 3axKon po3nooiny

BunangkoBa BenwumHa X Mae HOpPMajdbHUN 3aKOH PO3MOJAUTY WMO-
BIPHOCTEH, SIKIIO
(x-a)°

f(x) = L o 202 L cxcw (2.117)

27
e a = M (X), o = o (X). Omke, HOpMaJIbHUI 3aKOH BU3HAYAETHCS 3BIICH
napaMeTpaMH d 1 G 1 Ha3MBAEThCS 3arajJbHUM.
Tomi

_(x-a)?
j e 20° dx (2.118)

F(x)— Py
HKmo a= 0 16 =1, To HOpMaJILHUH 3aKOH Ha3UBAIOTh HOPMOBAHUM.
VY upomy pasi
2
X

1 o2

f(X)=——¢ , —o <X<ow,(2.119)
N2

to0TO f (X) = @(X) € pynkiero "aycca,

X2
X - —

\/_ fe 2 dx (2.120)

I'padixu f(X), F(X) JUTSl 3arajlbHOTO HOPMAJBHOTO 3aKOHY 3aJIC)KHO BIT
napameTpiB a i 6 300paxkeHi Ha puc. 2.1312.14,

F(x) =

A
Af(x) . 1 F(x)

___________ | 1

| t | oV 2T

| N A B

| | 0,5 |

| I I I

I [ : I

| | | |

| | >y [ ! S
a<0 0 a>0 a<0 0 a>0 X

Puc. 2.13 Puc. 2.14

I3 puc. 2.13 6auumo, o rpadik f (X) po3milieHnii CHMETPHYHO BiJHOCHO

72



YMOBHO MPOBEICHOTO TEPINEHAUKYIsipa B TOUYKY X =a. 31 3MiHOIO 3HAY€Hb
napamMetpa a kpuBa f (X) 3minryerscst mpaBopyd, kim0 a > 0 adbo JiBopyH, SIKIIO
a < 0, He 3MIHIOIOYH MPH IILOMY cBO€T popmu;  (a) = max, omke, Mo = a.

I3 puc. 2.14 6auumo, mo rpadik F(X) € HecnagHO0O (QYHKIIEI, OCKIIBKH
f(x) = F'(x) > 01, sx 0Oyne moseaeno pani, F(a) =0,5.

Otxe, Me = a.

3i 3MiHOI 3HaAuYCHb Mapamerpa a KpuBa F(X) 3MilIyeTbcst mpaBopyd s
a > 0 abo niBopydu npu a < 0, He 3MIHIOIYH NP 1ILOMY (POPMHU KPHUBOI.

OTtxe, 111 HOpMaJIBHOTO 3aKk0HY Mo = Me = a.

31 3MiHOIO 3HAU€Hb G TMPH @ = CONSt 3MIHIOETHCA KPYTHU3HA KPUBHUX Yy
OKOJIi 3Ha4eHb X = @, 110 YHAOUHIOIOTh pHc. 2.151 2.16.

A F(X)/\
f(x)
1

1
a; ——
o2n

0,5

=V

Puc. 2.15 Puc. 2.16
JlJis HOpMOBaHOTO HOpMajbHOro 3akoHy rpadikm dynkuii f(X), F (X)
300paxeHo Ha puc. 2.1712.18,

M () F@q

N

=<V

? 0 x, 0
Puc. 2.17 Puc. 2.18

3aranpHHAI HOpMaJIbHHI 3aKoH Mo3Ha4aroTh: N (2; ¢). Tak, HampuKIan,
N (—2; 4) — 3aragpbHuil HOpMaJbHHUI 3aKOH 13 3HAYCHHSIM MapaMeTpiB a = —2, G
=4,

HopMmoBanuit HopmansHui 3akoH no3HadaoTs N (0; 1).
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Po3nooin ),; (xi-keaodpam)

Sxmo xoxna i3 X; (i = 1, 2, ..., K) HesanekHMX BHNAIKOBUX BEIHYUH
XapaKTepU3yeThCss HOPMOBAHUM 3aKOHOM PO3MOALTy WMoBipHOCTEH (N(0;1)), TO
k
_ 2 . 2
BUMaaKoBa BenmdamHa X = ). X{© wmarume posmomin y~ i3 k crymensmu
i=1
CcBOOOIH, MUTbHICTh UMOBIPHOCTEH KO Oy/1e
0, X >0;
f(x)= ko, X

Cx2 e 2, x>0.

BukopucroByroun yMOBYy HOPMYBaHHS, 3HAXOAUMO

B 1
o K X7
[x2 e 2dx
0
k X
© o1 -5 —=1>X=2Z
[x2 e 2dx= =
0 dx = 2dz
k Koo K4 k

0 —1 —00 =
= [(22)2 e ?2dz=22|z2 e‘zdz:ZZF(g).
0 0

Toni C=— (2.121)

kg X

Otrxe, f(X)=x X2 e 2, x>0.(2.122)

k

22r(kj
\ 2

DyHKIIs PO3NOALTY UMOBIpHOCTEH
0, X <0;

L ox kg

———[x2 e 2dx, x>0. (2.123)

F(x) =+

74



YucioBi XapakTepUCTUKU

o 1 Ky X o K X
1. M(X):(j)x e X2 e 2dx= o [x2e 2dx =
zzr(j zzr(j
2 2
=71 Xx=2z)
dx = 2dz
k
k + k
1 X 2,2 2 2.2
= (2z)2e7"2dz = — 22e7%dz =

ZF(k+lj zkr(k)

T2 2 \2) .k

_ =20 =k
2

M(X)=k. (2.124)

k X
2. M(X?)=[x*f(x)dx = [x*———x2 e 2dx=
0 0 K
221 j
2
5:z—>x:22;
:2 =
dx = 2dz

) et
.

j=k(k+2);

M(X?)=k(k +2);

3. D(X)=M(X?)=M?(X)=k(k +2)—k? =k? + 2k —k? = 2k;
D(X)=2k. (2.125)
4. o(X)=~2k. (2.126)
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Mpukaan. Koxxa 3 10 He3ane)kKHUX BUITAKOBUX BEJIMYUH X; MA€ 3aKOH
posnoainy N (0; 1). 3anucatu Bupasu s f (x), F(X) 1 oouncouru M (X), D (X),
c (X).

Po3é¢’azannsn. BuxopucrtoByrouu (2.125),(2.126), nicraemo:

k X X X

1 _ -
f(X)=—/——x2 e 2=—/——X"¢ X
(0 k 2°T(5) 32-41

ot

= e =
32-24 768

TakuMm 4YUHOM,

0, X<0:; 0, X<0;
f(x) = x F()=d 1 = X
1 a2 yso ijx“e 2dx, x> 0;
768 768 §
M (X) =k =10;
D(X) = 2k = 20:

o(X) =~/2k =~/20 ~ 4,47.

Po3nooin Cmorooenma

Hezanexni Bunaakosi Be1u4uHu Y 1 X MarOTh 3aKOHU PO3MOILITY:

2
L
f(y)=—=€ %, —0o<y<x;
(y) N y
0, X <0:
k 2
= kx
F(x) = kak_le_Z, x> 0.
R | k
22 r(j
2

~

3uaiitn f (z), sxmo Z :%. Jlis 3pydHOCTI TMOAANBIINX TEPETBOPEHD

sanumemo f (X) y Bursiai
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0
f(x)=1 V2k (ka kel o

()2
L \2
IicTaemo:
k-1 kx2 x222
0 1 2k (k 2 T k1T, T
f(z2)=[f(x)f(zx)xdx = — X' e 2e 2 dx=
@=11091 (20 @rk)@ (I)
2
k-1 2
\F 1 (kaw 1. (k2%
= |——|=|  [x e Xdx =
2
, 1
2t )2
Z(k+2° —t—>x=( j
— ( ) k+2%) |=
xdx = dt2
K+ 2z
1
kK (K) 2 1 i

Omxe, sxmo Y mae posnoain N (0, 1), a BumaakoBa BenmnauHa X — %, TO
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Y .
BUITQIKOBA BEJIUYHWHA Z =Y XApaKTCPU3YyBATUMCTLCA PO3IIOA1IJIOM CTLI-OI[CHT&

31 MIUIBHICTIO MMOBIpHOCTEN

k+1 k+1
Ny 2Y 2
f(z)= 1+ — , —00<Z<oo, (2.127)
K k

Tonai ¢yHkIis po3noaity KUMOBIpHOCTEH

k+1 k+1
F( 2 j e, 2] 2
F(z)= ” | (1+?J dz .(2.128)
kﬂ' F(z) 0

Yucnosi xapaxmepucmuxu po3nooiny Cmviodenma

k+1 k+1
’ ’ F(zj 2\ 2
1. M(Z)= [zf(2)dz= | z j[1+j dz =

— —© Jkrx F(k K
2

k+1 k+1
F( 2 j © (.77 2
= [z dz =0.

1+ —
k7 F(kj —
2

OckuIbKU MiIHTETpalibHa (YHKIlIA € HEMapHOI, a MEX1 IHTerpyBaHHS
CUMETPHUYHI BIITHOCHO HYJIS:

‘M(Z)=0 (2.129)

k+1 k+1
N P
2. M@Z?)= [2f()dz= [ 22— 2 (1+Z—] dz =
o gl

T

k+1 k+1 k+1 k+1
o) o o 222y, Lo ) s o )2
=—=2_ [z 1+? dz=2—k [z 1+? dz
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1

( kt JZ 1V1-t  kdt
z2=|—|", dz==
1-t 2 Jkt @12 |7

O<z<w -5 0<t<l

2 Jkt a-1)2

1-* k+1 k+1
2 )1kt 1 kt ) 2 11—t kdt

\/Hr(zjol—t

k+1 k+1 k+1 1 k
F(zj 1t kJkt (, t ) 2 1 kdt F(zjkﬁllz 52
=2 ‘ EJ c 1+1 : mfzz—kiﬁ (1-t)2 dt=
k7 F(j 0(1_'[)5 B Jkr F(j 0
2 2
i RN e ST
—#ZEItZ(l—t) 2 dt:—zjt2 (1-t)\2 dt =

R

—1) ]
3i cniBBigHOwEHHS [t2 (1—t)(2 dt:B(g; g—l] | 3rimHO 3
= 0

N

I'(p)I'(q)
I'(p+0q)

ey 2 )

(e )

BIAacTUBICTIO Oeta~pynkui B(p;q)= . ICTaEMO
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1 k k
& zm(z‘)_ 2 _
T (k_ jr(k_j_k_z k-2
2 2 2
3, D(Z)_L2 (2.130)

(2.131)

K

Mpukaan. Bunagkosa BenmnumHa X mae posmnonaii CterogeHTa 13 K =7
crynensmu cBobou. 3amucaru Bupas 1 f (x), F(X) i o6uncouru M(X), D(X),

o (X).

Po3é¢’a3annn. 3a 3aaHUM YMCIOM CTyIeHeW cBoOoau K =7 oGunciammo

ramma-(yHKIIi:

o

r\>|\|

2

I\JIOJ

6 27 4 2\
f(x)= 15 [1+X—J =\/_ [1+X—J , —0< X<
*/ﬁg*/; 7 7-157 7
—4

48 (. %2

F(x)= 1+— | dx;
) \/7'1572"';0( 7}

M (X)=0;
D(X)=—_ =T _T_qa4.

k — 2 7-2 5

o(X) =./14. ~118.

Pignomipnuii 3axon po3nooiny

HenepepBHa BumaakoBa BelrurHa X, [0 BU3HAUYE€HA HA MPOMIXKKY [a, b],

Ma€ piBHOMIPHHM 3aKOH PO3MOJILITY, SKIIO
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f(x) =+

b

0, X > b,

OyHKIIA PO3NOALTY HMOBIPHOCTEH

0, X<a,
X—a

X
FU)=L;L4R=<———, a<Xx<h,

sb—a b—a
0,

X > h.

Yucnosi xapaxmepucmuxu
b

L M(X) =[x (dx = [xdx=2T2.
a b—-a

b+a

2. D(X)=M(X%)=M?(X),

b 2 2
e M(X2) =1 [x2dx =P +ab+as
b-aj 3

Tomi
b°+ab+a® (b+a)® (bh-a)°
3 4 12
(b-a)*
12
b

4 a(X):Z;ﬁ‘"";

5. MezM(X)zbJrTa.

D(X) =

3. D(X)=

Mpuxnan. Bunaakosa BenuuuHa X mae posnoain Pimrepa i3 ky = 6, k, = 8
crynensmu cBodoau. 3anucaru Bupazu i f (X), F (X) 1 oounciuru M(X), D(X),
o(X).

Po3é’azanna. O6uucInMo 3HAYCHHS raMMa-(PyHKITIHI:

r(%j = r(gj =Ir(3)=2=2;
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"

2 2
Tomi
0, X <0
f(x) =+ =7
@x3(1+ﬁxj . x>0.
\ 3
0, <0
F(x) = 256OX ( 4 j -
— dx,
3
_6_

M(X) = =2-1s
k126242

2kf(ky +kg —2) 2-36(6+8-2) 72-12
Ky(ky —2)2(k —4) 8(6-2)%(6-4) 8-16-2
o(X)=,3375=184.

D(X) = — 3,375.

Teopemuuyni 3anumants 00 po30iny

1. O3HaueHHs TUCKPETHOT 1 HEMEPEPBHOI BUMAIKOBOI BEJIMUMHHU.

2. 3aKOH PO3MOLTY BUIMAIKOBOI BEIUYUHHU.

3. lllo HazuBaeThCs (HYHKIIEIO PO3MOILTY BUMAIKOBOI BETUYUHN?

4. O3HaueHHsS WIUIBHOCTI HMOBIPHOCTEH HEMEPEPBHOI BHUIAIKOBOT
BEJIMYHUHU X.

5. Sxmo X € [a; b], To oMy mopiBHIOE .[ f (x)dx ?

6. BnactuBocti F(x).

7. lllo Ha3MBaEThCS MATEMATUIHUM CIOJIIBAHHSM BHITaIKOBOT BEIMYUHU?

8. [llo xapakTepr3ye MaTeMaTUYHE CTIOAIBaHHS BUIAIKOBOI BETHUUHN?

9. Yomy nopisatoe M (X — M (X))?

10. I1lo Ha3MBaOTH MUCTIEPCIEI0 BUMAAKOBOT BETHUUHNA?

11. Tlpu saxux 3HaueHaAx cTanoi C BUKOHYIOTHCS CHIBBITHOIICHHS:
D (CX)=D (X); D (CX)>D (X), D (CX) <D (X)?

12. O3nHaueHHS IMUIBHOCTI WMOBIPHOCTEH CHCTEMH ABOX HEMEPEepPBHUX
BUIAKOBUX BEITUYHH.
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13. ®opmyna g D (X) BUIaAKOBOI BEIUYMHUA X, IO YTBOPIOE CUCTEMY
(X,Y), mae Burasaa... OCHOBHI YHCIIOBI XapaKTEPUCTHUKU CHUCTEMH I

BUTIAJIKOBUX BEIUYHH.
14, OcCHOBHI 4YHUCJOBI XapaKTePUCTUKH (PYHKIIi HENEpEepBHOIO

BUTIAIKOBOTO apTyMEHTY.
15. YwucnoBi xapakTepuCTHUKU (yHKIII JUCKPETHOrO BHUMAJKOBOTO

apryMEHTY.
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PO3/ILJ 3. TPAHUYHI TEOPEMHU TEOPII UMOBIPHOCTEHN

3.1. 3aK0H BEJIUKHUX YHCeJI

MatemaTuuHi 3aKOHM Teopii HMOBIPHOCTEH OJep>KaHi BHACIIOK
dbopmaizariii peaqbHUX CTATUCTUYHHX 3aKOHOMIPHOCTEW, IO MpUTaMaHHI
MacOBUM BHUTAAKOBUM TomisiMm. [lix gac crmocTepekeHHs MacOBHX OTHOPITHUX
BUIMAJIKOBUX TMOAI Yy HHUX BHUSBISIIOTECA IE€BHI 3aKOHOMIPHOCTI THUITY
crabuibHOCTl. Tak, y pa3l BEJIMKOrO 4YHCIa TMPOBEJACHUX EKCIIEPUMEHTIB
BigHocHa uactota momaii W(A) BusiBisge CTaOUIBHICT 1 32 HMOBIPHICTIO
HaOmKaeThes 10 WmoBipHOCTI P (A); cepenne apudMeTHuHE IS BUITAIKOBOT
BEJTUYMHU HAOIMKAETHCS 32 UMOBIPHICTIO JI0 11 MATEMaTUYHOTO CIIOJ[IBaHHS.

VYei mi sBumia 06’ €IHYIOTh i CIIUTFHOI HAa3BOIO 3aKOHY BEITUKUX YUCE,
AKMM MOXKHa 3arajioM cOpMyJIIOBaTH Tak: y pa3l BEJIMKOro 4YHcia
EKCIIEPUMEHTIB, IO 3/IIACHIOIOTHCS ISl BABYCHHSI TIEBHOI BUIIAJIKOBOI MOIT abo
BUTIQJIKOBOT BEIMYMHHU, CEPeOHIA iX pe3yiabTaT MNPaKTUYHO TepecTae OyTH
BUITAJIKOBUM 1 MOK€ Tiepe0avaTrcs 3 BEIUKOO HAA1HICTIO.

3aKOH BEJNMKUX uuced O0’€IHy€ KIJTbKa TEOPEM, Yy KOXKHINA 3 SKUX 3a
NEBHUX YMOB BUSIBIISIETHCSA (PAKT HAOJIMKEHHS CEPEHIX XapaKTEPUCTHK i Yac
MPOBEJCHHSI BEJIMKOT KIJIBKOCTI €KCIEPUMEHTIB 1O MEBHUX HEBUIAJIKOBUX,
CTAJINX BEJTUYHH.

JJ1s ToBeIeHHs IUX TEOpEM BUKOPHUCTOBYEThCS HEPIBHICTH UeOurona.

3.2. HepiBuicTtb YeOumona
SIkmro BumaakoBa BeawuuHa X Mae oomexeni M (X); D (X), To #mMoBip-

HICTh BIAXHWJECHHS Ii€] BEIWYUHU BiJ CBONO0 MATEMAaTHYHOI'O CHOIIBaHHS,
B3SITOTO 3a a0COJIIOTHOIO BETUYHMHOIO € (€ > (), He TIepEeBUIIyBaTUME BEIHMUNHU:

D(X)
1-———=.
6‘2
Lle MmoxxHa 3anucaTy Tak:
P(\X—M(X)\<g)21—L§). (3.1)
&

Jlosedennsa nepienocmi. Hexall BunaakoBa BeinnunHa X € HemepepBHa,
3aKOH po3noairy #moipHocTet skoi f(x); M (X), D(X) — oOmexeni
BeMMUMHHU. Bumagkoi moxmii [X -M(X)|<e 1 |[X-M(X)|>& OyayTts

npoTuwiexxkHumu (puc. 3.1).
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P(-0<X <M(X)-¢) %P(|X—M(X)|<g)§ P(M(X )+&< X <o)

Puc. 3.1
A Tomy
P(‘X—M(X)‘<6‘)+P(‘X—M(X)‘>8):1—) (3.2)
SP(X=Mx)|<&)=1-P (X M) 25). @

OTXe, 3HAIOUM OI[HKY JUIs P(‘X - M (X) ‘ >¢g), mu srigHo 3 (a),
3HAWIEMO OL[HKY 1 115 P(‘X —M(X) ‘ <g).
Po3risiHeMo HEepiBHICTB:

X-M(X)|[ze = [X-MX)[ =% -
- giz\x ~M(X)[>1. (©)

[TomHOXMBIIH JiBY 1 mpaBy yacTuHH HepiBHocTi (0) Ha f(X) (f (X) > 0),
IICTAaHEMO:

%‘X_M(X)\Zf(x)z F(x). (8)

3iHTErpyeMoO TMpaBy 1 JIBYy 4YaCTHHU HEPIBHOCTI (B) Ha MPOMIKKAxX

[—o0; M(X)-e]U[(X)+¢; o] :

1 M(X)-¢ 5 1 o0 )
= | (X=MX)* f()dx+—= [(X =M (X)) f (x)dx>
& —o0 & M(X)+e
M(X)-¢ 0
> [ f(x)dx+ | f(x)dx (T)
—00 M(X)+e
abo iz [ (X=MX)Pfdx> [  fx)dx.(n)
E” [X-M(X)[z¢ IX-M(X)[>¢
3rigHo 3 puc. 3.1 3aIMUIIEMO:
[ f(x)dx=P(X —M(X)|> o,
IX-M(X)|>¢
OCKIJTbKH
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P(X -M(X)|>¢&)=P(—o< X <M(X)—¢g)+P(M(X)+¢&< X <o)

3 ormsay na e, mo D(X) = [(X =M (X))2 f (x)dx, maemo:

—00

[ (X =M(X)f(x)dx < Of(x —M(X))? f (x)dx —
IX=M(X)|z¢ —o0

N [ (X =M(X))*f (x)dx < D(X).
XM (X)|>¢&
3penrToro, HEPIBHICTH (J1) HAOEpe TaKOTO BUTIISTY:

gizD(X)zp(\x—M(X)\Z«f)- ()
Otxe,

%D(X)Z P(X -M(X)|=¢). (3.3)
&

[TigcTaBUBIIY OLIHKY JJIs P(‘ X —M(X )‘ > &) (3.3) B(3.2), nicTanemo:

D(X)
82

P(X —M(X) <&)>1-

, 0 ¥ MOTP1OHO OYJI0 TOBECTH.

Mpukaan 1. Bumankosa BennunHa X Mae 3akoH po3mnoaiay N (—2; 4).
CkopucTaBiiuCch  HEpiBHICTIO  YeOuimoBa, OIHUTA  WMOBIPHICTH

\x—a\ < &, 9K € = 40.
Po3é’a3annsa.
Ockinbku @ = — 2, ox =4, D (X) = 16, 10 3rigno 3 (3.1) maemo:

P(X+2 <16) =1 21—:6 ~1-0,0625 = 0,9375.

Mpuknan 2. ViMoBipHicTs mosiBu BumamkoBoi mosii B koxHiit i3 400
HE3AJIOKHUX CKCIEPUMEHTIB € BEIUYMHOI cTajmor 1 jopiBHioe 0,9.
BuxopucroBytoun HepiBHICT, UeOuiioBa, OMIHATH WMOBIPHICTH  TOIIT
X =M(X)|< &, axmo & = 10.

Po3é’azanna: 3a ymoBorw 3amaui maemo: N =400, p=0,9; q=0,1;
e = 10.

M (X) =np=400-0,9=360; D(X)=npg=360-0,1=236.

P(x —360/<10) 1 >0 —0,64.
100
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3.3. Teopema Yeoumona

Hexaii 3agaHo N He3aldeKHUX BUMNAIKOBUX BEIMYUH Xi, Xo, ... X,, fKI
maioTh oomexerni M (X)) (i =1,..., n) 1 gucnepcii skux D(X;) He mepeBHUINYIOTH
nesikoi cranoi C (C>0), tooto D(X;)<C. Tomi mis Oyab-iKOrO Mayoro
JI0JIATHOTO YHUCJIa € WMOBIPHICTh BIIXHIICHHS CEPEIHBOTO apu(PMETHUHOTO LUX
BCJTMYUH

X = Xi+ X +..+ X, :%Xi
n n

B1JI CEpEIHHOTO apU(PMETUUHOTO X MATEMATUYHUX CIIO/IIBaHb

> M (X;)
M(Y)=M(X1)+M(Xr2])+m+M(Xn): 1 —

B3STOTO 32 A0OCOJIOTHHM 3HAYCHHSM Ha BEIWYUHY €, MPSAMYBAaTHME JI0
OJIMHUIII 31 301JIbIIEHHIM Yucia N:

. F)(x1+x2+...+ Xn |\/|(x1)+|\/|(x2)+...+|\/|(xn)|<gj:1
n—o0 n n ‘
abo
n n
2Xi 2M(X;)
lim P | =L =1 <g|=1. (34
n—o0 n n
HoBenennsi. Ockuibku X; — BI/IH&IEOBi BEJIMYMHU, TO 1 X oyne
BHIIAKOBOKO. UNCIIOBI XapakTepuCTuKy st X |
n
M(X)=M| =—|==3 M(X;);
n Ni=1
n
_ .lei 1 n
D (X)=D| =— |= = ¥ D(X;)
n-i=1

3acrocyemo HepiBHICTh UeOHIoBa /IS BUMAAKOBOI BEIMUNHU X :
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P(X — M (X)) <) >1- D(g) a60
&

- ¥ D(X;)

P(|X —|\/|(X)\<g)21—'=znT)2

VYpaxosyrouu ymoBy D(Xj) < C, 3anucyemo:

P(X M (X)| <) 21- =5 - P(X -M(X)[<&) 21-—.
(ng)? ne?

Tomi mpu N — oo gicTaemMo
. V3 3 . C
lim P(X -M(X)|<¢)2 lim [1-— |=1
N—00 N—00 ne
OckibKH UMOBIPHICTH HE MOKe OyTH OUIBIIION0 32 OJUHUIIIO, @ HEPIBHICTh
€ HE CTPOT0I0, OJIEPIKUMO
lim P(X -M(X)/<e)=1
N—o0
abo

i F)Ux1+x2+...+ Xy M(X1)+|\/|(X2)+...+M(Xn)|<6,}:1’
n n |
110 ¥ MOoTp10HO OYJI0 TOBECTH.

N—o0

Hpukaax 1. ducnepcis koxHoi 13 4500 He3ale)KHUX BHUIAJKOBHX
BEJIMYMH, 10 MAalTh OJWH 1 TOM camMUil 3aKOH pO3MOALLYy HMOBIPHOCTEM,
nopiBHOE 5. OIIHUTH WMOBIPHICTH TOTO, IO BIAXWUJICHHS CEPEIHBOTO
apuMeTMyHOr0 IMX BEJIMYMH B  CEepeaHbOro  apumeruyHoro  ix
MaTeMaTUYHUX CIOJIBaHb, B3ATE 32 a0COJIOTHOIO BEJIMYMHOIO, HE TIEPEBUILUTH
04.

Po3é’azanna.

BuxopucroByroun HepiBHicTh YeOummoa s Teopemu UYebuiiosa,
OJIEP>KUMO:

4500 4500

;:>(i 2:“”()<0 5
pllit_i3 T oal>1-— > _0003

4500 4500 4500-0,4

Mpukaan 2. Yuacnigok meauaaoro oriny 900 mompu3oBHUKIB OyIio
BUSIBJICHO, III0 CEPEIHsI Maca KOXKHOTO 3 HHX Ha 1,2 Kr OuibIIa BiJl cepeaHboi
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MacH TOIEPeIHhOr0 Mpu30BYy. UM MOKHA 11€ KOHCTaTyBaTH K BUITQJIKOBICTD,
SKIO CEPEIHE BIAXUICHHS MacH JIONIPU30BHUKA JIOPIBHIOE 8 KI'?

Pozeé’azanna.
900 900
2 X ZM(X;) 3
P | |i=L i=1 <12 |21-— "> =1-0,0062 =0,9932;
900 900 900 (1,2)°
900 900
22X XM(X;)
pP|[=l 1=1 <12 | ~0,0068.
900 900

OcCKUIbKY 1151 HMOBIPHICTB JTy>K€ Maja, BIIXWICHHS Macd MOXKHA BBaXaTH
HEBUITA/IKOBUM.

3.4. Teopema Bepnyii

Sxmo WMOBIPHICT, TOSIBU BHUMNAAKOBOI mMOAli A4 B KOXHOMY 3 N
HE3AJIEKHUX EKCIEPUMEHTIB € BEIMYHMHOK CTaJol 1 JOPIBHIOE p, TO TpH
HEOOMEKEHOMY 30LIbIIEHHI YHCla EKCIIEPUMEHTIB N —> 00  KWMOBIPHICTb
BIIXHMJICHHS BIIHOCHOI YacTOTH MOsBH BumaakoBoi momaii W(A) Big HMOBIPHOCTI
P, B34TO1 32 aOCOJIFOTHOIO BEIMUUHOIO Ha € (€ > 0) mpsMyBaTHME 10 OJMHUII 31
3pOCTaHHsM N, III0 MOKHA 3aMCaTH TaK:

lim P(W (A) - p|< &) =1.

Hosenennsi. Ockinbkr W(A) =m/n, me M — YKCIIO eKCIIEPUMEHTIB —
BUMAJKOBAa Tmomis A  cmocrepiramach, N 3arajibHe
n
YHCIIO TIPOBEJIEHUX EKCIIEPUMEHTIB, TO MH MOKEMO 3amucari, mo M= > X;,
i=1
ne X; — MUCKpeTHa BHITAJKOBA BEJIMYMHA, sIKa MOKE HaOyBaTH JIUIIE OHOTO 3
MOXJIMBUX 3HaueHb: 0 abo 1. ¥V TabmuuHii Qopmi 3aKOH AUCKPETHOI

BUIIAJKOBOI BEITUYMHY X; MOXHA 3allUCATH TaK:

(3.5)

SAKHUX

x,—O 1
pi |9 |P

YucIioBi XapakKTEPUCTUKU X ;.
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M(Xz) Oq+1p:p;
M(X2)
D(X)) = M(Xzi) ~M*(X) =p-p°=p(L-p) = pa.

Hepienicts Uebuiona ayis reopeMu bepHyiii MaTrume Takuil BUTTISI;

P(W (A) - p|< &) > 1———>P(NV(A) p|<e)> 1—%. (3.6)

OTXKe, IOBEIEHO, 110 I|m P(NV (A) - p‘ <eg)=1.
N—o0

Hpuxnan 1. VIMOBipHiCTh BUTOTOBHTH CTAaHIAPTHY ACTalb POGITHHKOM
nopiBHoe 0,95. Kontpomto mimnsrae 400 neraneit. OuiHUTH WMOBIPHICTH
BIIXHWJICHHS BIJHOCHOI 4YacTOTH mosBH cTaHmaptHoi jgetami W(A) Bix
iMoBipHOCTI 0,95 He Oinbie HiX Ha Beanuuny 0,02.

Po3zé’azannsn. 3a ymomoro 3amaui: p =0,95; q=0,05, n=400. Ha
migcrasi (3.6) gictaemo:

P(W (A) -0,95/< 0,02) >1— 095005 _;_ (9969 =0,7031.

400-(0,02)?

Mpuxnang 2. CkiTbku HEOOXiTHO TPOBECTH EKCIEPUMEHTIB N, 1100
HMOBIPHICTD BIJXWUJICHHS BIJIHOCHOI YacTOTH MOsBM BHIaakoBoi moaii W(A) Bix
“MoBipHOCTI p = 0,85, B3siTE 32 a0CONIOTHOO BeMUKMHOWO, Ha € = 0,001, Oyna 6
He MeHIoro 3a 0,99.

Po3é’azanns. 13 ymoBu 3amaui maemo p = 0,85; g = 0,15; € = 0,001,

P(W (A) - 0,85 < 0,001) = 0,99.

- M 099 5n=—t4__ 085-015  _15450000.

ne? 0,012 0,01-0,000001

3.5. llenTpajibHA rpaHUYHA TeopeMa Teopil MoOBipHOCTel (Teopema
JIsnmyHoBa)

Xapaxkmepucmuuni pynxuyii ma ix enracmueocmi

Jns [oBeneHHs LEHTPaJbHOI T'PAHUYHOI TEOPEMH BUKOPHUCTOBYHOTHCS
XapaKTEPUCTHUHI (PYHKIII.

itX .
PosrngnaeTbcsi BumagkoBa BenuuumHa Y =€, ge X — nilicHa

BHIIA/IKOBA BEIUYUHA, 3aKOH PO3IOJLTY SKOi BifoMuii, t — mapamerp, a | =+/—1 —
ysIBHA OZJMHUIIS.
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Taka BumakoBa BeJIMUYMHA Ha3UBAETHCS KOMILIEKCHOIO.
XapakTepucTUYHOIO (PYHKIIIEI0 HA3WBAIOTh MaTeMaTUYHE CIIOAIBAHHS BIJ

gitX.
ay (1) =M (Y) =M™ ). (37)
Skmo X € TMCKpeTHOO, TO
ay ()= elip;. (3.8)
i=1

Skuo X € HenepepBHOLO, TO

ay (t) = €% F (x)dx. (3.9)

Ocnoeni snacmugocmi oy(t):

1. 0x(0) = 1, ockinbku B mpoMy pasi (t=0), o [ f(X)dx =1.

—00

o0 .
2. SIkuto B3sTu moximny Bin Ok(t) mo t, o ak (t) =i fxe'tx f (x)dx.

—00

[TpupiBusBmM napametp t = 0, oxepkuMo

oy (0) =i [xe™™F (x)dx =i M(X) —

1 :
S M(X) ==d (0) = —iay (0), (3.10)
|
ockimpku i = — 1.
3. SIkiio B3siTH ApYry moxigHy Big oX(t) 3a mapameTpoM i Ipu HbOMY

t =0, To omepxumo:

ay (0)=— [x2e'®f(x)dx| =
—0 x=0

=~ [ ()d =M (X?) > M(X?) ==k (0)

Otxe,

D (X) =—a% (0) - (&% (0). (3.41)

4. Sxkmo BumagxoBl BexnynHA Y 1 X 1IOB’s3aHl CHIBBITHOIIEHHSIM
Y =ax+Db, ne a i b e cranumu, To ix xapakrepucTUdHI QYHKIIT OB’ s3aHI MiX
co00I0 TakK:

ay () = M (eitY ): M (e it(ax+b)): oith g (eitax): eitby, (at).
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OTtxe,

ay (1) =e'Poy (at). (3.12)

5. Skmo BumaakoBl BeduuuHu X1, X5, ... X, € HE3aJIE)KHUMH 1 BIIOMI iX
XapakTepuCTHUHI  (PyHKIIT ay; (t), To oans BUmMAAKOBOI  BENIUYMHU

n
X = > X xapakrepucTudHa QyHKIIisL:
i=1
n
It > Xj

ax M =MEX)=M e =~ =M )= [Tay, ©). 313
i=1 i=1

6. SIxmo BuUMamkKoBl BeauuuHH Xi, X5, ... X, € He3aJe)KHUMH, KOXKHA 13
HUX Ma€ OJIMH 1 TOM caMMii 3aKOH PO3MOALTY, TO XapaKTepUCTUUHA (DYHKIIIS JJIsI

n
Y = Elxi ay (t) = a;]( (t) (3.14)

Ipukaan. HenepepBHa BunaakoBa BenuynHa X Mae 3akoH po3nojairy N
(0; 1). 3naiiTi XapakTepUCTUUHY (DYHKIIIIO JJIS IIBOTO 3aKOHY.

X2

Po3ze’azanna. Ockineku f(X) = fe 2 , —00< X<00,TO

2
X
ay (t)= | e”xf(x)dx—f jetxe 2 dx =
PP G S
=—e 2 e 2 dx=e 2
N2 _{o
(x=it)? L 2?
yepes Te, mo | € 2 dx= [e 2dx=~27, ne z=Xx-it,

dx =dz.

OTxe, nas HOPMOBAHOTO HOPMAJILHOTO 3aKOHY PO3MOJLIY BUIAAKOBOI

BEITMYMHU X XapaKTepUCTUIHA (PYHKITis
2
t

ay (t)=e 2. (3.15)
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Ilenmpanvna cpanuuna meopema

Teopema. Hexaif 3amano N He3aleKHUX BHUIIAAKOBUX BEIHYHMH X7,
X5, ... X, KOoXHa i3 sSKUX Mae OZUH 1 TOM caMHii 3aKOH PO3IOIiITY
iimosiprocreii i3 M(X;) =0, o (X) = 6 i npu ubomy icHye 3a aGCONFOTHOMO

BEJIMYMHOIO TMOYATKOBHUM MOMEHT TPETHOIO IOPSAIKY ‘V3 , TOAL 31 3pPOCTaHHAM

n
griciia N 3akoH posnoxity Y = D X HaGImKaTHMEThCS 10 HOPMAIIBHOTO.
=1
JloBenenHsi. OCKUIBKA BUIIAJKOBI BEIMYMHU X; MAIOTh OQWH 1 TOM CaMUM
3aKOH PO3MOJTY, TO KOXKHA 13 HUX Ma€ OJHY 1 TY K XapaKTepUCTUUYHY (PYHKIIIIO

o(t). 3rigno 3 (3.14) maemo:
ay (t) = ax (1).

PospunyBum  Oy(f) B pam Maknopena B okomi Toukm t=0 i

OOMEKMBILIKUCH MPU LIOMY TPbOMa WIEHAMH M 3aJUIIKOBUM YJIEHOM B (opMi
Jlarpana, 3anumemo:

i " n
ay (t) = [ax (0) + “Xﬂ(o)t + “Xzfo) t? + R3(6’t)} | (3.16)
e Rﬂ@t):@tz, 0<0<1).

[3 BnacTUBOCTEN XapaKTepUCTUYHOI (PYHKI[IT BUILJIUBAE:
ox(0) = 1; a'x(0) = IM(X) = 0, ockinbku M(X) = 0;
a’(0) = — M(X %) =— &

Toni Bupa3 (3.16) Habupae TakOro BUTIISIAY:

2 n
ay (t) = 1—%t2 +Ry(01) | . (3.17)
. m o 7 3.10tx .
Ockimbkn 'y (0t) =—1 [x°e'” " f(X)dX i npu upomy
ay (01) =i [x%'7f (x)dx < 2|vs|.
Ile BunuBae 3 Toro, mo
e''?% = cos@tx +isin Gt x —>‘e”9x = |cos@tx +isin Ot x| < 2.

Y

YBeaeMo BUITAIKOBY BEJIMUUHY / =——.
o/n
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n n
Maemo: D (Y)=D (inj =>D(X;)= no?.
i=1 i=1
BuKOpHCTOBYIOUM  BIACTHBICTh  XapakTepucTuuHol (yukmii (3.12),
JIICTAEMO:

t t !
Oz (t) = Qy (G—Jﬁj —|:1—%+ R3(0t):| , (318)
IS
R, (61) < 3 v (3.19)
O3 o

[Tponorapudmyemo Bupas (3.18):
2

In a5 (t) =nin [1—;—+ R3(6?t)}. (3.20)
n

Bukopucrosyroun B (3.18) npu n — o eKBIBaJIGHTHICTh HECKIHYCHHO
Maimux (Inl+a) = ), OIEPKUMO:

2 2
In a5 (1) = n(—;—n+ R3(6?t)J —> Inay (t) = —%+nR3(9t) —>

2
— lim In a5 (t) = lim L—%‘f‘nRg(Qt)J — lim Inay (t) =
N—o0

N—o0 N—o0
t2
=——+ lim nRy(61).
2 now
) ) Va|l R 2
Ockinekn im nR;(0t) < lim nﬁ: lim #:0, TO
n—0 n—w© o n\/ﬁ n—oo g \/ﬁ
t2
lim Inoy (1) =——.
N—>00 2
3B1JCH BUILIUBAE, 110
t2
az (t) =e 2 .

TakuMm YWHOM, IOBEIEHO, IO XapaKTepUCTHYHA (DYHKIIS BHUMAJIKOBOI
BEJIMUYMHU Z TIpU N —> o0 JOPIBHIOE XAPAKTEPUCTUUHINA (PYHKIIIT HOPMOBAHOTO
HOPMAJILHOTO 3aKOHY, a 3BIJCHM BWIUIMBaE, MO0 Z 1 TOB’s3aHA JIIHIHHOIO
3aJICKHICTIO BeaMunHA Y HAOMMKATUMYTHCS 1O HOPMAJILHOTO 3aKOHY
PO3IOILTY.

94



Hpuxnax. Koxna 13 100 He3ane)XHUX BHUIAIKOBUX BEIMYMH X; Mae
PIBHOMIpHUN 3aKOH po3nojiny Ha npoMikky [0; 0,12]. 3anucatu HaOIMKEHO

n
3aKOH PO3IOLTY [UIS BUITAAKOBOI BeHIUHE Y = D X

i=1
Po3é’azanns.
3HaxoAMMO YUCIIOBI Xapaktepuctuku o X;: M(X;) = 0,06; D (X) =0,1.
Tomi
100 100
M (Y) = M(zxi} Y M (X;)=100-0,06 = 6.
i=1 =1

100 100
D(Y)= D(inj: ¥ D (X;)=100-01=10.
=1

Ha miacraBi HeHTpanbHOI TPAaHUYHOI TEOPEMH MAEMO

L 97
f(y)zme 20 , —OO<y<OO.

llenTpanbHa TrpaHMYHa TeopeMa Oyia BHepIIe BUKOpPUCTaHa IS
JIOBEJIEHHS 1HTerpasibHO1 Teopemu MyaBpa—IJlamnaca.

3.6. Teopema MyaBpa—Jlamiiaca

Y 3aranbHOMY BHUIAQJKy BHUIAAKOBI BeauyuHU X1, X, ... X, 1110
pO3IIIAIalOThCS B IIEHTPAJbHIA TPAHUYHIA TEOpeMi, MOXKYTh MATH JOBLJIbHI
3aKOHU PO3MOALTY.

SIkmo X; € muckpetnumu i maroth jumie asa sHavenns: P (X; = 0) = q,
P(X;=1)=p, 1o npuxogumo a0 Teopemu MyaBpa—IJlannaca, sfka €
HAWTIPOCTININM BUITAJIKOM IIEHTPAIHHOI TPAHUYHOT TEOPEMHU.

SIK1o 3MIMCHIOETHCS N HE3AJICKHUX EKCIEPUMEHTIB, Y KOKHOMY 3 SIKHX
HMOBIPHICTB ITOSIBH BUITQIKOBO1 TTO1T A € BETMYMHOIO CTAJIOKO 1 JIOPIBHIOE [, TO
JUTst iHTEpBaTy [ ) cipaBenyiuBa PiBHICTD:

Pla<Y <) =d| L |_[ 2P 3

vNPY VALY
JoBenennsi. Hexaili mpoBOAUTBHCA N HE3aJEKHUX EKCIEPUMEHTIB, Y
KOXKHOMY 3 SIKMX BUIIaJIKOBa TOJisI 4 MOXe 3AIMCHUTHUCS 31 CTajiolo

n

iimoBipuicTio p. Tomi Y = in — @pofBa BUIIAAKOBOI momii B N
i=1

CKCTIIEPUMEHTaX € BUIIAJKOBOIO BEJINYNHOIO 13 YHUCIIOBUMU
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XapaKTepUCTUKAMU:

M (Y) =np, D (Y) = npg, o (¥) =npg .

Ha miacraBi neHTpasbHOI TPaHWYHOI TEOPEMU PO3MOALT BHIIAJAKOBOI
BeMurHU Y 31 3pOCTaHHSIM N HAOIMKATUMETHCS 10 HOPMalbHOTO. ToMy st
oOumcneHHst MoBipHOCTI moAii o <Y <[ BHKOpPUCTOBYeThCs (hopmymna (261):

Pla<Y <p)=o (&j —-O [a_—npj, 110 i Tpeba OyII0 JOBECTH.

v NPq v NPq

Hpukaan. 3aBoa Burotosisie 80% BuUpoOiB mnepiioro copty. HaBmanHus
BuOupatote 800 BupoOiB. Slka MMOBIPHICTh TOTO, 110 YKCJIO BUPOOIB MEPIIOTO
COpTY BUSIBUTHCS B Mexkax Big 600 go 680 mryk?

Po3eé’azanns. 13 ymosu 3amaui maemo p =0,8; g =0,2; n=800; o = 700,
B = 620.

OGuucmmo: Np = 800 - 0,8 = 640; ,/npg = +/800-0,8-0,2 =11,3.

3rigHo 3 (259) nicranemo:

P(600< y < 680) = cp(

680—-640 _® 600-640
113 113
40

o 20 o[22 o0 20| 2 20 (35) = 2.0,4499841= 0,999682
11,3 11,3 113

Teopemuuni 3anumanHs 00 po3oiny

1. SIk copMyrOBaTH B 3arajiIbHOMY BUTJISA/II 3aKOH BEJIMKUX YHUCEN?
2. CopmynroBaTu HepiBHICTh YeOuIona.

3. loBectw, mo P(‘X -M(X)|<¢g)=21- D(X

7 -
5

4. Jle BUKOpUCTOBYEThCSI HEpIBHICTH Yebuiona?

5. ChopmymnroBatu Teopemy YeOuiona.

6. ChopmymnroBatu Teopemy bepHyi.

/. 3anucaTu HepiBHICTH YeOurona st Teopemu bepHyi.

8. Homy mopiBHioe aY(t), skmo Y = ax + b?

9. ChopmyintoBaTu LEHTpaAIbHY I'PAaHUYHY TEOPEMY.

10. BukopucTaHHs LEHTPAIbHOI TPAHUYHOI TEOPEMHU JUIsl JIOBEJICHHS
1HTerpanbHoi Teopemu Myaspa—IJlamaca.
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PO31J1 4. MATEMATHUYHA CTATUCTHUKA

4.1. OcHOBHI BiZoM0OCTi MATEMATHYHOI CTATHCTHKH

Mamemamuyna cmamucmuxa — PO3ALT MaTEeMAaTUKH, TMPUCBIYCHHIA
MaTeMaTUYHUM  METOJlaM  CUcTeMmaTu3allii, OOpOOKM 1 BHKOPUCTAHHS
CTATUCTUYHMX JAHUX JJIS HAyKOBUX 1 MPAKTHUYHUX BUCHOBKIB. [lpu mpomy
CTATUCTUYHHMH JAHUMH HA3UBAIOTHCA JaH1 MPO YMCIO 00'€KTIB B SIKIH-HEOYAb
OUIBII-MEHII OOUIMPHIN CYKYITHOCTI, SIKI MaIOTh T1 200 1HII1 O3HAKHU.

3’saCcyBaHHs 3aKOHOMIPHOCTEH, SIKMM MIAMOPSAKOBaHI MacOBI BHITaJIKOB1
SBUINA, 3IMCHIOETBHCS 3a JIONMOMOTOK METOAIB Teopii WMOBIpHOCTEH. AHLII3
CTATUCTUYHMX JAHUX MOXKE 31ICHIOBATUCS 3 METOIO:

a) OLIHKK HEBIIOMOi MMOBIPHOCTI TMOJIl; OIIHKKA HEB1IOMOI1 (GyHKIIIT
PO3MO/ILTY; OIIHKK HEBIJOMUX MapaMeTpiB PO3MOLTY, 3arajJbHUNA BUTIIS SKOTO
BIJIOMHUM; OIIIHKM 3aJI€KHOCTI BHMIIAJKOBOI BEJIWYMHH Bl OJHOI a00 KIJIBKOX
BUIIAJIKOBUX BEJINYMH,

0) mepeBIpKU CTATUCTUYHUX TIMOTE3 MPO BUIJISA] HEBIIOMOTO PO3MOJALTY
ab0 PO BEJIMYMHY MapaMeTPiB PO3MOJILTY, BUTJIS SIKOTO BIIOMUM.

Ilpeomem i memoo mamemamuynoi cmamucmuxy. CTaTUCTUYHUNA OTHUC
CYKYIHOCTI OOQ'€KTiB 3ailMae TMPOMDKHE TOJOKEHHS MK 1HIAUBITyaIbHUM
OMKMCOM KOKHOTO 3 00'€KTIB CYKYIHOCTI, 3 OJJHOTO OOKY, 1 ONUCOM CYKYITHOCTI a
il 3araJbHUMHU BIACTUBOCTSIMH, IO 30BCIM HE MOTPEOYIOTH 1i pO3UICHOBYBAHHS
Ha OKpeMi OO0'€eKTH, — 3 I1HIIOTO. B TMOpPIBHAHHI 3 MEpPIIUM CHOCOOOM
CTATUCTUYHI JaH1 3aBXKJIHU OUIBIIOK YH MEHIIOK MIpOI 3HEOCOOJICHI 1 MaIOTh
JuIe 0OMeXeHy IIHHICTh Y BUIIAJKaX, KOJIM BaXKJIMBI caMe 1HIUBIyaabHI JTaHi.
3 iHmoro 0OKy, B MOPIBHAHHI 3 JAHUMH PO CIOCTEPEKYBaH1 330BHI CyMapHi
BJIACTUBOCTI CYKYITHOCTI CTATUCTHYHI JJaH1 J03BOJIAIOThH TIMOIIEe TPOHUKHYTH B
CYTHICTH CIIPaBH.

MeTtoa nocnmiKeHHs, 0 CIHUPAETHCS Ha PO3MJISA]l CTATUCTUYHHUX JTaHUX
npo Ti a0 1HIII CYKYHHOCTI O0O0'€KTIB, HA3WUBA€ThCS CTATUCTHUYHHM.
CTaTUCTHYHUHN METO]] 3aCTOCOBYETHCS B CAMHX Pi3HUX 00nacTsax 3HaHH. [IpoTte
PUCH CTaTUCTUYHOTO METOJIy B 3aCTOCYBaHHI /10 00'€KTIB PI3HOI MPUPOAU TaKi
cBoepiaHi, mo Oyno O Oe3rny3n0 o00'€qHYyBaTH, HANPUKIAA, COLIAIBHO-
€KOHOMIYHY, (P13UYHY CTATUCTUKY 1 TOMY NO/1I0HE B OIHY HAYKY.

3aranpHl pUCH CTAaTUCTHYHOIO METOJYy B pI3HUX OONACTAX 3HAHHS
3BOJSITHCS JI0 MiJIPaxXyHKy 4Hclia 00'€KTiB, IO BXOJATh B Ti a0O 1HIII TpYIIH,
PO3IIISALy PO3MOMLTY KUIBKOCTEH, O3HAK, 3aCTOCYBAaHHIO BUOIPKOBOTO MeTONy (Y
BUIMAKAX, KOJMU JETalbHE IOCTKEHHS BCIX 00'€KTIB OOMIMPHOI CYKYITHOCTI
CKJIa/iIHE), BUKOPUCTAHHSA TEOpPil BIPOTITHOCTI MPHU OI[HII JOCTATHOCTI 4YMCIa
CHOCTEPEKEHb AJi1 TUX a00 1HIIWX BHUCHOBKIB 1 ToMy moaiOHe. Llg ¢popmanbHa
MaTeMaTHYHa CTOpPOHA CTATHCTHYHUX METOJIB JOCII/DKCHHS, Oalmayka 10
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cnenudigyHoi NpUpoAu OO0'€KTIB, IO BHUBYAIOTHCS, 1 CKJIQJAa€ MPEIMET
MaTEeMaTUYHOI CTATUCTHUKHU.

36’30k MamemamuuHoi cmamucmuKky 3 meopiero umogiprocmeii. 3B's130K
MaTEMaTUYHOI CTATUCTUKU 3 TEOPI€I0 WMOBIPHOCTEM Ma€ B PI3HUX BHUIMAJKaX
pi3Huii xapaktep. Teopis HMOBIpHOCTEH BHUBYA€E HE OY/b-sKl SBHUIIA, a SBUIA
BUITAJIKOBI 1 camMe «MMOBIPHICHI BHIIQIKOB1», TOOTO TaKi, I SIKUX MAa€ CEHC
TOBOPUTH  TIPO BIJMIOBIIHI HUM p03noz[in1/1 BIPOT1THOCTI. HpOTe Teopis
BIPOTITHOCTI BifIrpae TEBHY poJib 1 mpu CTaTHCTHIHOMY BUBYCHHI MaCOBHX
SBUII OyIb-IKO1 TPUPOIHU, SKi MOXYTh HE BITHOCUTHCS IO KaTeropn
MOBIpHICHUX BHMankoBux. lle 3mificHIOETBCS uepe3 3acHOBaHI Ha Teopil
HMOBIPHOCTEN TE€OPit0 BUOIPKOBOTO METONY 1 TEOPI1I0 NOMHIIOK BUMIPIOBaHb. Y
[UX BHIAJIKaX HMOBIPHICHUM 3aKOHOMIPHOCTSM TMIJANOPSAIKOBaHI HE cami
SIBUIIIA, IO BUBYAIOTHCSA, & TPUMOMHU X JOCIIHKCHHS.

BaxnuBimny posb Bifirpae Teopiss HMOBIPHOCTEH 1 MpU CTAaTUCTUYHOMY
JOCIIJKEHH] ~ MMOBIPHICHUX  siBUII. TyT TOBHOIO MIpPOIO  3HAXOASTh
3aCTOCYBaHHs TakKi 3aCHOBaHI Ha TeOpii BIPOTIAHOCTI PO3JLIM MaTEMaTUYHOL
CTaTUCTHKH, K TEOpis CTATUCTUYHOI MEPEBIPKU MMOBIPHICHHUX TIMOTE3, TEOPIs
CTATUCTUYHOI OI[IHKMA PO3MOJILIIB BIPOTIIHOCTI 1 BXIAHUX B HUX MapaMeTpiB 1
Tak gani. OOnacTh K€ 3aCTOCYBaHHS IUX TJIMOIIMX CTAaTUCTUYHUX METO/IIB
3HAQYHO BYXKYa, OCKUIBKH TYT MOTPiOHO, 1MI00 caMmi sIBUINA, 110 BHUBYAIOTHCH,
Oynau MIANOPSAKOBAaHI JOCTAaTHHO MEBHUM WMOBIPHICHHUM 3aKOHOMIPHOCTSM.
[Ipote 3acTocyBaHHs TIET K TEOpli A0 aHaNI3y EKOHOMIYHUX TUMYACOBUX PSAIIB
MOKE€ TPHU3BECTH JO TPyOMX TOMHJIOK 3 OISy Ha Te, MO0 BXOIUTh Y
BU3HAYECHHS CTAL[IOHAPHOTO MPOLECY JOMYILIEHHS HAsBHOCTI HE3MIHHUX
PO3MOLIIB BIPOT1THOCTI, 1110 30€pIratoThes MPOTATOM TPUBAJIOTO Yacy, B IIbOMY
BUIIAJIKY, SIK IPABUJIO, a0COFOTHO HETIPUHUHATHO.

4.2.I'enepanbHa cyKynHicTh. Bubipka

BuxigHumMu  MOHATTSIMHM ~ MaTeMaTUYHOI CTAaTUCTHKH €  TOHSTTS
reHepalibHO1 CYKYMHOCTI 1 BUOipkH. [1i7 reHepaibHOI0 CYKYMHICTIO PO3yMIilOTh
MHOXMHY BCIX pPEalbHO ICHYIOYMX a00 HaBITh TIIbKM YMOBHO MOXMJIMBHUX
OJIHOPITHUX OO’€KTIB, SIKI BHBYAIOTH IIiJI KYTOM 30py IXHBOTO PO3MOAUTY 3a
NesaKo0 o3Hakow. Hampukmnaa, 1ie MOXyTh OyTH MHOXKHMHM JIFOJICH 3a BIKOM,
MHOKMHU TBapWH TIEBHOTO BHIYy 3a Baror, MHOXXHHH OpHHX 3eMejb 3a
BPO’KalHICTIO, MHOKMHU BUPOOIB MEBHOTO HalMEHYBaHHS 3a SKICTIO, MHOKUHU
aKIioHepHUX OaHKIB YKpaiHu 3a MpUOyTKOM 1 T. 1.

Bubiproeor cykynnicmio (abo BUOIPKOIO) HA3UBAETHCA CYKYITHICTh
BUIIAJKOBO B1/1IOpaHUX OJHOPIAHUX O0'€KTIB.

l'enepanvuorto cykynuicmio Ha3UBA€TbCA CYKYMHICTh BCIX OJHOPITHUX
00'€KTIB, 3 IKMX MPOBOJUTHCS BUOIPKA.
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O6'emom cykynnocmi (BUOIPKOBOIO a00 TEHEPAbHOIO) HA3WBAEThCS
YHUCJI0 00'€KTIB I11€1 CYKYITHOCTI.

Bubipka Ha3uBaeThcs penpeszenmamusHoro (NMPEACTABHUIILKOIO), SIKIIO
BOHA JIOCHTh J00pe MpeAcCTaBis€e KIIbKICHI CHIBBIAHOIICHHS TIe€HEpaJbHOI
CYKYITHOCTI.

OCKiTbKM  TPAaKTHYHO Oynb-fKa O3HaKa TeHepadbHOI CYKYITHOCTI
JIOTYCKa€ KUIbKICHY OIHKY, TO 3aMICTh TOTO, 00 TOBOPUTH MPO PO3MOMALIT
OJIMHUIIL CYKYIMHOCTI 3a O3HAKOI0, MOXHAa TOBOPUTH MPO PO3MOALT AEIKOT
BumnaakoBoi BennmuuHU X. EkcnepuMeHTt, 3 SKUM TIOB’s3aHa BUIAJKOBA
BeJIMYMHA X, ToyisArae y BHOOpPI OJHOTO MPEACTaBHHKA JIaHOI CYKYIHOCTI, a
3HA4YEHHS X, IKOT0 HaOyBae X, € 3HAUEHHSM O3HAKHU AJIS I[HOTO MPEACTaBHUKA.

OTxe, 3 TEOPETUKO-HMOBIPHICHOTO MOTJISTY T€HEpalbHA CYKYIHICTh — 1€
BUIIAJIKOBA BEIMYMHA X(m), 3aJaHa Ha TPOCTOpPl EJIEMEHTApHUX Momiid L.
3po3yMiJIo, 1O TOBHUM ONUC 3aKOHY PO3MOJALTY BHUIAAKOBOI BEIUMYMHU X
MOXHa OTpPUMATH, 3’SCYBaBIIM 3HAYEHHS O3HAKW [JII BCiX 0€3 BHUHATKY
MPEACTaBHUKIB JAaHOT CYKYIHOCTI. B oOkpemMux cutyarisix Tak 1 poOJsTh:
HaIpUKIaI, 1aHl PO PO3MOALT KUTEIB TI€T YU 1HIIOI KPaiHU IIOJI0 CTaTi, BIKY,
OCBITH 1 T. /. OTPUMYIOTh y pe3yJbTaTl 3arajbHUX IEPENUCIB HACEJCHHS, SIKI
IIPOBOJATHCA OJIMH Pa3 Ha KUIbKa AecATHIITh. OAHAK TaKui crociO CyLUIBHOTO
OOCTeXEHHsI BCI€EI JIOCHIIKYBAaHOI CYKYITHOCTI TIIOB’S3aHUM 13 HH3KOIO
TpyaHouiB. OfHa 3 HUX — 1€ BEJIMKHUI 00CAT CYKYMHOCTI. Y JIEIKUX BUIAJKAX €
me W TPYOHICTh NPUHIUMIIOBOIO XapakTepy, sKa TMOJsIrae B TOMY, IIIO
CYKYIIHICTb, SIKY MU pO3IJI/Ia€EMO, HE ICHYe B TOTOBOMY BHIJISIII, a € JIMILE
BHU3HAYEHOI B ysBl. Hampukiana, KO HAaC LIKaBUTh PO3MOALT MOXUOKH, SIKY
JIOTyCKa€e BUMIPIOBAJIbHUMN MPUIIAI, TO JOCTII)KYBaHA CYKYMHICTh CTAHOBUTHUME
MEepeliK yCiX MOXJIMBUX BHUMIPIOBaHb, SIKI MOXKHA 3JIMCHUTH 3a JOMOMOTOIO
JAHOTO TpUJIagy. 3p0o3yMiJo, MO0 OOCTEKUTH BCl €IEMEHTH TaKOi CYKYIHOCTI
HEMOXXJIUBO. B TakoMy BHMNAAKy KaXyTh, HI0 TE€HEpalibHA CYKYIHICTh €
HECKIHYEHHOIO.

o0 momonatu abo 06iMTH BKa3aHl TPYIHOILI, HAllYacTille YHHATH TakK:
00CTeXEeHHS BCI€T CYKYITHOCTI 3aMIHIOIOTh OOCTEXEHHSM HEBEJIMKO1 (710 TOTO K
BUOpaHOi HaBMaHHA) 11 YacTMHM. TaKy 4YacTHHY T'€HEpaJIbHOI CYKYMHOCTI
Ha3UBaIOTh BUOIPKOIO.

I3 TeopeTHkO-MMOBIPHICHOTO MOTJsIAY, BHOIpKa 3 JaHOI TeHepaJIbHOI
CYKYITHOCTI — II€ pe3yJIbTaTu 0OMEKEHOTO POy CIIOCTEPEkKEHb X1, X2 , ... ,Xp
BUITaJIKOBO1 BEJIMUUHHU X.

Yucio N, ske BIAMNOBIAAE€ KUIBKOCTI CHOCTEPEXKEHBb, IO YTBOPIOIOTH
BUOIPKY, HA3UBAIOTh 00cATOM (200 00’eMOM) BUOIpKHU, a Ynucia X1, X2 , ... ,Xp —
eseMeHTamMu abo BapiaHTaMu BUOIPKHU.

VY cratuctull iHTEpHIpeTalis BUOIpKH Ta 1 OKpeMHUX €IEeMEHTIB JOIYCKaE,
3aJIe)KHO Bl KOHTEKCTY, 1Ba PI3HUX BapiaHTH.

VY nepmomy (IpakTUYHOMY) BapiaHTi IHTepIpeTali BUOIpKH Mg Xp, Xo
,.-ey Xp PO3YMIIOTh (PAKTUYHO CIIOCTEPEKYBaHI B JAHOMY KOHKPETHOMY II-
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KpaTHOMY E€KCIEpUMEHT1 3HA4YE€HHs JOCHIKYBAaHOT BUMAJAKOBOI BEIMYMHU X,
TOOTO KOHKPETHI YHCIIA.

3riiHO 3 IPYruM (TEOPETUYHKMM) BaplaHTOM IHTEpIIpeTallii miJ BUOIPKOIO
X1, X2, ... ,Xp PO3YMIIOTh MTOCITIIOBHICTh BUMAJAKOBUX BEIMYWH, i-TUH WICH SKOI
| X JIMIle O3HAYa€E Pe3yJIbTaT CIIOCTEPEKCHHS, IKUH MU MOTJIM O OTPUMATH Ha i-
My KpoOIll N-KpaTHOTO €KCHEPUMEHTY, IOB’SI3aHOr0 31 CIOCTEPEKEHHSIM
JIOCITI)KYBaHOT BUITAIKOBOT BETUYNHU X.

SIKII0 yMOBHU €KCHEPUMEHTY HE 3MIHIOIOTHCA B1JI CIOCTEPEKEHHS 10
CIIOCTEPEXKEHHSI 1 SIKIIO0 M-KPAaTHUM EKCIIEPUMEHT OpraHi30BaHUW Yy TaKHi
croci0, Mo pe3yJabTaTh CIOCTEPEKEHHS Ha KOXHOMY (i-My) Kpolli HISIK He
3ajexaTh BiJ MONEpPeAHIX 1 HEe BIUIMBAIOTh Ha MalOyTHI pe3ylbTaTh
CIIOCTEPEXKEHB, TO OYEBHUJIHO, 1110 WMOBIPHICHI 3aKOHOMIPHOCTI MOBEAIHKHU i-TO
CIIOCTEPEKEHHS TEOPETUYHOT BUOIPKU 3aIUIIAIOTHCS OJHUMU 1 TUMU XK JIJISl BCIX
iI=1, 2,..,n 1 IJIKOBUTO BH3HAYAIOTHCS 3aKOHOM PO3IMOAUTY HMOBIpHOCTEH
CIIOCTEPEKYBaHO1 BUMAJAKOBOI BEIMUUHU, TOOTO

P {X; < x}=P { X<x }=F(x)

[Ipu 1bOMy 13 B3a€EMHOT HE3QJIEKHOCTI CIIOCTEPEKEHb BUOIPKHU BUILJIUBAE
HE3AJICKHICTh BUIAJKOBUX BeTUYMH Xp, X2 , ... ,XpSdKIOio B Mexkax
TEOPETUYHOTO BaplaHTy I1HTepHpeTaiii BUOIPKU psf crocTtepexeHb X1, Xo

...,Xn YTBOPIOE TIOCHIJOBHICTH HE3aJEKHUX 1 OIHAKOBO PO3MOJLICHUX
BUMAJKOBUX BEJIMYMH, TO BHUOIpKAa Ha3MBa€ThCs BuUMaakoBoro. Hamani,
BUKOPUCTOBYIOUM TEOPETUYHUM BaplaHT IHTEpHpeTalii BHUOIPKH, 3aBXKAU
OyJieMO BBaXkaTu, 110 1151 BUOIpKa € BUIAIKOBOIO.

4.3. O0podka Ta rpadiuHe mogaHHs BUOipkoBHX HaHuUX. YHCI0BI
XapPaKTePUCTUKU BBUOIPKOBOI CYKYIHOCTI

Po3micTuBum pedynbratv BUOIpKU X1, X2 , ... ,Xp B MOPSIAKY 3pPOCTaHHS 1
3alMCaBIIM 4acTOTH [, 3 SKHMM 3yCTpPIYalOThCSA I 3HAYEHHS, JICTAHEMO
eapiauittnuit, a00 cmamucmuyHuUL, PSI;

Xi X1 X2 Xk

Yacroru | My Ny ... Nk

Ha migcraBi Takoro psay MoKHa NOOyayBaTH CTaTHUCTUYHY (DYHKIIIIO
. * n(Xi) .
posmoniny F, (X)z > ——4 Skmo N-—>00, TO CTaTUCTUYHA (PYHKILiSA
Xj<X
PO3MOIITY 301Ta€ETHCA 10 TEOPETUUHOT (PYHKITIT pO3MOILITY.
Cratuctuunuii psiag rpadiuyHO MOJAETHCS HOJi2OHOM po3nodiny. 11106

100



noOyIyBaTH HOro, Ha OoCi a0CHMC BIAKJIQJal0Th 3HAUYCHHS peaiizalliif, a Ha oci
OpJIMHAT — BIAMOBIAHI iM YacTOTH (BIJHOCHI YacTOTH). 3100yTlI TOYKH
CIIOJTY4YalOTh BIJIpI3KaMH MPSIMHUX.

VY pasi, konmu X — HenepepBHA BEJIMYMHA 1 0OCSAT BUOIPKU BEIUKHUA,
pe3yNibTaTd BHUOIPKH TMOMAIOTHh IHTEPBAILHUM psnoM. s 1poro o6iacth
peamizaniii po30uBarOTh Ha K iHTEpBAIIIB 1 /I KOKHOTO 1HTEpBAIY BU3HAYAIOThH
gacToTH. KinbkicTe iHTepBamiB k<5lgn, a ixHio moBkuHy AX; Haiyacrime

O0epyTh OJHAKOBOIO. 3M00YTHIA Psii TEOMETPUYHO MOJAETHCS TicTorpamoro. Jis
noOy/10BH ii Ha oci aOCIMC BIAKIAAAIOTh IHTEPBAIM, @ HA HUX SK HAa OCHOBaX
OyaytoTh TPSIMOKYTHUKH, BHCOTA SKHUX MPOMOPIiiHA O YacTOTH (BiAHOCHOI
4acTOTH) 1HTepBady. ['icTorpama mae meBHE YSBICHHS MPO rpadik MIIILHOCTI
PO3IOILTY.

JIist BUOIPKOBOI CYKYIMHOCTI OOYMCIIIOIOTh YUCJIOBI XapaKTEPUCTUKU —

BUOIpKOBI BUTIAAKOBI (pyHKIIT: BUOIpKOBY cepenHio X, BHOIPKOBY JHCIIEPCitO

S®, cTaTMCTUYHI MOMEHTH pOo3MoAlIy Tomio. Peamizamii nux BHOIPKOBUX

byHKIIN 3HaXOATh 3a (hopMynamu, BUTJISA SKUX 3aJIeKUTh BiJ TOro, B SKiH
cpopMi noz[aHo BI/I6ipKOBi naHl. Skmo BHOIPKOBI JaHI HE 3rPyHOBaHO, TO

Z Xi, s?== Z(X — X) SIkmo  BUOIPKOBI  JaHi  3BEJACHO Y
Ni=1 Ni=1
CTaTHCTUYHHH P, TO X = ZXI nj, $°=— Z(X| - X)2
Ni=1 Ni=1

Ao JaHi  NOJAOThCA  IHTEPBAJBHUM  PSIIOM, TO MEpexis Jo
CTATUCTUYHOIO PSy BUKOHYIOTh, OOUMCIIOIOUN JJIi KOKHOTO 1HTEpBAaIy HOro
Cepe/IiHY.

[ToyaTkoBI1 1 IIEHTpaIbHI CTATUCTUYHI MOMEHTHU PO3MOJLITY OOUUCTIOIOThH
Bi):[HOBi)IHO 34 TAKUMH cpopMyJIaMH

ZX i L pfly =— Z(X X)
Ni=1 Ni=1
dopMyinu, 3a SKUMU [IEHTPAIbHI CTATUCTUYHI MOMEHTH TIOJIAl0ThCS Yepe3
MOYaTKOBI, AHAJIOTIYHI THUM, SIKI BUKOHYIOTHCS IIJIi TEOPETUYHUX MOMEHTIB
PO3MOILITY.
Kpim ToOro, po3rismaroTh 3BUYANHI 1 yYMOBHI MOMEHTH PO3MOILTY.

3BHYaliHI MOMEHTH OOUYMCIIOITH 3a (opmynoro hp :—Z(Xi —C)r. VY pasi
Nz

noJaHHs BHOIPKOBUX JIaHWX IHTEPBAJIBHUM PSJIOM 3 OJHAKOBUMH JOBXKHHAMHM

IHTEpBaJiB OOUYMCICHHS YHUCJIOBUX XapaKTEPUCTUK 3HAYHO CHPOIIYETHCS

3aBJSKU 3aCTOCYBAaHHIO YMOBHHMX MOMEHTIB po3noiiny. Skmo U; — cepequHu

Ui—C

IHTEpBaJIiB 1 BUKOHAHO 3aMiHy Vj = A 3a yMOBH, 1110 C — 0oJIHE 31 3HAYCHb
X
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_ . . Tomi B = L&y .

Uj, TO 3HAYCHHA Vj OynyTh IIIMMHU YKciaamu. lomt N —__ZV| N; — yMOBHI
=1

MOMEHTH PO3MOJLTY. 3BHYAHI MOMEHTH PO3IMOAUTY TOB’sI3aHI 3 YMOBHHMH

dopmymoro  hy = (Ax)r h?. Ile mae 3mory oO4YMCIIOBaTH BCl  YHCJIOBI

. . — *
XapaKTEPUCTHKH 3 JIOMOMOTOK0 YMOBHHUX MOMeHTIiB posmoxiny: X = C + Axhy,

$2 = (Ax)z(h; - (hl*)zj Tomo. /lucnepcito yacto 06YnCTIOTh 32 (OPMYIIOI0

s2 =x2—(x ).

SIkmo posrsgaeTbes BUOiIpKa i3 aBoBMMIpHOI cykymHocTi (X,Y), TO 3a
BEJIUKOTO 11 00CTY 3py4HOI0 (DOPMOIO MOJTAHHS JAaHUX € KOPEsIiiHa TaOIuIIs.
[[lo6 mobynyBatu ii, oOmacTi peanizaliid 3a o0omMa 3MIHHUMHU PO30HMBAaOTh Ha
inTepBaym. B Takomy pasi, sik mpaBuno, AX; = AX 1 Ay j = Ay. lnst neperunis
BIATIOBIIHUX IHTEPBAJIIB BU3HAYAIOTh 4acTOTH N;. Koau 004YMCIIIOI0TE YnCI0BI

XapaKTEPUCTUKU, TO KOXHUM IHTEpPBaJ XapaKTepU3YIOThb HOr0 CEpEeIUHOIO.
KpiMm cepenHix 3HaueHb 1 BUOIPKOBHUX JHUCIEPCIM JJIS CKIAJOBUX CHUCTEMH

BH3HAYaIOTh CTAaTUCTUYHHH KOpEIALIIHAN MOMEHT K;Y =
== Z z ( )‘()(y i~ 37)ni j 1 BUOIpKOBUH  KOe(]IiEHT  KOpemsuii
Nij=1 j=1
*
Kx

Iy = . IToOynyBaBImu kopenAuiiny Tabmumio 3 AX =AX 1 Ay j= Ay,
SX ° Sy

Ul OOYMCIIEHHSI YWCIOBUX XapaKTEPUCTHUK MOXHA BUKOPUCTATH YMOBHI

MOMEHTH  PO3MOALTY. 3 1I€I0 METOK BUKOHYIOTH 3aMIHy 3MIHHHUX

Xi _Cl yj _CZ

AX

Yj ). YuC0Bi XapakTepUCTUKU BUOIPKU MOYXKHA 3HAWTH 32 QOPMYJIaMHu:

_ G, +AXT, sX (axP(a? (@)= (ax)2s%;
y=Cy+ayv, 52 = (aylv? -0 )= (ay)Psd;

*

o K
Ky = AXAY(UV —0V) = AXAYK(y; 1y, = . L;V .
u-v

3HaueHHS CepeIHIX BEIMYMH 00UYHCIIIOIOTh 3a BIIOMUMHU (HOPMYIaMH.

(C, 1 Co — BimmoBigHO meski 3HadeHHS X i

Mpukaag 1. YV nexy BcranoBieHo 5 BepctaTiB. [Iporsrom 25 aHiB
peecTpyBaliach KUIBKICTh BEpPCTATiB, SKI HE TMpaimoBaau. 3700yTo Taki
smauenss: 0, 1,2,1,1,2,3,2,1,4,2,0,0,2,2,3,3,1,0, 1,2, 1, 3,5, 0.
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N

[ToOynyBaTu cTaTUCTUUHY (QYHKIIIIO pO3NOALTY. 3HAUTH Max ‘F(X)— F: (X
X

BBAJKAIOUM, 1110 BUKOHYEThCS OIHOMIQJIBHUN 3aKOH pO3NOAULY 3 P =

OOIH

OGuuciutu X | 82. [MopiBusatu 3uaigeni sHauenns 3 MX 1 DX srigao 3
TifoTe3010 IIPO 3aKOH PO3MOJLLY, a TAKOXK 3HAUTU My, My, R.

Po3é’a3anna. Ha miacraBi BUOIPKOBUX JaHWX CKJIAJIEMO CTaTUCTUYHUHN
pan:

X; 0 1 2 3 4 5
Yactotu |5 7 7 4 1 1

3anumemMo  CTaTUCTUYHY  (YHKIIIO  pO3NOAUTY, CKOPUCTaBUIUCH
nEXq
bopmyiaoio Fn*(x): > (—')
Xj <X
(0, sxmo X <0;

é, ko 0< X<l

12
—, gKkmol< X< 2;
g5 M

Fr(x)= %, AKIO 2 < X< 3;

g—: AKIo 3< X<4:

24
—, gk 4 < x<5;
g5

1,  gaxmoo X >5.

[1{o6 BH3HAYNTH max‘F(x)— Fn*(X)(, 3HalzeMO (YHKIIIO PO3NOALTY 3a
X

OiHOMIiaJIbHIM 3aKOHOM 3 N=5 i p —%
O0unCcIMMO HMOBIPHOCTI: P(X = m) — Crf]n pm( . p)n—m
PX=0)=20;  PX=D=20  P(X=2)= 0 P(X=3)=
P(X =4)= 2123 p(X =5)=%.

3anumemMo TeopeTHuHy (YHKILIIO pPO3MOALTY 3TiAHO 3  (popmysioro
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F(x)= X p(x):

Xj <X
0, akio X <0;
%, akmo 0< x <1
%, gakio 1< x<2;
F(X): %, SIKIO 2< X< 3;
&, IKIo 3< X<4;
243
%, akio 4 < X<5;
1, SKIIO X > 5.

BusHaunMo Moaynh MaKCHMMaJIbHOI PI3HMIN 3HAY€Hb TEOPETHYHOI Ta
CTaTUCTUYHOI (DYHKIIII pO3MOIiTy:
max‘F(x)— Fn*(x)( =
X
0_g 2 1112 12.1% 19 232 23,22 24, ,_ &
'243 5'243 257243 25°243 25°243 25’ 1215

[cTOTHICTH 3HANMIEHOrO BIAXWUJICHHS OyJe OI[IHEHO IT3HIMme, TiJ 4Yac
NEepeBIPKU CTATUCTUYHUX TinoTe3 3a kpurepieM Koamoroposa.
3Hail1IeMO YMCIIOB1 XapaKTEPUCTUKU BUOIPKOBOT CYKYITHOCTI.

K
X =lzxini =i(7 +14+12+4+5)=1,68.
Nijzx 25

= max

Jucnepcito  BU3HAYMMO 32  (OPMYJIOHO s? =x2— ()_()2. 3HaiaeMo
CepellHE 3HaYeHHs KBaJpara X:

X :2i5(7+28+36+16+ 25)=4,48.

Pl

Ore, S° = 4,48—(1,68)° =1,6576.

3riiHO 3 TINOTE30K0 MPO 3aKOH PO3MOALTY TEOPETUYHI YHCIIOBI
XapaKTePUCTUKHU MX =167; DX =~111. Bauumo, 10 3HA4YECHHS
MaTEMaTUYHOT'O CIOIBaHHS 1 BUOIPKOBOTO CEPEIHLOT'O PI3HATHCS Majlo, TOII
K MK TEOPETHYHOIO 1 BUOIPKOBOIO AU CIIEPCIEI0 PI3HULIS 3HAYHA.

BuOipkoBuil posmnoail Mae ABa 3HAUYE€HHA 3 HAMOLIBIIO YacTOTOIO,
PO3IOII TBOMOJAIBHUM, MeliaHa po3noauty m, =2. Po3max Bapiamii R =5 -0
=5,
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Hpuxnanx 2. 13 reHepaibHOI CYKYITHOCTI 3p00JIeHO BUOIpKY 00CAroM N =
32. 3n00yTo Taki peainizalii BunaakoBoi Benmuunau: 2,2; 7,1; 6,3; 3,9; 5,9; 5,6;
5,6;4,7,7)9; 3,2;6,1; 55; 6,4, 6,0, 69; 47;64,6,9; 6,7, 7,9; 4,2; 6,7; 6,0; 9,2;
5,5; 6,5; 3,5, 4,9; 7,2; 4,9; 8,9; 5,7. Cxiactu 1HTEpBaJIbHUN psAJl 1 OOy yBaTH
rictorpaMmy. 3amporoHyBaTH TIMOTE3y MPO BUTIISA F(X) y CYKyMmHOCTI. 3a

. . o — 2 * *
JIOIIOMOT'OK0 YMOBHUX MOMEHTIB po3moainy 3Haiitu X, s, As™, Ek .
Po3é’azanna. Jjis moOyq0BU 1HTEPBAIBHOTO PSIIy pPO30MBAEMO 00IACTh
peamizamiii Ha 7 1HTEpBaJiB 3 OJHAKOBUMH JOBXHHAMHU 1HTEpPBAJIB:
max(X; ) — min(Xx;
i () i ('). _92-22

AX = © AX
7

3HAK1EMO, BU3HAYMBIIM UL KOKHOTO 3HAYEHHA 1HTEpBaJl. SIKIIO 3HAaYECHHA X;

=1. YactoTH KOXXHOTO iHTEpBAIY

NOTpAIUIsie HAa MEXY, TO 30LIbITYEMO Ha | 4aCTOTY HUKHBOTO 1IHTEpBAIY.

InrepBan | 2,2—32 |32—4,2 |42—52 |52—62 |62—72 |72—8,2 B,2—9,2

Yacrora 2 3 4 9 10 2 P

3rifiHoO 31 3HAWICHUM PsIIOM Oyayemo ricrorpamy (puc. 4.1).
Ha migcraBi moOymoBaHOi TiCTOrpaMH MOXKHA BUCYHYTH TINOTE3Y TPO
HOPMAaJIbHUW 3aKOH PO3MOUTY B CYKYITHOCTI.

mAmM/n

0 > X
223242526272 82 92

Puc. 4.1

JInst 0OYMCIIEHHST YMOBHUX MOMEHTIB PO3MOAUTY CKJIaZeMO TaOJIMIfO, B

. . . i1 +X . . . .
SAKifl 3amuIueMo cepelMHM iHTepBamiB U; = AL T3 ixni wactotn N i HOBI
. Uj -C . .
3MiHHI Vj = ~ Bissmemo C, mo nopiBHOE Uy =5,7. YV HacTymHHX
2 3 4

CTOBIILSAX OO4YMCIIEHI 3Ha4eHHsA ViNj, Vi N;, Vi Nj, Vi N;j, a B OCTAHHBOMY DPSIKY
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TaOIUIll — IXHI CyMH.

Uj N; Vi Vin; Vizni Vi3 Nj Vi4 n;
2,7 2 -3 -6 18 54 | 162
3,7 3 ) -6 12 24 |48
4,7 4 -1 —4 4 4 4
5,7 9 0 0 0 0 0
6,7 10 1 10 10 10 10
7,7 2 2 4 8 16 32
8,7 2 3 6 18 54 162
Cyma | 32 — 4 70 ) 418

3HaiiieMO yMOBHI MOMEHTH PO3NOJALTY BIiJ MHEPIIOTO IO YETBEPTOIO
MOPSAKIB BKJIFOYHO:

SEPAL B PP
n 32

20
hi = 2Vini _ 70 _51g7e
n

3
hy = 2ViNi _ . 22 = 0,0625

n
4
=2V 418 s 0505,
n 32

BusnaurmMo 4uCI0B1 XapaKTEPUCTHUKH 3a JIOIIOMOT'OK0 YMOBHUX MOMECHTIB
PO3IOILTY:

X =C+M Ax=57+0125-1=5825

5% = (Ax)z(hg - (hl)zj =2,1875-(0125)* ~ 2,172

e (Ax)3(h§ _angn 4 z(hffj _ _0,0625-
~21875-0,125+2(0,125)° ~ —0,332031%
Uy = (Ax)4(hz —4hshy +6h;(hf)2 —3(@)4) =13,0625+4-0,0625-0,125+

43 _ 0,332031

$° J@a72P

+6-2,18750,125)> —3(0,125)* ~13,29809 AS = ~-0,1037,
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2 -3= —2—3z -0,1812
S (2,172)
OTxe, acuMeTpist Ta eKkciec OJM3bKI A0 HYJs, YUM HiATBEPIKYETHCS
NPUIYIIEHHS PO HOPMaJIbHUI 3aKOH PO3MOJIINIY B CYKYITHOCTI.

£x _ s ., 1329809
roHa

4.4, [lepeBipka cTATUCTUYHUX TinoTe3

Jlani BUOIPDKOBHUX CIOCTEPEKEHb 4YacTO CTAHOBISATH OCHOBY IS
NPUIHATTS OJHOTO 3 KUIBKOX aJIbTEPHATUBHUX PIIICHb (MPOAYKIIS MOXe OyTH
OpakoBaHOI ab0 SAKICHOI, TOYHICTh OOpPOOKM BHpPOOYy B Mexax HOpMH abo
HIDKYa BiJ] HOPMU 1 T. 1.). I3 3araapHOMETOA0JOTTYHOTO MOJISIAY TYT WAEThCA
PO BUCYHEHHS JESKOi TINOTE3U, AKY BIOXWISIOTH a00 NPUIMAarOTh MiCIA
NPOBEJCHHS JESIKOTO CKCIEePUMEHTy. SIKImo 1edl eKCHepUMEHT Mae
CTATUCTUYHMM  (CTOXAaCTUYHMUH)  XapakTep, KaxyTh, 10 Tiore3a €
CTAaTUCTUYHOIO.

Cmamucmuunolo Ha3UBAE€TbCs TINOTE3a, SIKA CTOCYETbCS BHUAY abo
napaMeTpiB pO3MOJUTY BMIIAJIKOBOI BEJIMYMHU 1 SIKY MOXKHA IEPEBIPUTH Ha
M1JICTaBl PE3YJIbTATIB CIIOCTEPEIKEHHS y BUTIAJAKOBIN BUOIPIII.

[lepeBipsitoun CTAaTUCTUYHI TIMOTE3W 3a pPE3yJbTaTaMH BUIAIKOBOI
BUOIPKM, 3aBXKIM PHUBUKYIOTh TPUUHATH XHOHE pilmieHHd. 3ajada Mmpo
CTaTUCTUYHY TMEpPEBIPKY CTAaTUCTHUYHHUX  TINOTE3  (POMYJIOEThCA  Tak.
PosrnsanaioTe JedKy TINoTe3y Hpo Te, 0 PO3MOJAUT WMOBIPHOCTEH JeaKOol
BUIAJKOBOI BETMYMHN Ma€ TOW YW 1HIIMKA BUTIAL, a00 MapaMeTpu pO3MOALTY
MaroTh Tl UM 1HIII 3HaYEHHSA. 3ajaya MoJisirae y ToMy, 00 Ha OCHOBI BUBYEHHS
CTaTUCTUYHHUX JaHUX (BIOIPKM) NIATBEPAUTH CIPABEMJIMBICTH BUCYHYTOI
rinoTe3u 4 crnpocTtyBaTH ii. IIpu 1bOMy BKa3yeThCsl TaKOX WMOBIPHICTH TOTO,
110 IPUAHSATE PIIICHHS € MPaBUILHUM a00 MOMUIKOBUM. [IpobieMa 3MeHIIeHHS
HMOBIPHOCTI TOTO, 110 MPUKHATE PIMICHHS € MOMUIKOBUM, € TaKOX OJHIEIO 13
3a]]a4 MaTeMaTUYHOT CTATUCTUKU.

VY pe3ynbTaTi CTaTUCTUYHOI MEPEBIPKU TIMOTE3U MOXKE OyTH TPHUITHSATE
OJIHE 3 JBOX MPABWJIHHUX PINICHB: 1) rirnoTe3a NpuiiMaeThCs 1 BOHA ICTUHHA; 2)
rinoTe3a BIAXWIAETHCA 1 BOHA HEICTUHHA.

[Topsim 13 TUM y pe3ynbTaTi CTATHCTUYHOI TEPEBIPKH CTATUCTHYHOT
rinoTe3u MOXXYTh OyTH JOMYIIEH! TOMWIKH (MPUUHATI HEMPABWIbHI PIIIEHHS).
[Tomunku, SKUX MOXHA TMPHUITYCTUTHCS, OyBalOTh 1BOX poxiB. I[lommika
MIEePIIIOTO POy MOJISITaE B TOMY, 11O TimoTe3a MepeBiproBaHa H, BIAXHISETHCS,

TOJ1 SIK BOHA IpaBwiibHa. [lomuiika npyroro poay moisrae y Tomy, 1o rinoresa
H, mpuiiMaeThCs, TO/1 SIK BOHA XMOHA, a MPABUIIbHOIO € Jesdka rimore3a H,. Ll

rinoresa, sika NPOTHCTABISETCS TINOTE31 H,, HA3UBAETHCS AIbMEPHAMUBHOIO.
[Ipu upoMy, xoua MHOXKHHA aJbTEPHATUBHUX TINOTE3 MOXE OyTH
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HECKIHUEHHOI0, BHUCYBA€ThCSl TUIBKM OJHA aJbTepHATMBHA TinoTe3a H,.
CraTuCTUYHI TIMOTE3W MOAUIIIOTHCS Ha MPOCTi 1 ckianHi. IIpocma zinomesa
OJTHO3HAYHO BU3HAYAE 3aKOH PO3MOAUTY BUMAAKOBOI BennuuHH. |51 moOymoBu
CTAaTUCTUYHOTO KPUTEPIiI0, KU Ja€ 3MOTy MEPeBIPUTH AESKY TinoTe3y H,,
HEOOX1THO BUOpATH cmamucmuyHny xapakmepucmuky rinoresu Q — nesaxy
BUOIpPKOBY (DYHKIIIIO, BUSHAYUTH JIONMYCTUMY HMOBIPHICTh MOMIJIKH IEPIIOTO
poany o (piBeHb 3HAYyIIOCTl), C(HOPMYIIOBATU aJbTEPHATUBHY TiMOTE3Y
H,,3HaiiTH KpuTHuHy 001acTh G Mg CTaTUCTUYHOI XapaKTEPUCTHUKH, II00
MiHIMI3yBaTl WMOBIPHICTh MOMUJIKH APYyroro poxy. Kputuuna obnacte G — 1e
Taka MHOXHHA 3HaueHb Q, mo ko Q € G, To rimoresa H, BiOXWsE€ThCS Ha
KOpHUCTH rinote3n H,. Kputuuna o0nacTh BU3HAYAETHCS Tak, 100 WMOBIPHICTH
MOTPAIISTHHSA B HEl CTAaTUCTHUYHOI XapaKTEPUCTHKH 32 YMOBH, IO MPaBHJIbHA
rinore3a Hp, popiBHIOBalTa o — 3aJaHOMy pIBHIO 3HA4yLIOCTi, TOOTO
P(QeG/Hy)=a. Kpim Toro, HeobximHo, mo6 P(Q eG/ Hl) Oyma
MaKCUMaJbHOIO, TOOTO WMOBIPHICTh MOMMIKH JPYroro poay Mae OyTh
MiHIMaJIbHOI0. OCTaHHE CHIBBIIHOIICHHS HA3UBAETLCS GUMO20I0 MAKCUMIZAUIT
nomyycHocmi Kpumepilo, SKUil BHUpa)xa€ WMOBIPHICTH TOro, mo He Oyje
JOTYIIEHO MIOMUJIKUA JPYTOTO POJLY.

CratuctuuHl  TINOTE3W  TOAUISIOTBECS  HAa  napamempuyui 1
Henapamempuyni. TlapaMeTpuuHi TinoTe3u nepeadadaroTh, 10 BHUIJISA 3aKOHY
pO3MOALTY BIIOMHUI 1 MepeBipKa 3BOAUTHCS O MEPEBIPKA 3HAYECHb HEBIIIOMUX
napameTpiB.

Y pasi, xomu rinotesu Hg i Hy mpocti i posrisizaeTsest HenepepBHa
BUIAJIKOBA BEJIMYMHA, TO MOOYJOBa KPUTEPIIO IPYHTYETHCI Ha TEOpEMI
Heiimana—ITipcona.

Konu rimore3a, mo mnepeBipsSeThCs, 1 albTEepHATHUBHA IH TINOTE3a €
NpoCTUMH rimoTesamu Buay BiamosigHo Hy: @=6y 1 Hy: =6 i sxmo
L(Xl,XZ,...,Xn,HO) i L(Xl,XZ,...,Xn,Ql) — (yHKIii mpaBIOMOAIOHOCTI, SKi
3HalJIGHO 3a YMOBH, IO HpaBHIbHA BixmoBimHo rimoresa Hpy abo Hj, To
iCHye HaIOTYKHIIMMI KpUTepiit 114 rinoresn Hy crocoBHO anpTepHATHBHOI
rinoresu Hj;. Kpurnuna oGmacte i craTUCTHYHA XapaKTEpUCTUKA TiloTe3
BHU3HAYAIOTHCS HEPIBHICTIO: L(Xl, X9 yeny Xn,Hl)Z CL(Xl, X9 yuens Xn,HO), ne C —
JI0JIaTHA CTaja, 3HAYCHHS SKOTO 3aJIKUTH BiJl PIBHS 3HAUYIIOCTI.

Skmo mnpunaiiMHi omHa 3 rimore3 Hgy abo H; He € mpoctoro,
HEpIBHICTh HE MO’KHa 3acTOCyBaTH. Y I[bOMYy pa3l MOXKHa NoOyayBaTu
KpUTEpPIH, 110 TIPYHTYEThCS Ha BIJHONIEHHI (YHKUIN mpaBaomnoaiOHOCTI
(3HOBY BB@XKA€ETHCH, 110 PO3MOJII y CYKYITHOCTI HETep epBHUI).

[MpumycTuMo, 1110 3MiHHA X Ma€ IIiIbHICTh BUIY f(X,QL, &,..., 6, ), AKa

3aJIeKUTh BiJ I TapaMeTpiB, a TinoTesa HO nojgaeTbes y BUIsAi: 6 € @, ne
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0 — BCKTOP 3 S KOMIIOHEHTaMHU (S < I’), a @ — nesKa OiAMHOXHHA Q ycix
MOXIMBHX 3HAaueHb mapameTpa. limotesa Hi:0 e Q\w. Ins mobynosu
KpUTEPiI0 BU3HAYAIOTh (QYHKIIIIO TTPaBAONOAI0HOCTI L(Xl, X2 yuey Xn,g ), a nani

3HAXOJATh 11 MaKCHUMyMHU [UIS BHUIAJKIB, KOJHU OQecwidecQ. Jam
CKJIQJAIOTh BIAHOIIEHHS:
max L(xl,xz,...,xn,é’)
1= 0ecw
max L(xl,xz,...,xn,e)
e
3HayeHHs A 3aBXKOM HAISKHTH iHTepBany (01) Yum Ommkdye A 110

ONMHULI, THM HpaBiomnofiOHima rimoresa Hg 1 HaBmaku: uuM OiKue
3HAQYEHHS A J10 HYJIA, TUM OUIbIIE MiJCTaB JJIsi BIIXUJICHHS HO- Kputnuna
obnmacte s A JBOCTOPOHHS. BoHa  BU3HadaeTbcd 3  YMOBH:
P(A<A,/Hp)=«.

Akio BiAOMHI 3aKOH PO3MOAUTY IJii A, TO MOXHA 3HAWTH TPAHUILIIO

KpUTUYHOI o0yacTi Juis 3amaHoro kpurtepito. Kpurepii, 1Mo IpyHTYIOTbCS Ha
BIJIHOIICHH1 (DYHKIIIH MTPaBIONOIOHOCT1, ACUMIITOTUYHO HAUITOTY KHIIIIL.

4.5. OcHOBHI NapaMeTPUYHi CTATUCTHYHI KpUTEPil

Ilepesipka zinome3u npo mamemamuyuHe CHOOIGAHHA HOPMATbLHO
PO3n00iNeHoi cyKynHocmi

Akmio aucmepcis CYKymHOCTI BiloMa 1 JIOPIBHIOE 02, TO TpH
Ho: a=ay 1 Hpa=g 3a cratucTuuHy XapakTepuUCTHKY OepeThes

: : X —
BUOipkoBa (QyHKIiA Z = —aox/ﬁ . Kputnuna o0nacte BU3HAYa€THCA
o

3aJIe)KHO B1J] 3HAYECHHS @1 1 BIANOBIIHO O PIBHA 3HAYYHIOCTI .. MOXIIMB1 TpH

BHUITAJKH.
1. Jkmo & >ag, TO KpUTHYHA OONACTh IPABOCTOPOHHS. i mexa z,

t2

1 7
BU3HAuACTBCS 33 ymoBolo: P(Z>2z,)=——— [e 2dt=05-®(z,)=«.

Toni z, = CI)_l(O,S—a).
2.kmo & <@y, TO KpUTHYHA OONACTH JIBOCTOPOHHS, Z, =

=—d05-a)
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3.4kmo & #Qy, TO KPUTUYHIM 0O0JAcTI HajeXaTh 3HAYCHHA

7212

2 2 2
Komu mucnepcis CykyInmHOCTI HEBijoMa, TO IS TEPEBIPKH TIiNOTE3U

o | Z<-2,. Ilpu npomy Zg =@ 0,5—% :

. . X — .
BUKOPUCTOBYEThCSI BHOIpKOBa (yHKIliA Z =—aox/n—1, pO3MojIiyieHa 3a
S

3akoHOM CTpiofeHTa 3 N — 1 crymensmu Boji. Burmsg xputuunoi obnacti
BM3HAUYAIOTh TaK CaMo, SK 1 B TOMEPEIHIX BHIIAKaX, a MEXY 3HaXOIATh 3a
JIOTIOMOT 010 TabJuilb po3noauTy CThIOJIEHTa 3 BIJIMOBIIHOIO KUIBKICTIO CTYTICHIB
Boii. SAxmo N > 20, To po3noain CTbrofeHTa alpOKCUMYETHCS HOPMaJIbHUM
pO3MOAIIOM 3 HYJIbOBUM MAaT€MaTHYHUM CHOJIBAaHHAM 1 OJUHUYHOIO
JIACTIEPCIETO.

Ilepesipka czinome3u npo Oucnepcilo HOPMAAbHO PO3NOOLIEHOT
CYKynHocmi

Konu piBeHb 3HAa4YymocTi JAOPIBHIOE (L, IMEPEBIPUMO  TINOTE3Y

Ho: 02 = O'g 3a  albTEPHATUBHOI  TINOTE3H Hyq: 02 = (712 . Skmo
ns?

CIpaBKY€EThCS TINOTE3a, sIKa MepeBipseThes, To BuOipkoBa dynkiis U = 5
00

.2 : : :
Mae po3noaln ¥ 3 N— 1 cTyneHsmu Boui. SIK 1 B monepeaHixX BUMaaAKaX, BUTIISA
KPUTHYHOI 00J1acTi BU3HAYAETHCS 3HAYCHHSIM 0. Mexi KpUTHYHOI 00iacTi
BU3HAYAOTHCS TaK:

1)  skmo 012 >Gg , TO KputuyHa o6Onactb G mnpaBOCTOPOHHS,

2 .
Uy =x (0(),
2)  SAKIIO 012 < Gg , TO KputuyHa obmacte G TIBOCTOPOHHS,
2 .
Uy =x (1—0(),
3)  sKmo 612 = ag , TO KPUTHYHA 00JIacTh IBOCTOPOHHS. [il Hajexarh
. (04 o
sHaueHHs U <y iU > Uy, me u1:)(2 1—5 , & Uy :;(2 E )

Ilepesipka czinome3u npo icmomuicms pi3HUUI MameMaAMUYHUX
Cnooieand 060X HOPMAILHO PO3NOOIIEHUX CYKYRHOCH el

Hexaif 3amaHo ABI HOpMaJIbHO PO3MOAITIEHI CYKYMHOCTI 3 OJTHaKOBHUMH
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IHCTIEPCISIMH, ajle, MOMJIMBO, i3 PI3HUMH MaTEMaTUYHUMH CIIO/AiBaHHSIMH. [3
IUX CYKYIHOCTEH 3po0ieHo BHOIpKH 0o0csrom BiamoBigHoMy 1 Ny. Yucmosi
XapaKTepPHCTUKM BHOIPKOBHMX  CyKymHOCTeit:  Xj, 812 i Xy, 822 . Slkmo
TO3HAYUTH PI3HUIIO & — a8y = O, To rinotesy Hp @ O = dy MoxHa nepeBipuTH
X, — X, —5,
n1512 + nzs§ 1 1
m+n, -2 nl+nz

Skno

3a JIOMOMOrOl BHOIpKOBOi (yHkmii Z =

rimote3a Hg mpaBunbHa, To Z Mae posmofin CreiojgeHTa 3 Iy +Ny—2
CTENMEHAMU BIIBHOCTI. 3aJ€XKHO BiJ 3HAYEHHS &, y aJbTEPHATUBHIN rinoTes3i
BU3HAYalOTh KPUTHYHY OOJIACTh 3a JOMOMOTOI0 TalOJullb PO3MOJLILY
CThIOJICHTa, a B pa3i BEIMKUX 3HAa4eHb My | Ny — 3a H0MOMOrow TadiIuIb
dbyukuii Jlamnaca.

Ilepesipka zinome3u npo pienicmb Ouchepciii 080X HOPMAIbHO
PO3n00ieHux cyKynnocmeil

Hexali 3agaHo ABI HOpMajibHO PO3MOAUIEHI CyKymHocTi. Ha mincrasi
BHOIpok 00csirom Ny | Ny i3 1ux cykymHOCTEl NOTPiGHO MepeBipuTH TimoTesy
. 2 _ 2 . . 2 2
Ho: o =05 3a amprepHarmBHOi rimoresu Hjp of > o). CrarucTudHOIO
XapaKTepPUCTUKOIO I TepeBipku Timotesn H( Oyme BuOipkoBa QyHKIis
N 2
L s
F = ————. Ilpu moOym0Bi BiIHOIIECHHS YHCEIBHUK Ma€ OyTH HE MCHIITHM
52

N, -1
B 3HaMeHHuKa. SIkmo rimotesa H( mpasunbHa, To BubipkoBa ¢yHkiis F mae
posnonin ®imepa 3 N —11 Ny —1 crynensmu Bomi. Kpurnuna oGmacte G

NPaBOCTOPOHHS 1 BU3HAYAETHCS YMOBOIO P(F > fa) =a.
Kpumepiii oucnepciiitnozo ananizy

Hexait 3a1aHo K HOpMaIbHO PO3MOUICHUX CYKYITHOCTSH 3 OJJHAKOBUMHU
JTUCTIEPCISIMU 1, MOYKJIMBO, PI3HUMH MAaTEMaTUYHHMH CIIOJIBaHHSAMH. [3 KOXKHOT
CYKYIIHOCTI ~ 3poOsieHO0 BHOIpKy oOcsrom ;. Ilepesipgersca rimoresa
Ho: &g =ay =...=a,. CraTuCTHYHOI0  XapaKTEPUCTHKOI0 TilOTe3Un €
BUOIpKOBa (PyHKIIISA
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1 k.o o
T Z(Xi -X )2 N
E_ k-1i3
1 kh -\
— 2 (Xi' - XI)
n-kiaja "
: - 10
ae Xjj — j-te 3HadeHHs Bunankosoi semmuumuu Xj; Xj =— > Xjj;
N j=1
1 k K
X =—> Xinj; N = ) nj. fxuo rinoresa H, NpaBuiIbHA, TO BUOIpKOBa (QYHKILis
Ni= i=1

mae posnoxain Pimepa 3 K — 1 i n — k crynensmu Boisi. Kputnyna obiactsb
MIPABOCTOPOHHS 1 BU3HAYAETHCS TakK, K 1€ Oyno 3po0JieHO B MOMEPEAHHOMY
MYHKTI.

KpiM HaBeneHHMX NapaMEeTPpUUYHUX KPUTEPIiB NEPEBIPKU CTATUCTUUHUX
TIMOTE3 PO3TISAIAI0THCSL.

4.6. Kpurepii a5 mnepeBipku HemapaMeTPHMYHHUX CTATHCTUYHMX
rimores

ev 2 yps
Kpumepiu y~ Ilipcona
Kpurepiéi 1pyHTyeTbCS Ha TMOPIBHAHHI TEOPETHYHUX 1 EMIIPUYHUX

yactoT. Hexait oOmacth peaiizailii BHWITQJKOBOI BEJIMYMHH po30uTO Ha K
k
IHTEpBaIlB, YaCTOTU SIKUX JOPIBHIOIOTH I, Zni =N. Sxmo rimore3a mpo

=1
3aKOH PO3MOJUTY B CYKYIMHOCTI MIpaBUjIbHA, TO MOKHA OOYHMCIUTA WMOBIPHOCTI
P = P(Xi—l <X <X ), TOOTO  WMOBIPHICT  MOTPAIUISHHS  BHITQJKOBOT
BCJIMYMHHM Ha I-U iHTepBal. TeopeTH4Hi YaCTOTH NMOTPAIUISIHHS HA [IeW 1HTepBall
MOJKHA PO3TJISIIaTH SK MaTeMaTHYHE CIOJiBaHHS KOMIIOHEHTIB BHITaKOBOI

BEJIMYMHU, PO3IMOALICHOI 32 MOJTTHOMIaTbHIUM 3aKOHOM:

n!
P(Xy=my; X =My Xy =My ) =——— pi™ py 2. p %

_Hl(mi )
1=
MX; =ni =np;, 1=12,...,k.

CTaTUCTUYHOIO XapaKTePUCTUKOIO TiMoTe3W € BHOIpkoBa (yHKIIIs

Y

_~s Ui )
U - Z n.’
i=1 i

kK—r—1 crynensmu Bomi, me I — KiIbKiCTh mapaMeTpiB, OLIHKHM IS SKHX

. SIkmo N —»00, To BUOIpKOBa (hYHKIlIS Ma€ PO3MOJILI ;(2 3
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3HaleHO 3a BUOIPKOBUMH JaHUMH. KpuThuHa 007acTh IJIi CTaTUCTHYHOI
XapaKTePUCTUKH TTPABOCTOPOHHS.

Kpumepiinu Koamozoposa

Kputepiii 1pyHTyeTbcS Ha TMOPIBHSHHI CTaTUCTHUYHOI 1 TEOPETHYHOI
byHKIi# po3noauty. AKmio

D, = max‘Fn*(x)— F(x){,
X
TO IpA N —> 00
P(VnD, = 4, ) >1-K(2),

S )i am2i24 :
ae K(ﬂ,): Z(— l) e , A >0. 3a momomMororw TabIHIE PO3IMOALTY
i=1
KonMoroposa BU3HAYa€THCS IIPABOCTOPOHHS KPUTUYHA 00JIACTh.

Hpukaang 1. [loOynyBaTh HaWMOTYXKHIMIMKA KpUTEPIA JUIsl TIEPEBIPKU
rinotesn Hy @ =ay 3a anprepHaTtuBHOI rimotesn Hiia =gy, skmo BubGipKy
00csiroM N 3p00JIEHO 3 HOPMAJIBHO PO3MOALICHOT CYKYITHOCTI 3 AUCHEPCIELO, 1110
JIOPIBHIOE 2. Hiopatu Ttake 3HadeHHs C, mpu saxomy o = 0,02, sKimo
ag =10, g =12, o2 =9, n=25. Ska 3 rinore3 NPUINMAETHCA, SKIIO
X =10,9?

Po3é’azanns. 3actocyemo HepiBHICTH 13 Teopemu Helimana — Ilipcona:

L(Xq, X900 X, 81 ) = CL(Xg, X0 1000y Xy, 80 ). IToGymyemo bymKii
MPaBIONOAIOHOCTI:
1 N
1 2 Z(X|—al)2
L(Xq, X ey X, 8 ) = e 202001 ,
n
(27z)2(0'2)E
1 N
1 ,oarlicao)
L(X, X9 -0y X280 ) = e 207i=1

n n
2 )2 \o

[TincraBumMo (QyHKIII TPaBAOMOAIOHOCTI B HEPIBHICTH 1 BHUKOHAEMO

CIPOIIECHHS CKOPOUYCHHSM CTalluX MHOXXHHUKIB. JlicTaHeMO HEpIBHICTh

1 n 1 N
-5 2% —a1)? -, 2(xi-ag )?
e 207i=l >Ce 207i=1 , IKY TIPOJIOrapu(h)MyEMO i BUKOHAEMO

HU3KY IIE€PETBOPEHD:
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n

_—Z( ) >InC_2122(Xi_ao)2;

26 |—1 O i

Lol 2 -a0P - E-ar? |znc:

i=1

20'

2 _ 2 .2 iy 2 2 [~
Zx, —ZaOZx,+naO—Zx, +23 2 % —na =20°InC;

i=1 i=1 i=1 i=1
n ZazlnC+n(a2—a§) . :
DX = , 00 3a ymoBow & >ag. Ilicna 3aminu
i=1 2(ag —2g)
N o : - 202InC+n(a12—a§)
> X; =NX, ocTraTo4HO gictaHeMo X > )
i-1 2n(a; —ag)
OTKe, CTATUCTUYHOIO XapaKTEPUCTUKOIO TIIMOTe3H € BUOipKkoBa QyHKIS X,
a KPUTHYHOI O0OJacTi0 JuIi Hel — MHOXHMHA 3HA4eHb, HE MEHIIMX 3a
ZazlnC+n(a12—a§) . :
. Ilo6 mibpatn 3HauenHs C, MOTPIOHO 3HATH 3aKOH
2n(a; —ag)

posnoziny BubipkoBoi (yHki. Skmio crnpaBmkyeTbes rinoresa Hp, To BUOipKy

3po0JEHO 3 HOPMAILHO posmomineHoi cykynuocti 3 a=10 i o? =9, Toni
MX =10, a DX =0,36. ILlentpyeMo i HOpMyeMO BHOIpKOBY (YHKIIiIO, II00
3acTocyBaty Tabmuil ¢yHkiii Jlamiaca. AHaJoOriuHI IEPETBOPEHHS BUKOHYEMO 3
X-10 (18InC + 25(144-100) _10)5_

50-2 ’

MPaBOI0 YACTUHOK HEPIBHOCTI:

X -10 S 18InC +100

. Kputnuna o0nacTh mpaBOCTOpOHHS, TOMY ii Mexa

0,6 60
=0 H05-a); zgg =D 1(0,48)=2,055. Omxe, 18'”20”00 = 2,055
InC =1,2944; C = 3,649.
Sxmo X =10,9, to )_(O_EJS-O = 8’2 =15 He HaneKUTH KPUTHYHIN 06IACTI 1

rinore3a Hq mpuiimaerscs.

Hpuxnan 2. Ha mianpueMcTBi po3po0JIeHO ABa METOJM BHT'OTOBIICHHS
BUPOOIB. /{7151 mepeBipky 1UX METOMIB HA MaTEepPialOEMHICTH 310paHi AaHl PO
BUTPATH CHPOBUHU HA OJWHMII0 TPOAYKIi y mpormeci podotu obdoma
MeTolaMu. BuTpaTh CUpPOBMHH 3a 3aCTOCYBaHHS TMEPIIOTO METONIY
cranoswiu: 2,0; 2,7; 2,5; 2,9; 2,3; 2,6; a npyroro — 2,5; 3,2; 3,5; 3,8; 3,5.
BBaxarouu, IO pO3MOMINT Yy CYKYDHOCTSX HOpPMalbHHMA 1 gucmepcii y
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CYKyIIHOCTAX  ORHAaKoBi, mepeBiputu rinotesy Hg o9 =0, npum
Hy: 69 #0, a=0,05.
X, - X -5,

mSf +npS3 (1 1
Nq{+No M Ny

SKa po3moiineHa 3a 3akoHOM CThrofeHTa 3 I4+Ny—2 CTyHeHSIMH BOIi

Po3e’azannsa. Jlns BuOipkoBoi dynkmii Z =

NOTPiIOHO 3HANTH KPpUTHYHY 00JIaCTh (BOHA ABOCTOPOHHS) 1 3HAUTH (PaKTUUHY
peatizaiiiro. 3HaiiIeMO YHUCIOB1 XapaKTEPUCTUKN BUOIPKOBUX CYKYITHOCTEMH:

X :1(2+ 2,7+25+29+23+26)=25
6

s? = %(0,25+0,04+0,16+0,04+0,01): %

Xp = %(2,5 +3,2+35+38+35)=33;

s2 = 1(0,64+0,01+0,04+0,25+0,04)= 22
5 250

3a tabmuismMu posnoaity CTerofeHTa I 9 CTyIeHiB BOJII 3HAXOJIUMO

z,, = F1(0,975)~ 2,26.

2
O06YKMCIMMO 3HAYEHHS CTATUCTUYHOI XapaKTEPUCTUKHU:
7= 2533 ~ —3,258.
05+098(1 .\ 1
6+5-2(6 5

OTxe, 3HAYEHHS XApPAKTEPUCTUKU HAJIECKUTh KPUTHYHIA 00sacTi, 1
rinore3a Hp Bigxumnserscs.

Mpuxaaa 3. Tpu piwi 3uauymocti @ = 0,05 nepesipuTu rimoresy, 1o
KUIBKICTh BEPCTaTiB, SKI HE MpallolTh, Cepel 5 BepcraTiB, IO € B LEXY,

1

PO3MOILIICHO 3a O1HOMIIEHUM 3aKOHOM 3 p= §, SIKIIIO
D, = max‘F(x)— Fn*(x){ ~0,0683 i n=25.
X

Po3é’azanna. BuxopucraemMo JUis  MEPEBIPKM  TINOTE3U  KpUTEpiid
Konmoropoga: P(\/ﬁ D, =4, ) =1-K (/1) =q. 3rigHO 3 yMOBaMu
K(ﬂ,a) =095 i 3a Tabmumamm posmoginy Kommoropoa A, =1356.
O6UYUCINMO \/ﬁDn = /25. 0,0683=0,3415< 1, =1,356. 3HayeHHs

CTAaTUCTUYHOI XapaKTePUCTUKU HE HAJICKUTh KPUTUUYHIN 00JacTi, TOMY TinoTe3a
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npo OiHOMIiaJbHUN 3aKOH PO3IOILITY Y CYKYITHOCTI IPUUMAETHCSI.

Hpuxnan 4.
[3 HOpMaIbHO PO3MOAUIEHOI CYKYITHOCTI 3p00JIeHO BHOIpKY oOcaroM N =

15. 3a piBus 3nauymocti o =0,02 nepesiputu rinmoresy Hy: % =12 npu

e . . .2 2
anprepHaTHBHii rinoresi Hy: o =10, sxmo $° =11.
Po3¢’szanna. CTaTUCTHYHOIO XapaKTEPUCTUKOIO TilOTE3d € BHOIPKOBa
2
nS . 2 ~
——, pO3MOojijeHa 3a 3aKOHOM ¥~ 3 N — 1 CTymeHsMH BOJI.

o6

bynkmis U =
Kputrdna 061acTs JIBOCTOPOHHS, 00 612 < O'g (puc. 5.3).

flu) A

T > u
0 u(l - a)
Puc. 5.3

Mexy KpUTHYHOI 007acTi 3HAXOAWMO 3a TaONMISIMU  PO3IMOILITY
;(22 U, = )(2(1—05)= ;(2(0,98) mpu 14 crynmensx Bom. Uggy =154

Peauizariist BuOipkoBoi QyHKIIT U = %211 =13,75.

3HaueHHs (yHKIii HaNeXHUTb KPUTHYHIA 0OmacTi, oTxke, rinoresa Hg

BIIXWJISIETBCS HA KOPHCTD albTepHATHBHOI rimote3n Hj.

Teopemuuni 3anumanHs 00 po30iny

1. [llo Ha3uBa€eTHCS BUOIPKOBOIO CYKYITHICTIO?
2. 1o Take 06csr CyKyMmHOCTI?
3. SIxa rinoTe3a HA3UBAETHCS CTATUCTUYHOIO?
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4. TlepeBipka TriNOTe3W NPO MaTeMaTHYHE CIOJIBAaHHS HOPMAaIbHO
PO3IOIIIIEHOT CYKYITHOCTI.

5. TlepeBipka TimoTe3d TMPO AUCHEPCII0O HOPMAJIBHO PO3IMOIIIECHOT
CYKYITHOCTI.

6. Koy BukopucroByeThes kputepiit [lipcona?

7. Ha womy rpyHTy€eThes Kputepiii Koamoroposa?
3. JloBecTH, 110 P(\x —-M(X)|<e&)21- DQ( .

&

4. Jle BUKOPUCTOBYETHCSI HEPiBHICTh YeOuimiona?
5
6
7

. CpopmymroBatu Teopemy Uebuiona.
. ChopmynoBatu Teopemy bepnyi.
. 3anucaTu HepiBHICTH Yebuona 1j1s TeopeMu bepryii.
8. Homy nmopiBHioe aY(t), sskmo Y = ax + b?
9. CopmynroBaTu IIEHTpAIbHY TPAaHUYHY TEOPEMY.
10. BukopucTaHHS LEHTPAIbHOI TPAHUYHOI TEOPEMHU ISl JTOBEICHHS
1HTerpaipHO1 Teopemu MyaBpa—Jlamaca.
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JlonaTok

X

x -
TABJIULIS 3HAYEHD ®YHKIIIT JTATJIACA @ (x)= 1 [e 2 dx

Jom

X[ @ (x) Xlox | X ox X[ @ (x) X[ @ (x)

1 2 3] 4 |5 6 7 8 9 10
00 | 0.0000 |[0.50[0.1915|1.00 | 0.3413 | 1.50 | 0.4332 | 2.02 | 0.4783
01 | 0.0040 [0.51[0.1950|1.01 | 0.3448 | 1.51 | 0.4345 | 2.04 | 0.4793
02 | 0.0080 |[0.52[0.1985|1.02 | 0.3461 | 1.52 | 0.4357 | 2.06 | 0.4803
03 | 0.0120 [0.53[0.2019]1.03 | 0.3485 | 1.53 | 0.4370 | 2.08 | 0.4812
04 | 0.0160 [0.54[0.2054]1.04 [ 0.3508 | 1.54 | 0.4382 [ 2.10 [ 0.4821
05 | 0.0199 [0.55[0.20881.05 | 0.3531 | L55 | 0.4394 | 2.12 | 0.4830
06 | 0.0239 |0.560.2123|1.06 | 0.3554 | 1.56 | 0.4406 | 2.14 | 0.4838
07 | 0.0279 |[0.57[0.2157|1.07 | 0.3577 | 1.57 | 0.4418 | 2.16 | 0.4846
08 | 0.0319 [0.58[0.2190|1.08 | 0.3599 | 1.58 | 0.4429 | 2.18 | 0.4854
09 | 00359 [0.59[0.2224]1.09 | 0.3621 |1.59 | 0.4441 | 2.20 | 0.4861
10 | 0.0398 [0.60[0.2257|1.10 | 0.3643 | 1.60 | 0.4452 [ 2.22 | 0.4868
11 | 0.0438 [0.61[0.2291]1.11 ] 0.3665 | 1.61 | 0.4463 [ 2.24 | 0.4875
12 | 0.0478 [0.62[0.2324|1.12 | 0.3686 | 1.62 | 0.4474 | 2.26 | 0.4881
13 | 0.0517 [0.63[0.2357|1.13| 03708 | 1.63 | 0.4484 | 2.28 | 0.4887
14 | 0.0557 |0.64[0.2389|1.14 [ 0.3729 | 1.64 | 0.4495 | 2.30 [ 0.4893
15 | 0.0596 [0.65[0.2422|1.15| 0.3749 | 1.65 | 0.4505 [ 2.32 | 0.4898
16 | 0.0636 [0.66 [0.2454]1.16 | 0.3770 | 1.66 | 0.4515 | 2.34 | 0.4904
17 | 0.0675 [0.67[0.2486]1.17 | 0.3790 | 1.67 | 0.4525 [ 2.36 | 0.4909
18 | 0.0714 [0.68[0.2517|1.18 | 0.3810 | 1.68 | 0.4535 | 2.38 | 0.4913
19 | 0.0753 [0.69 [0.2549]|1.19 | 0.3830 | 1.69 | 0.4545 | 2.40 | 0.4918
20 | 0.0793 |0.70[0.2580| 1.20 [ 0.3849 | 1.70 | 0.4554 | 2.42 [ 0.4922
21 | 0.0832 |0.71[0.2611]1.21 [ 0.3869 | 1.71 | 0.4564 | 2.44 [ 0.4927
22 | 0.0871 |0.72[0.2642|1.22]0.3883 | 1.72 | 0.4573 | 2.46 | 0.4931
23 | 0.0910 |0.73[0.2673]1.23 [ 0.3807 | 1.73| 0.4582 | 2.48 | 0.4934
24 | 0.0948 |0.74[0.2703]1.24 [ 0.3925 | 1.74 | 0.4591 [ 2.50 [ 0.4938
25 | 0.0987 |0.75[0.2734]1.25[ 0.3944 | 1.75 | 0.4599 [ 2.52 [ 0.4941
26 | 0.1026 |0.76[0.2764]1.26 | 0.3962 | 1.76 | 0.4608 | 2.54 [ 0.4945
27 | 0.1064 |0.77[0.2794]1.27 ] 0.3980 | 1.77 | 0.4616 | 2.56 | 0.4948
28 | 0.1103 |0.78[0.2823|1.28 | 0.3997 | 1.78 | 0.4625 | 2.58 | 0.4951
29 | 0(1141 ]0.79[0.2852|1.29 | 0.4015 | 1.79 | 0.4633 | 2.60 | 0.4953
30 | 0.1179 [0.80[0.2881]1.30 | 0.4032 | 1.80 | 0.4641 |2-62 | 0.4956
31 | 0.1217 [0.81[0.2910]1.31[ 0.4049 | 1.81 | 0.4649 [ 2.64 [ 0.4959
32 | 0.1255 [0.82]0.2939]1.32 | 0.4066 | 1.82 | 0.4656 | 2.66 | 0.4961
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1 2 3 4 5 6 7 8 9 10
33 | 0.1293 |0.83]0.2967|1.33 | 0.4082 | 1.83 | 0.4664 | 2.68 | 0.4963
34 | 0.1331 |0.84(0.2995]1.34 | 0.4099 | 1.84 | 0.4671 | 2.70 | 0.4965
35 | 0.1368 |0.85(0.3023|1.35| 0.4115 | 1.85| 0.4678 | 2.72 | 0.4967
36 | 0.1406 |0.86 [0.3051]1.36 | 0.4131 | 1.86 | 0.4686 | 2.74 | 0.4969
37 | 0.1443 |0.87]0.3076|1.37 | 0.4147 | 1.87 | 0.4693 | 2.76 | 0.4971
38 | 0.1480 |0.88]0.3106|1.38 | 0.4162 | 1.88 | 0.4699 | 2.78 | 0.4973
39 | 0.1517 |0.89]0.3133|1.39| 0.4177 |1.89 | 0.4706 | 2.80 | 0.4974
40 | 0.1554 ]0.90]0.3159|1.40| 0.4192 | 190 | 0.4713 | 2.82 | 0.4976
41 | 0.1591 |0.910.3186|1.41| 0.4207 |1.91 | 0.4719 | 2.84 | 0.4977
42 | 0.1628 ]0.92 0.3212|1.42| 0.4222 | 1.92 | 0.4726 | 2.86 | 0.4979
43 | 0.1664 |0.93|0.3238|1.43 | 0.4236 |1.93 | 0.4732 | 2.88 | 0.4980
44 | 0.1700 ]0.94/0.3264|1.44 | 0.4251 |1.94| 0.4738 | 2.90 | 0.4981
45 | 0.1736 ]0.950.3289|1.45| 0.4265 | 1.95| 0.4744 | 2.92 | 0.4982
46 | 0.1772 ]0.96 |0.3315| 1.46 | 0.4279 |1.96 | 0.4750 | 2.94 | 0,4985
47 | 0.1808 |0.97/0.3340|1.47 | 0.4292 |1.97 | 0.4756 | 2.96 | 0.4985
0.48 | 0.1884 |0.98 |0.3365| 1.48 | 0.4306 | 1.98 | 0.4761 | 2.98 | 0.4986
0.49| 0.1879 [0.99]0.3389|1.49| 0.4319 | 1.99 | 0.4767 | 3.00 |0.49865
3.20 | 0.49931
3.40 | 0.49966
3.60 0.499841
3.62 0.499928
4.00 10.499468
4.50 |0.499997
5.00 10.499997
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