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Abstract

An effective potential for a three-component charged hard-spheres mixture is studied. The critical behavior of the effective
potential, which is interpreted as ordering tendency, is discussed. Obtained results are applied to making estimates for the
lattice parameters of the polysterene—water suspension. Qualitative agreement of theoretically predicted lattice parameters

with the experimental values is demonstrated.
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1. The study of critical phenomena (short order-
ing, crystallization, melting) in concentrated colloidal
suspensions is an important problem of liquid matter
physics [1—-10]. Such colloidal systems demonstrate
interesting properties, in particular increasing of in-
tensity of hydrodynamic interaction at the generation
of the ordered phase [11]. On the other hand, crystal
structures recently observed in colloidal suspensions
and colloidal (dusty) plasmas [9, 12] give an excellent
opportunity for a direct comparison between classical
statistical mechanics and experiments.

Here we apply the charged hard-sphere model for
the description of a colloidal suspension. A model
approach to the calculation of the binary distribution
functions and the static structure factors is proposed.
It is related to the qualitative estimates of the effec-
tive potentials in the system under consideration which
could be compared with the data for structure factors
extracted from the results of neutron, X-Ray, electron-,
or light-scattering experiments [1, 13, 14]. Within the
framework of the proposed approach a simple analy-
sis of the colloidal particle ordering is performed.
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2. Let us consider a water suspension of polystyrene
colloidal particles (with a size of the order of a ~
0.1 um. We note that in recent experiments [9] the
crystallic phase formed by colloidal particles with the
lattice constant Ry ~ 1 um could be generated.

In the following, we shall suppose that the sys-
tem under consideration can be described as a
three-component mixture consisting of charged hard-
spheres (colloidal polystyrene particles and counter
ions) and neutral hard spheres with given dipole
moments (solvent molecules). The condition of the
electroneutrality of the whole system is assumed to
be satisfied.

In the equilibrium state the problem of the calcula-
tion of the static correlation functions G"”/(R] Ry =
F§7 (R,R') — 1 (F§” (R,R') is the binary distribu-
tion function) is reduced to the determination of the
effective potentials for particles of species ¢ and o’
located at the points R, and R,, respectively,

F{”(Ri,Ry) = o™/ (R0, (1)

where 7 is the absolute temperature in energy
units. Henceforth, subscript ¢ denotes neutral solvent
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molecules (¢ = 1), microions (¢ = 2) and colloidal
particles (o = 3).

Static structure factors can be defined by the rela-
tions

77 )= [ AR Ty
@)

where R = R, — R», n, is the number density of par-
ticles species o.

The description of the system under consider-
ation may be done on the basis of various ap-
proaches (see, for example, Refs.[15-20] and
references cited therein). Here, we derive, the equa-
tion for Vgp}’/(Rl,Rz) on the basis of the well-known
Ornstein—Zernike equation, which is often used for
the description of critical phenomena [15, 17, 18]

G™ (Ry.Ry) = C3” (R\, Ry)
S / dR,C5” (R, R)G” " (Ry.Ry).  (3)

where Cg”/(RI,Rz) is the direct correlation function.
Using the hyperchain approximation [18, 19]

(R, Ry) = V" (R, Ry) — Zn(,uT/dR3

1"

S ; 1 144
(ehtr (R, R;)/T _ 1+ TV:ﬁq (R],R})

ﬂllﬁliR:;AR:i’

1 1 7 Ot
—F (RI,R3)> (e 1), @)

where V7 (R) is the dilrect pair poteptial.

We assume that V°° (R) and V' (R) can be di-
vided into a universal short-range part V(;’”/(R) and
long-range parts %7 (R) and V77 (R), respectively,
according to

Vo (RY= V" (R) + v"" (R),

R =V (R)+ V77 (R), (5)
where

ao’ . oo, R < oo’
VO (R) - {O, R > Qoo (6)

and a,, = a, + a4, a, being the radius of the solid
core for the particles of species a. It should be noticed,

that the hypernetted chain approximation may limit the
applicability of the present theory to phase transitions.
However, other approximations lead to quite similar
results [23].

Substituting Eq. (5) into Eq.(4), one obtains the
equation

Vor(R) = 1:””/(R) =3 N T/dR/ Ke—l’ﬁff”(R’)’T

P

l -~ r l ’
+? Voo (R - ?v““ (R’)> R — azor) — 1}

X[H(|R _ Rl| — Qg )eilﬁg//ﬁ/(R_R/ ¥ T . l]’
(7

which is valid only at R > a,».

Linearizing Eq. (7) with respect to Voo /T we find
the equation describing the behavior of the effective
potentials far from the critical point

I}aa/(R) - l“ﬁﬂ/(R) — Znﬁ” T/ dR/ |:0(a(m-// — Rl)

1
+TU(WN(R/)H(R/—U(M” ):l [()(arr”(r’ - ‘R - Rl|)

1

+?Vﬁ,, AR—=R)YO(R—R'| — ase)].
R

T

> dggt. (8)

We assume that this equation can be applied to
study the possibility of the phase transition [21,22]. It
should be realized that the linearization is not meant to
describe quantitatively correct properties of effective
potentials, but to lead only, on basis of singularities,
to indications of conditions for ordering.

Eq. (8) can be solved by the Fourier method. It is
possible to show that the Fourier representation of
Eq. (8) may be written as

’7m7’ + Z Arm"(k)l;'z”rr'

= gt = TS g0 A7 (K07 . (9)
Here

per = / dRe ™ R (R),
R>a_ .
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The formal solution of Eq. (9) is the following:

., T . / T

peo = ;T(O”"’ — g 07) — l—n;,),(k), (10)
ra Fi Py

where
Hyer (k) = ger + na’A(M/(k)

Accordingly, for the structure factor S (k), we have

S (k) = /% 17 k).

Now, let us specify the long-range part of the inter-
action potentials for the system under consideration.
For charged particles (g,0’ = 2, 3), we have

5 €O ktlgy
ko

L‘Z”/ =A4nz,zye (1
where z, is the charge number of particles of species
g (zy = 0, z = —z3n3/ny, z3 1s the charge number of
the colloidal particles).

As regards the long-range interaction potentials be-
tween the charged particles and solvent molecules, as
well as the one between the molecules, they are equal
to zero in the case of nonpolar solvent, i.e. v = 1,7 =
0 at 0 = 1,2,3, and Egs. (10), (11) give the formal
solution of the problem.

If the neutral molecules have nonzero dipole mo-
ment, d, both effective and pair interaction potentials
depend on the dipole orientations and the above re-
lations should be modified. Here, we consider two
approaches to the solution of this problem. The first
one consists of the assumption that orientations of
the dipoles contributing to the effective potentials are
strongly correlated. It means that as a first step, one can
calculate the effective potentials for the given dipole
orientation on basis of Eq. (10) with the following
Fourier components of the long- range part of the pair

interaction potentials

Ja

4
v = —g-aeikdcoskal,,. o=2,3,
0 = -0, 0=2.3,
4 2
v,l‘.l = k_]; = (kd )~ cos ka,

and then perform the averaging over orientation of
dipoles. The result is

a1y, (12)

ag

T , T
e AR

a I‘lo./
where
1 [T
<H,;,,lr> = —/ sinvdo H;ﬂ],(k,kd)
0 kd=kd cos ¢
With the appr0Ximation <A(7(7/A(7/(7| [7k(rm/> _
(A7 A7) ’7;'”/, Eq. (12) reduces to

T {(Ms6)
ng (D(k))’

(13)

- ’ T . ’
VZU = (()(m' - n(r’HZJ ) -
Ry

where D(k) is the determinant of the matrix I1,,/, T,
is the cofactor to the matrix element I1,, . After the
angular averaging we are led to the following expres-
stons:
(D(k)) = (1 +n (A1 + m2 A0 W1+ n3A33)
—mn3 A3 Azp] + mynanz[ Ay (A2 A3)
A3 (A Ay3)]=nynz(1 4 noAn N A3 Asy)
—mna(1 4 n3A33){Ax A12), (14)

(1 4+ naAp W1 + n3As3) — nyn3 Az Az,

= mn3 (A3 A31) — m (1 + n3A33){A21).

nany (A3 As2) — na(1 4+ n3Asz Y Ai2),

iy Asz{Az1) — mi(1 + ny A2 )(Az1),

(V+m (AL + n3Azy — myny (A3 Az)),
na( 1+ ny (A1) Az — nyna(Agg) Az,
nany A>3 (A2 — maAx(l + nyAn),

nny (A3 Ay} — naAs(l +ny (A)),

(I +m (AN + npAz) — mima{Ay Ays).
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Here

I’l]</111> = I’ll(),l(] + 4nk cos 2a;;
’ VP ’
nln,,/</11(,/l,,/1> = Vl]l’l(;/(),l(ﬂ()z : + LUZ{T

cos ka,, cos ka
xdmpe———2 " "% g0 =2,3,

cos kd ;o
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k = md?/3T is the long-range asymptotic of the po-
larizability of solvent.

The second approach to the problem of effective
potentials in the system with polar solvent molecules
consists in the generalization of the basic equations
(1)—(8) to the case of potentials dependent on the
orientational variables. Introducing the binary distri-
bution functions and the relevant effective potentials
Vi(Ry,d\;R;) and V{(R\,d\;Rs,d3) for ion-
dipole and dipole—dipole interaction, it is natural to
use the following generalization of Eq. (4):

' (Ry,dy; Ry,dy) = Vo (R, dy; Ry, dy)

Q
—ZnﬂuT/dR3/d 3

aa! . 1
{e“ﬁ‘” (R RANT | 4 V3 (Ryd; Ry ds)

1 123
_TVGG (Rladl;R3a d})}

% {eflgﬂ “(Ruds:Rod )T 1}’ o0’ = 1,2, 3.

(15)

In the notation used above, Ve“ﬁi‘/(Rl,dl;Rz,dg) and
V"“/(R],dl;Rz,dz) do not depend on d; or (and)
d, at o, or (and) o’ # 1; dQ =sinvdvde, v and
¢ are the angles giving the direction of dipole,
VU”/(Rl,dl;Rz,dz) is the pair interaction poten-
tial. Representing the potentials for a homogeneous
medium in the following form:

Vo (Ry,d\; Ry, dy) = V™ (R — Ryydy,d>)
§7 (R — R) + 0" (R — Ry;dy . dy),

& (Ridi; Rody) = Vi (Ry = Raydi,dy)

ST (R — Ry) + V' (R, — Ry; d . dy),

where V(;’”/(R ) is defined by Eq. (6) and linearizing
Eq. (15) with respect to Vgg/T and V““I/T, we ob-
tain the following k-representation of the linearized
Eq. (15)

- aQ” | . 7 (d,d")
yao d, d’ o [2)4d k >
A )+ ; n / in 1: T T

x V7' (d",d")

, dQ//
=077 (d,d")— T ny»
o (dod') = TS n / -

P

’ TGGH d’d// "o
x {9;" T L (r )} 07", (16)

where

o7 (d,d") = & i (d e (d),

4

f;"" = kgz(,zgzez cos kagg, (17)
| ikd/z, g=1,

r]ﬂ(d)_{l’ 0,_2~3

z,, is the effective charge number of the particles in-
volved in the dipole.

Using the above representation for pair potentials,
Eq. (16) may be reduced to

1"

ver'(d,d') + z Ngr

3 18 ng(d)/_V” " d Mo (d")

¢!

= & ny(d g (d)

=
pele)

Z v c
077 + L (d)(1 = 05n)).
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_TZ”G”HZ 7
o—//

(18)

On basis of this equation, it is possible to show that
the averaged values of the effective potentials

o dQ [rde’ .
o — y oo 4
k /41_[/ an K d.d")

are given by

~ ’ T N O’G’l T ol
VZ“ = ;1;(00”/ - na’()k )" Fn(m’(k)’ (19)

where

H(f(]’(k) = Ogqr + Nyt

, (Urm’
i k
K+ } , (20)

,
4
wy” = k,z,,za/e 2 cos kayy

. 4nk coska, cos kag
eo(k)  coskay, ’

go(k) =1 + 4nkcoska,,.
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Here Z, is defined by the relation

c=1,
Zg, 0 =23,2. 2D

g =

M,
|
/—/H

e

Comparing Egs. (19)—(21) with Egs. (10), (11), we
see that the presence of dipole moments leads to a
specific renormalization of the pair electrostatic inter-
action between the charged particles. Namely,

4 !
oG 7
Vk = S zpzp e’ COS kg — oy’
———4n % cos ka
= 7 ZgZg! oo’y
k2877 (k)
0
where
“;()'(II k
5;() ( )

_ so(k ) cos kagg 22)
 go(k)coskage — 4mk coskag| coskag

Notice that the long-wave limit of the “effective di-
electric permittivity matrix” &; 4 (k) coincides with the
dielectric constant of the solvent

lm%) ”’” (k) = 1 + 4ni = &,

It shows that the use of & for the description of po-
lar properties of the solvent can be an appropriate ap-
proximation only at ka,, < 1. Since in the case of
colloidal suspensions this condition can be violated,
it is better to use the general expression for “effective
dielectric permittivity” (22).

As follows from the solutions for the effective po-
tentials (10), (13) and (19), singularities of the k —
representation of these potentials are defined by the
secular equations

D(k) = det [, (k) = 0, (23)
(D(k)) =0, (24)
and

Dk = det [T\ (k) = 0, (25)

respectively. These singularities determine the spatial
dependence of the effective potentials. For example,

in the case of nonpolar solvents

PRy 2 g T Tl e

22T D)ok Tee

(26)

where ), implies that the summation over the solu-
tions of Eq. (23) at Re k, 20, Im &, > 0. Similar repre-
sentations describe the effective potentials also in the
case of polar solvents.

If Egs. (23)—(25) have only imaginary solutions,
Eq. (26) (or, similar equations for the case of po-
lar solvents) describe exponentially decreasing poten-
tials. On the other hand, appearance of real roots of
Egs. (23)—(25) leads to oscillating behavior of the ef-
fective potential, which may be interpreted as a ten-
dency to spatial ordering in the system.

It is interesting to compare the results obtained with
those related to another model for effective potentials
following from Kirkwood’s theory [21-23]:

f{?l(Rl,Rz) = V" (R\,Ry)
5 g / dR, V" (R, Ry)

gl

l/rm (R|

S .
e [efl/cﬂ (R:,R>)i T

—1]. (27)

As is easy to see, in this case the re]atlons (10),
(19) remain still valid if one takes ()”” = (. Notice,
that within the framework of this model in the case of
Coulombic long-range potentials, Eq. (10), as well as
secular equation (23) are reduced to the ones derived
by Hastings [22].

3. Let us consider the secular equations (23)—(25)
in more detail. For example, in the case of polar sol-
vents with strongly correlated dipoles (which seems
to be reasonable for water solutions), Eq. (24) can be
rewritten in the following dimensionless form:

I
90%g {8 [<8A(2g) + <5 cos 2L> <77§_2A(Cr]32)
252 cos ({22 )> - ('7%34‘(@123)
r RS .
— .0 cos ({123) + 2| 123 4({n23)

F v i ¥
e cos ({123 )) (317?3'7?24(%3)41 ({m2)
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- (ITI;BAMK cos (Cms)COS(Cﬂlz)>

—p (nz

X (3'1?3/12(&713) +

)

——4nK cos (um))

28
—p (8A(25) + = L cos2(>

X (3'7?242(7712) + 54Tk 005(47712)) }

7020
r
+3a {8 [8A(2s) + 25 cos2( + q(nnA(anzz)
I 6 A2y
+qz—cf COS(CUZZ))} “3(3’7134 (Cms)

41U<C05 (Cﬂl})) - ﬁq(3'1(1’2412(§’712)

VZﬁ
V2ﬁ4mc cosz(gmz)) } +e=0, (28)
where
C = kag, a = }’l3.Q
4 . e%z2
me, Q==a, I'=-=2
ﬁ & 3 3 Ta3
Z3 1y dg + Ay
q=|—]=—, Hog! = ——,
22 n3 as

. sin{ — {cos{
AD = =7

&= 143 ACnn) + dnxcos (Cniy ).

In the case of sizeless counter ions and solvent
molecules (a; = a; = 0) this equation can be trans-
formed to

( 3”) (1 + 2404(20)
(2

+3ng (cos2g — 47k sin C) — 9af4 (())

- 2
dnk

—94%g (A(g“) - q—Ié;cosC> +94%(O)a ﬁ— =0.
(29)

Here I" = Ieg. 59 = 1 + 47k,

In the domain of smali { Eq. (29) has the solution
1 3a ~
2= 3arl {1 +21+~(1+8a41ﬂ)— *qgl"so]
{aﬁ 1 — 80 + g
€0
o i
+ = (6+ —(16“/3)> +80:l
5 q

32f }_l
— £y .
q

+3al [1

Putting

. 4 222
a3 :0(0(—» 0.0 — 0,2l = =€ 3’“)

3 kK2gT

in Eq. (29), one can find the well-known dispersion
relation for an ideal plasma,
4ne’zing  4ne*zimg

432 202 g

+ k280T + k280T
The same result follows from Eq. (25) for the condi-
tions mentioned above.

[f the colloidal particles are neutral and counter ions
are absent, Eq. (29) is reduced to

1 4 2454(20) — 9afA*(0)/eo = 0. (30)
For small values of ¢, Eq. (30) has the solution

«2

14 82 — afi/eg
Fo e

O‘(ﬂ/g() - 16) .
In the case of interest (n; > n3, f > 1, a < 1)

(31)

If m3Q < g/(n Q2 — 8g), Eq.(30) has imaginary
roots that corresponds to Yukawa-type effective po-
tential. At n3Q = &/(n 2 — 8&y) the obtained solu-
tion indicates the possibility of “soff” critical mode
generation,

. 1
Vko ~ k—z'

This gives rise to a long-range (Colomb-like) contri-
bution to the effective potential. With increasing n3 2,
roots of Eq. (30) become real and oscillations of the
effective potential can appear.
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On the other hand, taking the limit ;2 — 0 in
Eq. (29) or Eq. (25) at @ = a; = 0 (i.e. considering
the two-component system consisting of colloidal
particles and sizeless counter ions) we are led to the

equation
3l 3ol

(1+ “2> (1+24M(2c)+ - cos2g>
qe S

8
. 1T2cos?¢
—9a%g <A(g) — 5_—:2_> =0.

(32)

As mentioned above, taking formally A(2{) = A({) =
0 and @) = a; = 0 in Eq. (25), it is possible to repro-
duce the secular equation derived by Hastings [22]

3al 3al
<1+ °i2> (1+ - coszg>
qs &

9621 cos? {
I P o, (33
gt )
which in the case of the single-component model is
reduced to

3ol
1+

—c0s2{ = 0. (34)
22

It was shown in Ref. [22] that Eq. (34) has the real
root 2{ = 2.46 at the minimum value of the quantity
(2\/3oz_F)min = (2K )min = 2.79. With increasing x/,
the value of real root of Eq. (34) decreases, however,
its value cannot be less than (;, = n/4 ~ 0.8.

Assuming that the appearance of real roots of
Egs. (23)-(25), (32)-(34) may be interpreted as a
tendency to ordering of the system, we may estimate
the lattice parameter

2n 27a;

Ry = Koo
so that a/Rp ~ 02 at { =143, or a/Ry ~0.13 at
Cmin = TC/4

These estimates differ from the experimental re-
sults /Ry ~ 1072 [9, 12]. Therefore, let us consider
Egs. (24), (25), (32), (33) taking into account the
presence of counter ions and water molecules. These
equations could not be solved analytically. The results
of their numerical solution at given § and various
value of ¢ which are of our interest are presented in
Figs. 1-5.

Fig. | shows the dependence x({) in the case of the
two-component model calculated within the frame-
work of Kirkwood’s theory (Eq.(33)). The similar
dependence obtained for the three-component system
consisting of finite size colloidal particles and sizeless
counter ions and water molecules on basis of Eq. (29)
are shown in Fig. 2. Fig. 3 is related to the solution
of the general secular equation (28) describing the
model with finite sizes of all particle species. Calcula-
tions have been performed for the following values of
the system parameters: 7 = 293K, n; = 10 cm ™,
g0 =78 a3=5x10"%cm, f=52x10° z,=1I.
Curve numbers are related to different values of ¢,
namely: 1 —¢g =100, 2 —¢g =350, 3 —g = 680,
4 — g = 1000.

Figs 4 and 5 represent the solution of the secular
equation (25) for the case of the three-component sys-
tem within the framework of the Kirkwood’s theory
generalized to the case of polar solvents (0;“/ =90)
and our modification (9,‘:”/ # 0), respectively. As is
seen from the figures, the general feature of the ob-
tained solutions is the existence of some minimum
value of « at which the real solution of the relevant
equation appears. This might be interpreted as an indi-
cation to spatial ordering in the system. In the case that
{ reaches the value of the order { = 2na/(R) (R) =
(3/4mn3)'? is the mean distance between the col-
loidal particles), i.e. the ordering distance Ry = 2m/{
coincides with the distance between the particles, it is
reasonable to assume that crystal-type structure can
appear. Thus, the lattice parameter Ry and the cor-
responding value of the colloidal particle density at
given g, § may be related to the points of intersection
of a({)-curves and %({) = ({/2n)* (dashed lines).

In the case of the two-component model such in-
tersections take place in the domain { > 0,8 (Fig. 1)
which is almost the same as in the case of the one-
component model (29). As was mentioned above, it
is not in a good agreement with the observations. In
fact, introducing the charge number ratio in the exper-
iments g ~ 350 [24] (this estimate is close to the one
which could be obtained from the value ¢ = 1400 for
particles with ¢ = 107> cm [9], if we assume, that ¢
is proportional to the particle surface) we find from
Fig. 1, { = 0.82 instead of { ~ 0.32 in the experiment
[9].

On the contrary, using Eq.(29) we find that for
g = 350, the solution gives { = 0.13 (Fig. 2) which is
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Fig. 1. Solutions of the secular equation (34) for the two-component model in Kirkwood’s theory (I'y = e2iaxT = 1.14. | —gq = 100,
2 — g =350, 3 — g = 680, 4 — g = 1000; dashed line gives the dependence x({) = (&/2m)%).
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Fig. 2. Solution of the secular equation (30) for the three-component model with sizeless counter ions and water molecules (ff = 5 x 109,
other quantities coincide with that for Fig. 1).



48 O. Gerasimov et al. | Physica B 228 (1996 40-50

Addbal

1073

A e WeeY |

— b bbb Al

107

1075

10-¢

-7 rd
1071 Y Y YT YTTY T - v s gumuaen 1

o.0t 0.1

(b) ' g

Fig. 3. Solution of the secular equation (28) for the three-component model with finite size particles of all species: ()
ayjay = ayfa; = 3 x 1073 (b) ay/az = apfas = 7 X 103, other quantities coincide with that for Fig. 2.
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Fig. 4. Solution of the secular equation (25) for the three-component model with 077 = 0 (Kirkwood’s theory in the case of polar solvent)
with sizeless molecules and microions (1 — g, = 70, 2 — g = 100, 3 — g = 350, 4 — g = 1000).
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Fig. 5. Solution of the secular equation (25) for the three-component model with finite sizes of counter ions and water molecules
(1 —g=100,2—¢g =350,3—¢q=1000, 4 — g = 1500, a\/a3 = az/az = 3 x 1073).
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about two times less than the experimental value. Sim-
ilar pictures are observed in the case of Kirkwood’s
theory for solutions with polar solvents (Fig. 4) and
for the general secular equation (25) (Fig. 5).

The best agreement between theory and experiment
is achieved, if we use Eq.(28) taking into account
particle sizes for all species. Assuming that water
molecules and counter ions (H;O)" have sizes of
the order of ¢; =a> ~ 1.5A we see that { = 0.16
(Fig. 3(a)). However, since water is an associated
liquid in which molecules form water dimers, it
is possible to estimate a; ~ a; ~ 3.5 A which leads
to {~ 03 (Fig.3(b)) in good agreement with
experiment.

For particles with @ = 107°% ¢cm, ¢ = 1400 [9] the
appropriate calculations give { = 0.28.

4. Thus, the performed analysis shows that an
appropriate description of the order parameter of a
colloidal suspension can be given within the frame-
work of the three-component model involving a two-
component charged hard-sphere system (colloidal
particles and counter ions) and neutral hard spheres
with dipole moments (water molecules) with the
assumption of strong correlation of dipole orienta-
tions. The two-component model gives an estimate of
a/Ry about three times larger than the experimental
value, while the three-component model with size-
less counter ions and water molecules, as well as
the secular equation (25), lead to a smaller value of
the above ratio. Obviously, the simple model used in
the present paper gives only a qualitative indication
of the crystallization phenomena. However, such sim-
plified consideration may be useful, since it provides
the possibility to study the critical behavior of the bi-
nary distribution function without detailed computer
experiments.
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