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PREFACE

Discipline "Computational methods of dynamics of classical and quantum
systems" is a compulsory discipline in the cycle of professional training of
postgraduate students (3 level of education) in specialty 113 - Applied
mathematics.

It is aimed at assimilating (assuring) a number of planned competences,
including developing fundamentally new and to improve the existing modern
computational methods and algorithms of quantum mechanics, geometry and
electrodynamics for the analysis, modeling and prediction of the properties of
classical and quantum systems with pronounced resonance behavior, the ability
to analyze data of computer experiments on the study of the characteristics of
guantum systems that can be large and require the use of powerful computing
resources, the use of modern existing and new advanced computational methods
in order to achieve scientific results that create potentially new knowledge in
computational mathematics.

The place of discipline in the structural-logical scheme of its teaching:
the knowledge gained during the study of this discipline is used in the writing of
dissertations, the topics of which are related to the development of new
computing methods and algorithms dynamics of complex chaotic systems with
possible generalizations on various classes of mathematical, physical and
chemical, cybernetic, socio-economic, ecological systems.

The basic concepts of discipline are the fundamental tools of a specialist
in the field of applied mathematics.

The purpose of studying the discipline is assimilation (assurance) of a
number of competencies, in particular, the achievement of the relevant
knowledge, mastering the modern apparatus of quantum geometry and
resonance theory, the ability to develop new and improve existing mathematical
methods for the analysis, modeling and prediction of spectral properties of
guantum systems on the basis of the apparatus of quantum mechanics, geometry
and electrodynamics, the search for new resonance phenomena in the dynamics
of quantum systems, etc.

After mastering this discipline, the postgraduate student must be able to
use modern or personally developed new computing methods, in particular, to
analyze, simulate, predict, and program the resonant dynamics of classical and
quantum systems with the formulation of appropriate computer experiments

These methodical instructions are for the first-year PhD students and tests
performance in the discipline Computational methods of dynamics of classical
and quantum systems".

The main topic: Computational methods of modern mechanics, dynamics
of quantum systems. Green's function Dirac's equation with nonsingular
potential and complex energy



Topic: Computational methods of modern mechanics, dynamics of
guantum systems. Green's function Dirac's equation with nonsingular
potential and complex energy
Topic: O0uuncIIOBaIbHI METOAH CyYacHOI MEXaHIKH, JMHAMIKH KBAHTOBUX
cuctem. Oynkiiis ['pina piBHsaHHA [lipaka 3 HECUHTYJISIPHUM MOTEHIIIAIOM Ta
KOMILIEKCHOO eHepriero (35J14)

1. Introduction

We present an effective numerical approach to construction of the electron
Green function for the Dirac equation with a non-singular central nuclear Fermi-
model potential and complex energy. We represent the radial Green function as
a combination of two fundamental solutions of the Dirac equation. The approach
proposed includes a procedure of generating the relativistic electron functions ¥
with performance of the gauge invariance principle. In order to reach the gauge
invariance principle performance we use earlier developed QED perturbation
theory approach. In the fourth order of the QED perturbation theory (PT) there
are diagrams, whose contribution into imaginary part of radiation width ImdE
for the multi-electron system accounts for multi-body correlation effects. A
minimization of the functional ImdE leads to integral- differential Kohn-Sham-
like density functional equations. Further check for the gauge principle
performance is realized by means of the Ward identities. In the numerical
procedure we use the effective algorithm, within which a definition of the Dirac
equation fundamental solutions is reduced to solving the single system of the
differential equations. This system includes also the differential equations for
the Fermi-model nuclear potential and equations for calculating the integrals of
the [[dr,dr,type in the Mohr formula for definition of the self-energy shift to

atomic levels energies. Such a approach allows to compensate a main source of
the errors, connected with numerical integration j d & and summation on y in the

Mohr expressions during calculating the self-energy radiative correction to the
atomic levels energies.

Different characteristics of the atomic and molecular systems [1-8] can be
expressed through the electron and photon Green functions. Usually the energy
corrections to levels and oscillation strengths in quantum theory of atoms and
molecules are defined by the electron GF with a complex energy parameter E
and integration on E is spread on the indefinite interval. In spectral
representation of the electron Green function:

G172 |E)= 3 B (1) Wy (1) (E,py — E) (1)

nym



one can separate the partial contributions with fixed value of y (angular
quantum number) (c.f.[5,16-18]). Each partial contribution is presented by
multiplying the radial G(rr,|E,y) the Green function of the radial Dirac
equation) and angle parts. Let us remember that, as a rule, the contributions
with [ImE|<[10E,| and |z|<15 (here Eq is the bond energy of the studied state)

are important in the modern calculations of the multi-electron systems. The
similar expansion for the photon Green function (expansion over the spherical
harmonics) separates the radial part — the Green function of the Bessel equation.
Usually under calculating the corresponding matrix elements an integration over
all angle variables is performed analytically, and integration over the radial
variables — numerically.

It is obvious that a development of the effective numerical algorithms for
calculating the electron Green function for the Dirac equation with arbitrary
potential and complex energy is of great importance for modern relativistic
quantum chemistry [1-8]. Our interest to this problem is connected with running
calculating the self-energy corrections to atomic levels in the heavy atomic
systems and multicharged ions (c.f.[ 5,9-18,22-26]). Besides, we believe that the
similar problem will be arisen in the quantum chemistry of the heavy and super
heavy (%X, Z>100) molecules in some time [5]. In this task all master formulas
are conserved, except of the symmetry of the task. It is obvious that the latter in
the molecular case differ from the atomic symmetry. From the point of view of
the modern quantum calculations of the heavy atoms and multicharged ions it
should be mentioned that calculation of the self-energy corrections to the
atomic levels energies (radiation widths) have been carried out for low states of
the hydrogen-like ions and nuclear charge Z<110 (c.f.[9]). The nuclear finite
size correction is usually implemented to the calculation scheme (for example,
the relativistic Hartree-Fock or Dirac-Fock methods) by means of using several
nuclear models (model of the homogeneous charged sphere, the Gauss model
and the Fermi-model) [9-18]. The screening of a nucleus by atomic (molecular)
electrons is usually taken into account for within the Dirac-Fock (Dirac-Kohn-
Sham) approximations (c.f.[1-21]). By the way, studying the excited heavy and
super heavy (z >173)systems with an accurate modelling the nuclear potential
(in a whole, nuclear effects in quantum calculations) and accounting for the
screening of a nucleus (nuclei) by electrons and radiative effects of the electron
shell polarization and probably the Dirac equation non-linear terms
[13,14,25,26] remain by very actual problem of the modern theory of multi-
electron systems. One could mention here the known difficulties of the modern
calculation procedures of quantum chemistry, in particular, in calculating the
radiation (self-energy) correction to levels energies of the heavy atomic and
molecular systems.

In order to treat correctly a problem of calculating the self-energy correction
to atomic (molecular) levels energies in the relativistic quantum chemistry it is



important to have an effective algorithm of calculating the electron Green
function for the Dirac equation. As it is well known, the radial electron Green
function is presented as a combination of the fundamental solutions of the Dirac
equation. One can mention the Whittaker functions as the fundamental solutions
of the Dirac equation in a case of the Coulomb potential. As it was noted in refs.
[17,18], the known expansions to the Taylor expansion with numerical
calculating in the separated blocks are usually used, but there are two significant
disadvantages. First of all, calculating the Whittaker function in the separated
block increases the dimension of the calculation procedure. Secondly, the
corresponding Taylor expansion has a bad convergence for large values of &
(that is wvery important for problem (1)) and contains the significant
compensations of the separated terms (look more detailed explanation in
refs.[17,18]).

Let us remember that following to the Mohr papers [9], within the
covariant regularization of the Feynman S-matrix results the self-energy shift to
the level energy can be written as follows (c.f. [17,18] too]):

1 (3, .~ 3
E:EL+EH(A)—&,EZ[EInAa +§J<ﬂ>, A —> oo, (2)
and the high-energy part is as follows:
£ (A)=Re— [de[E(0)- E( A) 3
74 0
2
£(6.0)- e, ol £ 16 <42 * o e Glaro () )

where @ =az and ¥(r) is the wave function — solution of the Dirac equation.
Let us note that above presented formula are written in the Coulomb units (in the

Coulomb units : 1 C.u. of length =1 a.u.Z; 1 C.u. of energy =1 a.u. 22).

It is important to note that the energy parameter E=i& in (3) is purely
imaginary one and the Green function is complex. This is a direct motivation of
the task we are solving here.

As it has been earlier mentioned [9-14], two last terms in (4) is
logarithmically diverged at A —o. In the Mohr’s paper [9a] it has been
received the important result, connected with understanding the mechanism of
their compensations, and the finite expressions without divergences are
received. From the other side, this procedure is not obligatorily, especially from
the point of view of the numerical calculation. In fact, the numerical
compensation of the diverged expressions could result in loss of an accuracy.
But, as it is indicated in refs. [16-18] this is not main source of the mistake with
taking into account for the weak logarithmic divergence (it is meant that the



acceptable accuracy in calculating E, no worse than 1%). The main source of
mistakes is connected with the numerical integration jd ¢ and summation on Y.
Naturally, one can present the exact quantitative estimates on the basis of the
concrete calculation allowing the variations of different parameters. Following
to ref. [16-18], we calculate the self-energy shift strictly on the basis of the

formula ((2)-(4). The A- dependent part of the contribution will be presented in
the following form: AE, /(A +a),where the parameters E,,a are empirically

defined using two reference points: A =40 -|Eo| and A =80-|Ey|.

2. Dirac equation with complex energy: Fundamental solutions
The radial Dirac equations can be written as follows (in the Coulomb units):
f'=—(y+1)f/Ir-V ga; (5)
9'=(y-g/r+V" fa;

VE=V(r)-iéF a2 (6)

where V(r) is the potential of a nucleus. We are interested by a case when the

potential is regular for r —»0. It is easy to show (c.f. [16]) that for such a
potential the solutions of two types (regular and non-regular at r —0) exist for
each value of & and y:

for x<0
f~pldt g~ rld f~ A g ~ r At
for x>0
f~rl, g~rW?t F~ g~ (7)

The regular solution (f,g) at r -0 is simply defined by the condition (6) with

the accuracy to a normalization. At the same time the singular solutions are not
defined by these conditions .
For large values of |y the functions (7) have a strong degree dependence at

r—0 that is a reason of the known calculational difficulties during the
numerical integration of the Dirac equations. At large y the radial functions F

and G vary rapidly at the origin of co-ordinates:



y =y 2 —a2z2

To prevent the integration step becoming too small, as usually (c.f.[23,24]) , it
IS convenient to introduce the new functions isolating the main power
dependence:

(F.0)=(f.0)-r": (F.6)=(F.) " ®)

The Green function is a combination of the Dirac equation modified (the power
dependence is separated) fundamental solutions:

F':—(x+\x\)F/r+V_(NxG; G':(x—\x\)G/r—VJ“&F; (9)
E’:—(Z+\;(‘)ﬁ/r+v_&é; é'zq;(\+;()6~/r—v+§lz. (10)

The functions (F, G) represent the first fundamental solution, which is regular
for r 0 and singular for r — «. Any combination

(F,&)+cr?(F,G)

satisfies to above written equations for (£, G) and represents singular solution at
zero. The right chosen combination (lfé) for the single value of the mixing

coefficient C (regular for r ) is second fundamental solution (f, g). Finally,
the Green function electron function is a four-component matrice with the

functions (F, G) and (ﬁ,é), which are the Dirac equations solutions with

account of the corresponding asymptotic conditions. Further one can get from
equations (9)-(10) that for r -« [18]:

(F,G)~ exp Ar; (F,G)~ exp(- Ar) A=(z~ +§2&2)%. (11)

The exponential power is obviously real (i.e., no oscillations). Let us note that
this is specifically for purely imaginary energy parameter E. The condition (11)
defines the functions (F,G). As the bi-linear combinations of the function
components (7) are presented in the Green function, it is obvious that only their
relative normalization is important. It is defined by the Wronscian condition as
follows:



W =FG-FG=1. (12)

T
he electron radial Green function is the four component matrice as follows:

(F)FE) FE ()
ot E’”‘[é(@ﬂw 6(r. Jo(r. J’ a3

<

satisfy the Dirac equations (8)-(9), their asymptotical conditions (6), (11) and
the Wronscian normalization condition. It can be easily shown that exchanging
the solution (F,G) by any combinations (F,G)+Br? (F,G) does not break the
Wronscian condition (c.f.[17,18]).

where r_ (r.) is more (or less) value of r, r,; the functions (F,G) and (lfé)

3. Nuclear potential for the Dirac equation: Fermi model

Earlier we have calculated some characteristics of hydrogen-like and other
multi-electron ions with using the nuclear charge distribution in the form of a
uniformly charged sphere and Gaussian form (c.f. [16-19,23, 22-24]). The
advantage of the Gaussian form nuclear charge distribution is provided by using
the smooth function instead of the discontinuous one as in the model of a
uniformly charged sphere [22]. It is obvious that it simplifies the calculation
procedure and permits to perform a flexible simulation of the real distribution of
the charge in a nucleus. In last years to define the nuclear potential it is usually
used the Fermi model for the charge distribution in the nucleus p(r) (c.f.[9,24]):

p(r)=po /{1 +exp[(r =)/ )]} (14)

where the parameter a=0.523 fm, the parameter ¢ is chosen by such a way that it
is true the following condition for average-squared radius:

<r?>12=(0.836-A3+0.5700)fm.

Further let us present the formulas for the finite size nuclear potential and its
derivatives on the nuclear radius. If the point-like nucleus has the central
potential W( R), then a transition to the finite size nuclear potential is realized
by exchanging W(r) by the potential [17]:



W(rR):W(r)Edr r2p(r|R)+ ojodr r 2w (r)o(r|R)- (15)
0 r

We assume it as some zeroth approximation. Further the derivatives of various
characteristics on R are calculated. They describe the interaction of the nucleus
with outer electron; this permits recalculation of results, when R varies within
reasonable limits. The Coulomb potential for the spherically symmetric density

p(r|R) is:

Vnucl(”|R) = —((l/r)gdr'rlzp(r' R) + ojodr'r'p(r' R) (16)

It is determined by the following system of differential equations [23]:

V'nucl(r, R) = (1/r2 Xj)dr'rvzp(r', R)E (1/r2 )y(r, R)
¥ (r,R)=rp(r, R) (17)

p'(r)=(p, 2)exp[(r —c)/ al{l+exp[(r —c)/a)]}*

with the boundary conditions:

Viuel (09 R) == 4/(Ttr)
y(0,R)=0, (18)

p(0) = po {1 +exp[-c/a]}

The corresponding system of equations includes the equations for the
density distribution function too. The corresponding derivative of potential on
the nuclear radius is as follows:

r 0

oW (r|R)/ar =W (r)[ dr r26p (r|R)/eR + [dr rwW(r)ap(r|R)/ar,  (19)
0 0

The derivative of the physical characteristics, corresponding to potential

W(r\R), on the nuclear radius is represented by the matrix element:

W (R)/aR = [drr? [Fnzlj (r)+G?2 (r)]aw (r|R)/eR (20)
0

nlj

It should be remembered that the nuclear finite size correction is not correctly
taken into account within the perturbation theory as a matrix element of two



potentials difference. It is well known that the states functions for two nuclear
potentials differ significantly in the important region. Calculation of the
potentials, their derivatives, matrix elements is reduced to solving the single
system (in fact 1D procedure) of the differential equations (c.f.[16-19,23]).. For
example, in order to calculate the potentials W (r|R) and AW(r|R)/cR the
following system of equations should be solved:

dW (r|[R)/dr=P (r|R) dW (r)/dr,
dP (r|[R)=r’p(r|R),
d[ AN (r|R)/R]/dr=S r|R)dW (r)/dr,

dS(r|R)/dr=r2[dp(r|R)/ R]

with known analytical functions W(r), p (r|R). The boundary values at r = 0
are found by expansion to a set on r (c.f.[17,23]).

In refs. [17,18,23] the Dirac equations system is presented and the
boundary values of functions (for r =0) for calculating the potential W(r ) (v (r))

are given. The potential (15), (16) can be expanded to a set on the even degrees:

v 4m. ., __4r” (=7)"
R 2 (2K -2) 2k -1)k—2)

(21)
Below we also use the complex combinations :

V" =—Ry-iéta™.

The expansion of the potential to the Taylor set generates the corresponding
expansions for the Dirac equations solutions. These conditions are used for the
small values r as the boundary values. The first fundamental condition is stable
in relation to the little perturbations of the boundary values. So here one could
be limited by the first expansion terms:
for x<0

F=1+V, V,'r?/2(2y -1), G=V,r/(2y-1), (22)

for x>0
G=-1+V, V,;'r? /22y +1), F=-V,r/(2y+1) (23)



The functions (F,G) have the following form:

IE:(fl+f2r2+...)r; G=g,+0,r> +.., (24)
where for x<0
9, =1, (22 +1)f, =V, g,,
-29, =V, f,, (27(+3)f2 =V 9, +V,0,,
—4g, =V,"f, +V, f,, (ZZ+5)f3 =V, 0; +V,0, +V;0,,
and for >0
F=f +fr2+..; éz(gl+gzr2+...)r, (25)
f, =1, (27( _1)91 =V, f,,
2f, =V, 09, (2)(_3)92 =V, f, +V, f,,
4f, =V g, +V,0,, (2)(_5)93 =V, f; +V, f, +V, .

The recurrent procedure allows to calculate any number of terms in the
expansions (24), (25).. It is naturally important to define the first y terms, which
are general for all functions (E,G). It should be noted that the high power terms

in the “right” solution (F,G) are defined by the mixture Cr?#l (F,G). In order
to calculate the mixing coefficient one could use the algorithm [18].

4. Construction of the optimal one-quasi-electron representation

In many calculations of characteristics of the atomic elementary processes
it has been shown that an adequate description of these characteristics requires
using the optimized basis’s of the wave functions. Some time ago Davidson
had pointed the principal disadvantages of the traditional representation
based on the self-consistent field approach and suggested the optimal

"natural orbitals"  representation [20]. Nevertheless, there remain
insurmountable calculational difficulties in the realization of the Davidson
program.

One of the simplified recipes represents, for example, the Kohn-Sham
density functional method [21]. Unfortunately, this method doesn't provide
a regular refinement procedure in acase of the complicated atomic systems
with several quasiparticles (electrons or vacancies above a core of the closed
electron shells). Our version of the density functional method, based on the
formally exact QED PT, uses some effective bare potential for this purpose
[16-19].

In ref. [19] it has been proposed “ab initio” optimization principle for
construction of the relativistic orbital basis’s. The minimization condition of the
gauge dependent multielectron contribution of the lowest QED PT corrections to



the radiation widths of the atomic levels is used. The details of procedure can be
found in ref. [19]. Here we Dbriefly describe the key moments. In the fourth order
of QED PT there appear diagrams, whose contribution into the ImdE accounts
for the exchange-polarization effects. This contribution describes the
collective effects and it is dependent upon the electromagnetic potentials gauge
(the gauge non-invariant contribution). Let us examine the multi-electron atom
with 1QP in the first excited state, connected with the ground state by the
electric dipole radiation transition. In the zeroth order of QED PT we use the 1-
electron bare potential Vn(r)+Vc(r). The mean field potential Vc(r) is related to
the electron density pc(r) in a standard way [16]. Moreover, all the results of the
approximate calculations are the functionals of the density pc(r). Further one
may treat the lowest order multi-electron effects, in particular, the gauge
dependent radiative contribution for a certain class of the photon propagator
calibration. This value is considered to the typical electron correlation effect,
whose minimization is a reasonable criterion in searching the optimal one-
electron basis of PT. All the gauge non-invariant terms are multi-electron by
their nature (the particular case of the gauge non-invariance manifestation is the
non-coincidence of the oscillator strengths values, obtained in the approximate
calculations with the "length” and "velocity"” transition operator forms). Quite
complicated calculation of contribution of the QED PT fourth order polarization
diagrams into Im AE gives the following result [19]:

Im AE,iny (OL-S; b) =- CHHdrl drz drg dr4 Z ( 1 + 1 }

n>f \Omn T Oas  Omp ~ Ogg
m< f
Wa' (1) wm'(r2) ws' (ra) l//n+(r3)l_:t%{[ (30 - o3Nzs caNas) [ r14] SIN [ @en (F12
+r3)]+

@en COS [ @an (F12+ r34)] (1+a3Nas aNaa)} win (1) wa (ra) wh (r2) s ().

(26)
Here, C is a gauge constant, f is the boundary of the closed shells; n > f
indicating the unoccupied bound and the upper continuum electron states; m <f
indicates the finite number of states in the core and the states of the negative
continuum  (accounting for the electron vacuum polarization). The
minimization of the density functional Im AE,;,, leads to the integral differential
equation for the p, that is numerically solved. In ref. [19] it is developed more
simplified calculational procedure. In result one can get the optimal one-electron
basis of PT. Below we first use such a basis in calculation of the radiative
corrections to atomic levels energies.



5. Procedure for definition the second fundamental solution of the
Dirac equation and anti- Wronscian

In ref [17,18] it has been introduced the bi-linear combination, which was
called as the anti- Wronscian:

W =F.G+F-G. (27)
It can be received from the Dirac equation and the Wronscian condition that

F.-G=1/2+0(r) F-G=-1/2+0(r) for r - o,
(28)

where F,G is the regular solution (9)-(10) at r —»«. It means that W ~is the

finite function elsewhere and it is right for any energy E (even E>0, when the
Dirac equation solutions are oscillating for r — «):

W~ 1/r for r—o. (28)

The main advantage for the w ~introduction is connected with a simpleness of
asymptotes, that is make more simple its integration, analysis of the numerical
errors and modelling in the region of the asymptotically large values I'. Taking
into account the Wronscian condition, one may write as follows :

F=W -1)/26, G=(W"+1)/2F, (29)

So, the second fundamental solution can be easily found if the first solution
(F,G) and the anti- Wronscian are known. Further, following to ref.[18], one

may write the differential equation for function w ~:
W =av- W +1)G/F —av W —1F /G (30)

with asymptotic conditions :
W~ —-W/r for r - . (31)

It can be shown that if some function W - satisfies to the equation (30) then any
function of the following type

W-+Cri F.G. (32)
satisfies to this equation too. The performance of the condition (31) can be
reached by means of the corresponding choice of the complex coefficient C for
given (F,G) and W~. At the same time as the regular solution of the equation
(30) as the regular solution of (9),(10) for r —« can be unstable in relation to



the boundary values (for small ) and can exponentially diverged at r —«
because of the little mixture of the second fundamental solution. It is quite
possible that a contribution of the diverged mixture can become sufficiently
significant in a process of the numerical integration.

Another very important aspect of the problem is a correct output of the
integrated functions (lfé) and W to the asymptotes [18]. An effective
procedure for realization rational output has been proposed in ref. [12] and
based on using the asymptotical equations for w . Really, one may represent
W~ in the form :

W (r)=e"", (33)

where o(r) is the complex function. The differential equation for anti-wronscian
is as follows :

dW-/dr=W de/dr. (34)
o' =alN W+ -vrw -1F?|/GFw-. (35)

Further in a region of the asymptotically large values r one may transit from the
exact equation (30) to the asymptotic equations as follows [17,18]:

’

W =W~ Reg'+W aImlv (W +1)62 ~v* W —1)FF]/GFw "]} (36)

with the model function :
Reg =-1/r+oc,/r* +o,/rd, (37)

It is important that all solutions of the asymptotic differential equations are
stable in relation to the numerical errors of integration and, besides, they satisfy
to the condition (30). This is opposite to a behaviour of the exact equations (30)
solutions. The constants o,, o, are simply connected with 1/r expansion for w -
[18]. A control of quality for the integration is fulfilled on the function
X(r)=w-W . In a region of the asymptotically large values r it is correct the
following chain of inequalities :

X'(r)<0, X"(r)>0, X"(r)<0, X" (r)>0, X" <0... (38)

for absolutely exact function X(r). The non-fulfilling these condition can be
used for earlier diagnostics of the integration numerical errors and transition to
the asymptotical differential equations. More details about above described
procedure can be found in refs. [16-18].



6. General scheme of calculation for a three-electron system

Taking into account for the further application of the algorithm in
calculation of the radiative corrections to the levels energies of the heavy Li-like
multicharged ions let us describe briefly the calculation procedure for three-
electron systems. More detailed description of all method is given in refs.[22-
24].

One may consider the Dirac-Fock type equations for a three-electron
system 1s?nlj. Formally they fall into one-electron Dirac equations for the
orbitals 1s and nlj with the potential:

V(r) = 2V(r|1s)+ V(r|nlj)+ Veox (r)+ V(r|R) (39)
v(r[R) includes the electrical and the polarization potentials of a nucleus; the
components of the Hartree potential:

v(rfi)= % [dr'p(rfi)|F -7 (40)

p(ri) is a distribution of the electron density in the state | i >, Vgy is the

exchange inter-electron interaction. The main exchange effect will be taken into
account if in the equation for the 1sorbital we assume

V(r)= V(r|1s)+ V(r|nlj) (41)
and in the equation for the nlj orbital
v(r)=2v(r1s) (42)

The rest of the exchange and correlation effects are taken into account for in
the first two orders of the PT by the total inter-electron interaction [16-19,22-
26]. The used expression for p(r|1s) coincides with the precise one for a one-

electron relativistic atom with a point nucleus. The finiteness of a nucleus and a
presence of the second 1s electron are included effectively into the energy Ejs.
Actually, for determination of the properties of the outer nlj electron one
iteration is sufficient. Refinement resulting from second iteration (by
evaluations) does not exceed correlation corrections of the higher orders omitted
in the present calculation. The relativistic potential of core (the "screening"
potential) 2V(1)(r|1s)= V.r has correct asymptotic at zero and in the infinity; at

a—0 it changes to an appropriate potential constructed on the basis of the
hydrogen-like functions. The other details can be found in the papers [22-24].



7. Calculation results for self-energy shift to atomic levels energies: Li-like
ions

We have carried out the calculation of spectra for a number of the Li-like
heavy ions with nuclear charge Z=18-100, in particular, Li-like argon and
uranium. First of all, let us note that in a concrete calculation transition from
exact equations (30) to asymptotical ones (34),(35) is under simultaneous
fulfilling four conditions:

X'<0, X">0, X"<0,X" >0. (42)
Using the exact equations (25) for large r leads to non-fulfilling the third
condition and then first one that is meant the divergence of the function.
The attempt to make more long the chain (42) resulted to sharp increasing of the

calculation time and does not provede increasimng accuracy of the result. In
figure 1 we present the calculated curves for X =w "W~ in dependence upon r.

0.01 0.03 0.05 E=11 r

Fig.1. The curves of the X =w W~ (the Fermi-model is used; nuclear charge

Z..a =100) in dependence uponr : a). x =-1; b). x =7. The points where the
derivatives X', X", X", X ". change a sign, are shown on the curves X(r). The
scale of r on the x-axe is given for two values &.

Below in our calculation we used the Fermi-model nuclear potential and
considered the ions with the nuclear charge Zn,q=18, 26, 36 and 92. The points,
where the derivatives X’, X"’ X""", X'V change a sign, are shown on the curves
X('r). Itis interesting to note that the results obtained are practically identical for
the Fermi (present paper) and Gauss [16-18] models of the nuclear charge



distribution. For y = -1 the behaviour of function after extremum X( r) is not
qualitatively dependent upon ¢&. For more large values of ¢y function X’
oscillates. The function X’ reaches the asymptotical value righter than the
functions X", X!V . This is entirely corresponding to the sequence principle
(38).

In table 1 we present the experimental (Exp.) and theoretical data for the
energies of 2s1/,-2p1/> transition in spectrum of the Li-like U%*ion, obtained
by different methods: E2 - our data (this work) within the QED PT; A — QED
PT with the DF zeroth approximation by Shabaev et al; B- multi-configuration
Dirac-Fock method by Cheng-Kim-Desclaux; C- relativistic PT on the inter-
electron interaction; D — the relativistic many-body PT with zeroth Dirac-Fock
potential by Ivanov et al (D) ; E1 —QED PT [22] (look refs. [9,12,15,31-34]).
Let us also mention the values of the 2s-2pi, transition energy, which are
obtained by Persson-Lindgren-Salomonson (22634-10%cm™ ) [12] and Blundell
(22650-10%cm™ ) [35].

Table 1.
Energy (in 102cm™) of 2s1/,-2p1/» transition in the spectra of Li-like ions of
uranium(see text)

Transition | Exp. A B C D El E2

2S1/2-2P1/2 | 22635 | 22644 | 22795 22795 22636 22635 22632
22631

2P122P312 - - 336923 | 336923 | 336218 | 336229 | 336226

In table 2 we present our data for the nuclear finite size effect (NFSE) and self-
energy (Lamb shift=LS) contributions to the energy of 2s-2p, transition for the
Li-like ions of argon, iron, krypton and uranium. In table 3 we present available
experimental data (Exp.) and different calculation results for the energy of the
2S1/2-2p1/2 transition in spectra of the Li-like ions of iron and kripton. The
theoretical values are obtained on the basis of different calculation
methods: relativistic PT on inter-electron interaction [33]; PT on parameters 1/Z
and oZ [34], B- multi-configuration Dirac-Fock method [15], the relativistic
many-body PT with zeroth Dirac-Fock potential [17] and local Dirac-Fock (and
others) potential [31] and QED PT, this paper (see also refs. [22-24]). The
corresponding theoretical value of the transition energy for Li-like argon is
25720 (in 10 cmY); in ref. [31] it is listed the value 25815 cm™ ( this is the
electron structure value without accounting for the QED corrections).



Table 2
The NFSE and LS contributions (in cm ™) to energy of 2s-2p, transition for

the Li-like ions with Z=18,26,36,92 (R is an effective nuclear radius; in 1073

cm)
conibutio | 718 | ze26 | z=36 | z=%
R 3,15 3,56 3,97 5,42
NFSE -10 - 88 -463 | - 267328
LS 950 3975 | 12472 | 333215

Table 3
Energy (in 10cm™) of 2s1,,-2py1/> transition in the spectra of Li-like ions
of iron and krypton (see text)

lon Z2=26 Z=36
RPT [33] 39158 57628
PT [34] 39335 57628
DF [15] 39335 57628
PT DF [17] 39296 57455
QED DF_[31] 39199 57463
39604* 58718*
QED, this 39205 57461
work
EXp. 39199; 39201 | 57460; 57463

Note: * the electron structure values without accounting for the QED corrections

Agreement between the theoretical data and experimental results is more or less
satisfactory, but the most exact results are presented in refs. [9, 12,22,31]. The
calculation has shown that presented generalization of the lvanov et al approach
[17,18,22] to construction of the electron Green function for the Dirac equation
with a non-singular nuclear potential and its implementation to the general QED
PT formalism [22-24] allows to reach a physically reasonable description of the
QED and other contributions to the transition energies, especially, for high-Z
ions of the Li-like isoelectronic sequence. In order to check the possibilities of a
new approach (within the QED PT [22-24]), we have studied the Li-like ions of
argon, iron and krypton. These ions are of the great practical interest for X-ray
laser physics etc (look refs. [36-40]). Analyzing the obtained data, in particular,
for the Li-like ions of iron and krypton, one could conclude that the approach
presented (within the QED PT [22-24]) provides sufficiently high accuracy and
physically reasonable description of the corresponding spectra.



8. Tasks for the self-sufficient work

Task Option 1.

1). Give the key definitions in theory of optimized one-quaiparticle
representatrion Of the relativistic perturbation theory with Dirac-Fock equations
and Green’s function of the Dirac-Fock equation: i) construction of the
optimized one-quaiparticle representatrion for Dirac-Fock equations% ii)
computing the Dirac-Fock equations; iii) Determination of the Green function of
the Dirac-Fock equation; iv) the technical details of the computation code.
2).Explain the key ideas of the numerical approach to construction of the Dirac-
Fock optimized representation and realize a concrete scheme for solving of the
Dirac-Fock equations and Green’s function of the Dirac-Fock equation for
concrete atomic system (carbon).

3). To perform its pracrical realization (using Fortran Power Station , Version
4.0; PC Code: “Superatom” (all necessary numerical parameters should be self-
taken).

Task Option 2.

1). Give the key definitions in theory of optimized one-quaiparticle
representatrion Of the relativistic perturbation theory with Dirac-Fock equations
and Green’s function of the Dirac-Fock equation: 1) construction of the
optimized one-quaiparticle representatrion for Dirac-Fock equations% ii)
computing the Dirac-Fock equations; iii) Determination of the Green function of
the Dirac-Fock equation; iv) the technical details of the computation code.
2).Explain the key ideas of the numerical approach to construction of the Dirac-
Fock optimized representation and realize a concrete scheme for solving of the
Dirac-Fock equations and Green’s function of the Dirac-Fock equation for
concrete atomic system (neon).

3). To perform its pracrical realization (using Fortran Power Station , Version
4.0; PC Code: “Superatom” (all necessary numerical parameters should be self-
taken).



Task Option 3.

1). Give the key definitions in theory of optimized one-quaiparticle
representatrion 0f the relativistic perturbation theory with Dirac-Fock equations
and Green’s function of the Dirac-Fock equation: i) construction of the
optimized one-quaiparticle representatrion for Dirac-Fock equations% ii)
computing the Dirac-Fock equations; iii) Determination of the Green function of
the Dirac-Fock equation; iv) the technical details of the computation code.
2).Explain the key ideas of the numerical approach to construction of the Dirac-
Fock optimized representation and realize a concrete scheme for solving of the
Dirac-Fock equations and Green’s function of the Dirac-Fock equation for
concrete atomic system (oxygen).

3). To perform its pracrical realization (using Fortran Power Station , Version
4.0; PC Code: “Superatom” (all necessary numerical parameters should be self-
taken).

Task Option 4.
1). Give the key definitions in theory of optimized one-quaiparticle
representatrion Of the relativistic perturbation theory with Dirac-Fock equations
and Green’s function of the Dirac-Fock equation: 1) construction of the
optimized one-quaiparticle representatrion for Dirac-Fock equations% ii)
computing the Dirac-Fock equations; iii) Determination of the Green function of
the Dirac-Fock equation; iv) the technical details of the computation code.
2).Explain the key ideas of the numerical approach to construction of the Dirac-
Fock optimized representation and realize a concrete scheme for solving of the
Dirac-Fock equations and Green’s function of the Dirac-Fock equation for
concrete atomic system (sodium).
3). To perform its pracrical realization (using Fortran Power Station , Version
4.0; PC Code: “Superatom” (all necessary numerical parameters should be self-
taken).



Task Option 5.

1). Give the key definitions in theory of optimized one-quaiparticle
representatrion Of the relativistic perturbation theory with Dirac-Fock equations
and Green’s function of the Dirac-Fock equation: i) construction of the
optimized one-quaiparticle representatrion for Dirac-Fock equations% ii)
computing the Dirac-Fock equations; iii) Determination of the Green function of
the Dirac-Fock equation; iv) the technical details of the computation code.
2).Explain the key ideas of the numerical approach to construction of the Dirac-
Fock optimized representation and realize a concrete scheme for solving of the
Dirac-Fock equations and Green’s function of the Dirac-Fock equation for
concrete atomic system (lithium).

3). To perform its pracrical realization (using Fortran Power Station , Version
4.0; PC Code: “Superatom” (all necessary numerical parameters should be self-
taken).

Task Option 6.
1). Give the key definitions in theory of optimized one-quaiparticle
representatrion Of the relativistic perturbation theory with Dirac-Fock equations
and Green’s function of the Dirac-Fock equation: i) construction of the
optimized one-quaiparticle representatrion for Dirac-Fock equations% ii)
computing the Dirac-Fock equations; iii) Determination of the Green function of
the Dirac-Fock equation; iv) the technical details of the computation code.
2).Explain the key ideas of the numerical approach to construction of the Dirac-
Fock optimized representation and realize a concrete scheme for solving of the
Dirac-Fock equations and Green’s function of the Dirac-Fock equation for
concrete atomic system (magnesium).
3). To perform its pracrical realization (using Fortran Power Station , Version
4.0; PC Code: “Superatom” (all necessary numerical parameters should be self-
taken).
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