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Multi-fractal modeling of nonlinear hydrological systems:
Annual run-off time series and fractal dimension

The problem of studying the fractal especialitites for non-linear hydrological systems
run-off (on example of two rivers systems) is at first solved. The annual run-off time
series data were obtained on the basis of processing the available empirical data and
additional complex stochastic and neural networks modelling with the use of the water-
heat balance equation and empirical orthogonal function method. Chaotic dynamics
of fluctuations of the natural rivers annual run-off is numerically calculated and the
fractal dimensions are determined (for two rivers systems). In is indicated on the unity
of dynamical evolution physical laws for such systems as a classic turbulent liquid and
atmosphere, ocean, hydrological, astrophysical systems.

In last years the fractal structures in hydrodynamics, astrophysics etc. attracts a
great interest. Different theoretical models are proposed and experiments in laborato-
ries and nature objects are carried out (c.f. [1—7]). A principal question is in what
degree the properties of observed fractal structures are general? Recently it has been
found that the similar large scaled fractal structures (with fractal dimension D~4/3)
may be realized in laboratory turbulence (space scale is 10~' M), in an ocean and the
galaxies formations (scale till 10> Mps). These structures have the percolation char-
acter [2-4].

It is well known that many physical, geophysical, hydrological (etc.) systems (and
the dynamics of their key characteristics fluctuations) can be described as a mechani-
cal dissipative multi-body systems, which are fundamentally non-linear [1-11]. Gen-
eral non-linear parameter dependent dynamical dissipative systems very often have
parameter ranges, in which the dynamics is chaotic [1]. Chaotic behaviour in the sense
of a fully deterministic evolution of the systems in time bounded in phase space with
sensitive dependence on initial conditions, might therefore be expected to occur in
above cited systems. Dissipative non-linear systems typically have a long term behav-
iour which is described by an attractor in phase space. At the same the chaotic dynam-
ics in details is often unknown. We cannot reconstruct the original attractor that gave
rise to the observed time-series. Instead, we seek an textit where we can reconstruct an
attractor from the scalar data that preserves the invariant characteristics of the original
attractor. It is well known that an attractor is called strange attractor if its dimension is
non-integer, i.e. fractal. Non-linear systems of fractal objects like interfaces or time-
series is their scaling property related to invariance under magnification. For uniform
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fractals, the scaling is uniquely described by one fractal exponents, the so-called frac-
tal dimension.

In this paper we consider an effective method for treating the non-linear complex
hydrological systems, based on the “neural networks” and multi-fractal modelling
[12,13]). Approach developed allows to get a possibility of forecasting the evaluation
dynamics, including the extreme phenomena in non-linear hydrological systems. We
apply these models to treating the chaotic dynamics and fluctuations of the annual run
off for natural rivers. Comparison of calculated by us fractal dimensions for some
river systems and comparison of these data with analogous data for laboratory turbu-
lence, ocean system and astrophysical ones indicate on the unity of physical nature of
the stochastic processes in sufficiently different on their physical operating laws sys-
tems (different mechanisms of energy transformation and decay).

Probably the most number of papers regarding the fractal structures is devoted to
the turbulence phenomenon. Usual application of the fractal formalism here as fol-
lows (c.f.[2,4]). The region, where the turbulent liquid moves is divided on the cubic
cells with the characterized Kolmogorov’s scale T. Mox#no There is existed a critical
concentration of cells with probability 0<p_<1 when at first unlimited cluster of
turbulented cells arises that leads to radical changing in the energy transformation.
Before this moment, introduced in motion region energy resulted in the increasing
number of cells and dissipation. After appearance of cited cluster the cells concentra-
tion will be increase. Its appearance, as it’s well known, is a critical phenomenon.
Characterized size of vortex cluster / B(in region of p) [4]: [~|P-P|” . A critical size
v is an universal parameter and independent upon the space topological dimension.
This parameter (typical value v~0,9 [4]) is linked with fractal dimension D_ of the
vortex cluster skeleton. Further if the initial filed of large scaled velocity is known
(the vortexes of scale 1 are excited) then a cascade scale dividing process leads to
hierarchy of vortexes of the scales / ~q-"I | (¢ — the scale division parameter). Process
of the energy transfer on scaled cascade is chaotic one. As result, anisotropy and large
scaled inhomogenity of the velocity initial field influences on statistical pulsation re-
gime in less degree during decreasing the scale that is led to scaled invariance and
local anisotropy on sufficiently little scales (I "1 **?). For isotropic pulsation the ener-
gy distribution on scales (I~k-/, k—wave number) is defined by spectral density E(k).
Simple physical arguments allow to introduce a characteristic pulsation period [4]:
T ~ [E(Rk]'?, k, ~ .1t may be interpreted as time for exciting the vortexes of
scale [, by the vortexes of scale Im . A time for exciting the full cascade of vortexes:

foc ~ zT m . The more interested value is ( fec -¢ )~ 2 T, . Under sufficiently big

m=0 m=M
values of M it is true a scaled invariance and scaling representation: E(k)~k* . After M
dividing fractions insist of the single initial vortex it will be N ~g" number of vortexes
of the scale IM~g"[. This system of vortexes will occupy some volume in a space with
effective size /), and it can be written: N~/,” , where D is a fractal dimension. Further
one can write the following expression: / (¢, .)~ (te<-t )*“¥”*. Numeric calculations of
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the fractal dimension allowed to obtain the following value for dimension: 1,35+0,05.
Another interesting example is the fractal especialitites in dynamics of ocean system.
In fig.1 there are presented data (from ref.[14]) of observations in different points of
thermocline at the horizon of 100m. Here there are regions with scaling (parameter “4/
3” is indicated by solid lines) in the large scales part of spectra.

E(K), %)~
3

’ il 1
02 0™ kp

Fig.1. Fractal especialitites for in the large scales part of spectra
(for ocean system: thermocline at horizon 100m) [14]

Another examples of the fractal structures are the ones in the astrophysical ob-
jects. Under supposition that a substance in the universe is in turbulent motion, then
the large scaled accumulations (galaxies and clusters) occupy the volume where an
active dissipation of energy takes place, i.e. fractal dimension of the turbulent dissipa-
tion field coincides with dimension of field of the substance density in the form of
galaxies and their accumulations. For these systems there is obtained the following
value of the fractal dimension: 1,3+0,1 [4], i.e. practically “4/3”. In this light especial
interest is called by problem of determining the fractal dimension of the other nature
objects, namely, the aquifer systems. More exactly, speech is about a search of the
fractal properties in the key physical characteristics of the river systems. We will dis-
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cover the fractal properties in the time-series of run-off ( annual run-off ) for some
nature aquifer systems. As an example, two rivers systems are considered.

The annual run-off time series data were obtained on the basis of processing the
available empirical data and additional complex stochastic and neural networks mod-
elling with the use of the water-heat balance equation and empirical orthogonal func-
tions method. The details of methodical and calculational schemes are presented in
ref. [8-13]. All necessary data are taken from references, indicated in [8-11]. In figures
2 and 3 we present calculated by us the time-series of the annual run off fluctuations
for two nature hydrological systems (the Pripyate and Southern Bug rivers), received
by us on the basis of processing the experimental data and calculating within above
cited methods. Let us further consider the annual runoff fluctuations within the multi-
fractal formalism. Non-uniform and multi-fractal objects can be more completely char-
acterized by spectrum of D(q) fractal exponents, where q is a real number, the so-
called generalized dimension, where the fractal dimension is equal to D(0) and the
function D(g) is generally referred to as multifractal spectrum (c.f. [1-4,8]). Mathe-
matically, the general aim of the multifractal formalism is to determinate the f{a) sin-
gularity spectrum of measure |L. It associates the Haussdorff dimension of each point
with the singularity exponent o, which gives an idea of the strength of singularity (c.f.
refs.[1-4,8]): Noe) = €'V, where Noi(e) is the number of boxes needed to cover the
measure and € the size of each box. A partition function Z can be defined from this
spectrum:

N(e)
Z(q.€)= Y, 1! (e)zef(q) fore — 0
i=1

where 1(g) is a spectrum which arouses by Legendre transforming the f{a) singularity
spectrum. The spectrum of generalized fractal dimensions is obtained from the spec-
trum 1(q):

_ ()

T o(g-1)

The practical procedure for calculating a multifractal spectrum is carried out with
q in range usually from 0 to 30. This range q is suitable for characterizing the river
discharge time-series with multifractal exponents (Fig.4). The run off time-series (see
figs.2,3) are generally non-linear parameter dependent and have parameter ranges, in
which the dynamics is chaotic. Chaotic behaviour, in the sense of a fully deterministic
evolution of the system in time, yet erratically looking behaviour, bounded in phase
space with sensitive dependence on initial conditions, might therefore be expected to
occur also in the run-off time series. We have fulfilled the computational calculation
for the fractal dimensions and have received the following estimates of the fractal
dimension for hydrological system (the annual run off fluctuations for the Pripyate
and Southern Bug rivers): 1,3-1,7. It is very important to note that the data regarding
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to the multi-fractal spectra allow restoring and forecasting the run-off behaviour on
some necessary temporary interval. We suppose that this is one of the most effective
advancements of the multi-fractal formalism to problem of non-linear statistical anal-
ysis of run-off time series. Therefore, we see that the same principally representations
about large-scaled fractal structures and also the same fractal especialitites in the key
properties of systems are characteristic for laboratory turbulence, atmosphere and ocean
systems, hydrological systems (result of our paper) paper ) and for scales which are
comparable with boundaries of the universe.

Q

800 —

i) T | T | T | years

1880 1820 1860 2000

Fig.2. Time-series of the annual run off (Q, mS/s) fluctuations (Pripyate river)

120

80 —

40 —|

0 T T T T T ]
years
1880 1920 1960 2000

Fig.3. Time-series of the annual run off (Q, mS/s) fluctuations (Southern Bug river)
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Fig. 4. Multifractal spectrum of original run-off series (the Southern Bug river).

Naturally, a class of the systems with fractal properties is significantly more wide
than we considered (many physics, geophysics, biology and chemical disciplines). In
any case it is important to underline that the next step in description of dynamical
systems considered is in using the unity and scales invariance of the master dynamical
equations which describe the evolution of cited systems.
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H. C. Jlobooa, A. B.I' nywkos, B. /I. Pycos

MyasTH(paKTaIbHOE MOAETHPOBAHNE HETMHEHHBIX T'HIPOIOTHYECKUX
CHCTEM: BpeMeHHbIE Psi/ibl F'0JI0BOT0 CTOKA U )paKkTaIbLHAS PA3MEPHOCTH

AHOTAIlUA

Perrena 3aaua BbIsSIBICHUS (PpaKTaIbHBIX 0COOEHHOCTEN XapaKTEPUCTHK CTO-
Ka HeJMHEHHBIX THAPOJOTHYECKUX CUCTEM. BpeMeHHbIe cepun rofoBOro CToka
paccuuTaHBbI C UCIOJIb30BAHMEM 3MITUPHUYECKHUX JaHHBIX, 4 TAK)XKE METOA CTOXa-
CTHYECKOT0 HEHPOCEeTEeBOTO MOEIMPOBAHNUS, YPABHEHUS BOJIHO-TEINIOBOTO Oa-
JIAHCA ¥ METO/1a 3MITMPHUYECKIX OPTOTOHAJIBHBIX (PyHKIIMHA. BbIunciens! cooTBeT-
cTByIolIME (paKkTaIbHbIe PA3MEPHOCTH (M1 IBYX PEUYHBIX CHCTEM). YKa3aHO Ha
€IMHCTBO (PU3MUECKUX 3aKOHOB TMHAMHUYECKOM 3BOIOIMHU TSI TAKUX CUCTEM KaK
TypOyJIeHTHas )XUIKOCTh, aTMocdepa, OKeaH, TMIPOIOTHYECKHe U acTpodusu-
YECKUE CUCTEMBI.
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H. C. Jlooooa, O. B. I'nywixos, B. /I. Pycos

MyJabTidpakTanbHe MOIeTIOBAHHS HEJTIHIIHUX TiIPOIOTiYHUX cCHUCTEM:
4acoBi psiiu PiYHOro CTOKY Ta (ppaKkTajbHA PO3MIPHICTH

AHOTALIA

Po3B’s13aH0 3a1a4y BUSBICHHS (paKTaIbHUX OCOOIMBOCTEH XapaKTEPUCTUK
CTOKY HEJIIHIHHUX TIAPOJIOTIYHUX cucTeM. YacoBi cepil piuHOrO CTOKY pO3paxo-
BaHI 3 BUKOPUCTAHHAM EMITIPIYHUX TaHUX, & TAKOX METO/1y CTOXaCTUYHOTO Hel-
POMEPEKKOBOT'O MOJICITIOBAHHS, PIBHSIHHS BOJHO-TEIUIOBOTO OaJIaHCYy 1 METOIY
EeMIIPIYHUX OPTOTOHANBHUX (yHKLINA. OOUKcIeH] BIAMOBIAHI ppaKTaIbHI PO3Mi-
pHOCTI (UTst IBOX PIUKOBMX cuUcTeM). BkazaHo Ha €qHICTh (Di3UYHMX 3aKOHIB M-
HaMIYHOI €BOJIIOMIT /ISl TAKUX CUCTEM K TYpOYJIeHTHA piguHa, aTMocdepa, OKe-
aH, TiApoJioriuHi, reodiznyHi Ta acTpodizMyuHI CHCTEMH.
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PDi3nKa aepoaucHepCHUX CHCTEM

MixBigomunii HaykoBui 30ipHuk / ['omoBH. pen. B. B. Kaminuak. —
Opeca: ActponpuHT, 2002. — 308 c.

VKp. Ta poc. MOBaMU.

PO3IIITHYTO MUTaHHS BUIIAPOBYBAHHS, KOHAEHCALIT Ta KOATYJISLIT Y
BOJISHOMY a€pO030JIi, & TAKOXX KMHETUKA FOPIHHS TBEPAMX i MOPOIIKOIIO-
MiOHMX TanbHUX. HaBeseHO pe3ynbTaTu MOCTIKEHb 3 TerIo- i Macoo0-
MiHY B IMCIIEPCHHUX CUCTeMaxX. BHCBiTIIeHO Mpo0OieMu aKTHBHOI Aii HA Me-
TEOPOJIOTiuHI sIBUIIA. PO3IIISIHYTO esKi eEKTPHYHI SIBUILA ITPH B3A€MO/IIT
3apsIKEHUX YACTHHOK.

st Gi3ukiB, XiMiKiB, METEOPOJIOTIB 1 IHKEHEPIB.
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