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We study the kinetics of compaction and segregation of granular
materials in the field of vibroaccelerations or in contact with other
external sources of energy. In the vicinity of quasistationary states,
the relaxation of the field of the order parameter is described with
the use of simple obvious models of inelastically colliding particles,
the kinetic model of free volume, and the Landau—Ginzburg
and Cahn—Hilliard approaches. The obtained results are in good
agreement with experimental data.

1. Introduction

Granular materials are of a great scientific and
technological relevance and display the properties
intermediate to those of solids, liquids and gases
[1—3]. Because granular materials dissipate energy
on collision, they exhibit the interesting, sometimes
even intriguing dynamical properties under conditions
when the collisional energy loss is compensated by a
continuous input of energy. In the initial stages of the
dynamical evolution of a freely evolving homogeneous
system of inelastic granular particles, the system
continuously loses energy in a so-called homogeneous
cooling state, where the density field is approximately
uniform. This state is unstable to density fluctuations,
and the system evolves into an inhomogeneous cooling
state, where particle-rich clusters are formed and grow.
In contrast to a good understanding of the homogeneous
cooling state, there is a limited understanding of the
nonlinear domain growth processes depending on the
granular density and velocity. In particular, the question
about the physical reasons of similarities between freely
evolving granular materials and the phase-ordering
dynamics involving the relevant morphologies in the
inhomogeneous cooling state presents a challenge for the
statistical physics of complex systems.

In [4], it has been shown that, in terms of the
relevantly defined order parameter, the kinetics of
clusterization like those of compaction or segregation
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should obey the Landau—Ginzburg-like scenario of the
phase ordering dynamics with a nonconserved order
parameter field.

However, it is not clear in advance why the Landau—
Ginzburg scenario of the phase-ordering kinetics occurs,
but not, for instance, a Cahn—Hilliard dynamics which
describes the relaxation of a conserved order parameter
field [5].

Consider the nondiffusive dynamics of granular
particles which move along straight lines, until they
collide with other particles. In this scenario, the density
and momentum are conserved quantities. Depending on
the density of the fluid, the distance traveled by particles
prior to a collision may be considerable. Therefore,
the relevant variables (e.g., the order parameter) are
conserved on the macroscopic length scale of the mean-
free path and not on the microscopic length scale.
Typically, the conservation length scale is comparable to
the length scale of coarsening clusters which grows with
time. Therefore, the density (the order parameter) field
are globally conserved, rather than locally conserved.

2. Free Volume Dynamics

If we describe a compaction induced by the weak tapping
of a granular system, as the process, where a grain can
jump into a hole of the appropriate size under the given
distribution of hole sizes, the free volume dynamics obeys
the simple kinetic scenario

dn
i kF, (1)
where F' is the distribution function of hole sizes and k
is the kinetic coefficient, n = pw is the compactivity, p
is the density of grains (the number of grains per unit
volume, each with a volume w).

Taking F' to be the Poisson type

F =exp (—%) , (2)
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Fig. 1. Density curve for the free-volume kinetics

which describe the probability for any volume to be
larger than the volume of a typical grain w. Here,
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pm and 7, are the maximal values of the density and
compactivity (which are approached asymptotically),
respectively.

Writing the kinetic equation in terms of
compactivities, we get
dn ( MMm )
— =kexp| —— ). 4
dt m — 1] )

Integrating (4) from the initial value 7, we obtain
the functional

2
exp (Nm) kt = (Nm — M) exp <777m> -
Mm —

—(nm—n)GXP< i >+

NMm — 1]
2 2
s [ (- ) o (<) (5)
Mm — M Nm — 1

where F; (z) is the exponential integral.

Solving (5) with respect to n (because of 71 < n <
Nm) in the asymptotic limit and neglecting the vanishing
terms, we arrive at

r
). ©

= 1—
g "m< 1+ Tln (1 +t/t)
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where
1 _ 2
ot () o (225)
k Nm Tm — M
r="mm>-n (7)
Mim

The behavior of 1 given by (6) as a function of ¢ is
plotted in Fig. 1.

Thus, from the simple free volume dynamics, we
have obtained the logarithmic law of compaction, which
have been revealed in [6]. The time given by (7) tells us
roughly how many time we need for compaction.

Note that when the initial state of a granular system
is prepared so that n; is close to 1,,, the slow logarithmic
evolution should be observed during a long time.

The model described above can be also expanded on a
two-component granular mixture. Introducing the ratio
¢ = nr/ns, where nr, and ng are the compactivities of
large and small fractions, respectively, we note that, for
such a system, one can expect two types of the dynamics
which correspond to two different states of the system:
with p > p*, where the large grains are rather compact,
and p < p* with raisins floating in the dense matrix
of flour. Here, p* is some typical value for p on the
imaginary phase diagram for a two-component granular
system. One can expect along this line that we will
get again logarithmic relaxation laws, but with different
rates for both states. Also, we expect that the slower
mode will dominate the compaction. The cross-over
between the two relaxations will give the information
about details of the compaction (or segregation).

As follows from the results of the performed analysis
and the data of direct physical experiments, the
evolution of the density (compactivity) field is analogous
to the phase ordering dynamics in the Landau—
Ginzburg and Cahn—Hilliard scenarios [7].

3. The Kinetics of Granular Segregation

It is known from numerous experiments [8—13] that,
when granular materials are placed in a rotating
bed, a different flow dynamics is observed. Generally
speaking, many parameters are involved in the process of
segregation, such as the size ratio, shape, mass, friction
forces, rotating velocity, filling of a drum, etc. The
question naturally arises: what is the simplest model
representing the essential physics?

One can say that the size segregation mechanism can
be seen as a more pronounced influence of one attractor
as compared to the other. This is a reminiscence of
non-equilibrium phase transitions, the control parameter
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being the size ratio (nevertheless, the non-trivial point is
the importance of fluctuations which are of the size of the
system). If we accept this, we may describe the evolution
of such a kind of systems by some displacement field
¢€(7,t). Clearly, we may define deformations V¢ (7,t)
inside the frozen phase. To describe the phenomena of
segregation more precisely, the order parameter field
should be introduced as follows. From experimental
data, let us define the region of a drum statistically
occupied by the cluster of small particles in the final
segregated state. When the process becomes stationary,
one can take pictures, and, after developing, the
segregated zone will be defined. The kinetic study will
be reduced, afterwards, to counting the number of
particles which belong to this segregated zone. From
these operations, one can deduce the area (2 (t) occupied
by small particles in the segregated zone defined above.
The connected mass created in this way is called the
reference mass (a mass is said to be “connected” when
its particles actually touch each other). Its volume or
surface area reached in principle after an infinite time is
denoted by Q (c0). Clearly, Q (¢) < Q2 (00). At this point,
it is natural to introduce the average ordering parameter
P (t) that can vary between 0 (for completely random
and homogenous mixtures) and 1 (for the fully developed
reference mass). This parameter is defined in terms of
Q(t) by

Q(t) _ ()
Q(c0 Q0
P(t) = 2 o=), (8)
1= oty

As follows from experimental data [13—18], the
relevant order parameter P (t) defined by Eq. (8) shows
a global trend of increasing in time and saturating
asymptotically (on the long run after the cylinder or
2D drum rotation has been started). A typical time
evolution of the average order parameter P (t) is well
enough approximated by an exponential law of the form

P(t) = P (o) [1 — exp (-iﬂ )
(&
with a characteristic segregation time 7.. Note that, from
the point of view of the general theory, it is not possible
to generate an exact steady-state trajectory in the phase
space. This is because the measure of any dissipative
non-equilibrium steady state within the phase space is
zero [19, 20], as well as the probability of selecting the
initial phase points that lie exactly in an equilibrium
steady state. For such purposes, one can use the
equilibrium (relaxation) method of approaching a steady
state. This picture can be expressed mathematically
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in the (7,t) space by definition of the relevant order
parameter which demonstrates the system evolution
starting from the initial state, passing the intermediate
heterogeneous state, and finishing with the asymptotic
non-equilibrium stationary state (local equilibrium or
steady state).

Consider the kinetic theory of non-equilibrium
phase transitions (which is based on the Landau
theory of phase transitions [7]) as an instrument for
the investigation of the fragmentation within open
dissipative systems (with an example of a driven dry
granular system in the segregation state) close to the
critical region of a metastable stationary state (steady
state).The existence of this state follows definitively
from experiments. On that way, considering the final
non-equilibrium asymptotic state, when the segregation
is reached, as a steady state, one can describe
the phenomenon of fragmentation (segregation) as a
relaxation with a relevantly determined order parameter
field.

Considering the radial segregation as a weakly non-
equilibrium relaxation process in terms of a relevant
parameter of ordering ¢ (7, t) we focus on the evolution
of ¢ (7, t) in the vicinity of the steady state. We assume
that the evolution of ¢ (7,t) can be described with a
master dynamic equation of the Landau—Ginzburg type
for a non-conservative field ¢ (7, t):

dp __OH

5 =5, (10)

or with the Cahn—Hilliard-type equation in the case of
a conservative field of ordering:

w--a{rifl

o 5 (11)

Here, T is a kinetic coefficient, and H (i) is the non-
equilibrium potential functional which can be taken as

H(p) = / E (%)2 - 2S¢ - Zgo‘*} dF.

Substituting functional (12) into (10), (11), we
obtain (in dimensionless variables) the following
equations of motion for @ (7, t):

(12)

g

L= NG+5 - (13)

and

a¢ ! !~ ~ ~3

50 = A {Ae+e -2}, (14)
625



O.I. GERASYMOYV, N.N. KHUDYNTSEV, O.A. KLYMENKOV, A.Ya. SPIVAK

respectively. Here, we define the dimensionless variables

TEI‘at,T’EI‘ct,F’E\/EF (15)
c

and measure the field ¢ (7, ¢) in units of y/a/b:

~ = _ a —/

@ (Ft) = Ecp(r ,T) . (16)

The nonlinear partial differential equations (13), (14)
cannot be integrated in quadratures in general. But, in
the vicinity of the imaginary point of a transition to the
steady state, we can use the quasilinearization scheme
[21-22]

©* (7 1) = (¢* (1)) o (7 1)

by neglecting the fluctuations of ¢ (7, ¢). Here, the
angular brackets denote the procedure of averaging
over all initial states. It is possible to show that
approximation (17) is more adequate in the limit when
the fluctuations of the order parameter field ¢ (7,t)
are negligible in comparison with the quasiequilibrium
value of the order parameter. We consider first the field
equation of motion in the case of a non-conservative
order parameter in more detail. Substituting (17) into
(13), we obtain

(17)

g—‘p =A@+ (1- (& (1)) ¢ (18)
-

Equation (18) seems open-circuited because of the
presence of the second moment term (3* (7)). But the
rigorous solution of Eq.(18) can be obtained, as we are
going to show, in terms of (p* (7)), i.e. of the second
moment of ¢ (7,¢). In terms of the Fourier transforms
of the order parameter denoted as @ (1), Eq. (18) takes
the form

0Py ()

5. = (R +1-(" (M) g (1), (19)
where
(‘51_5 (T) = (Q—]a/e*iﬁf'(ﬁ(,,?/,r) d’F’

The solution of (19) has been obtained rigorously in
[21, 22]. The different scenario of relaxation for (¢? (7))
can be realized asymptotically under certain conditions.
Namely, when

1

Q(A4,0,C) 7

> Q (A, a,C)exp (—27), (20)
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we have
(¢ (1) ~ —

2
1+ =

~1-—

O
—. 21
N (21)
Respectively, in the case of the inequality opposite

to (20), we have
1
)y ——
(" () 1—Qexp(-27)

~ 1+ Qexp(=27) . (22)

Here, the values of Q (4, a, C) and Q (A4, o, C) have
been determined in [4, 21, 22].

Thus, within the presented model, the initial
conditions influence the character of the asymptotic
behavior of the order parameter field, providing long-
time memory effects.

Consider now the behavior of the parameter of
ordering in the case of conservative fields given by Eq.
(14). Using the quasilinearization procedure defined by
Eq. (17) and repeating the scheme developed for a non-
conservative field, we obtain

(@*(r") = /dl?g (73) exp [—27 K+

1
T

+2k2/<<,52 (s)>ds ,

0

(23)

where § (E) is the Fourier component of the static

structure factor which given in [4], and 7' is the
dimensionless time of (15). After some calculations,
relation (23) yields

g

o 2\/?04-25(7”) "
47!

{\/2@04:25 (T’)J| (24

where 2(7')=7' — } (p*(s)) ds.

0

The integral in (24) is rapidly (namely exponentially)
convergent and furthermore can be well estimated by the
expression

~2 ! _77\/7_1-\/57-,)
(r )>_ 2 T/

@ =2 (T')} .

xp [ 27!
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xerfc? {— = (2:,,)] g [ (25)

We are now going to simplify the rigorous
functional (25). Since the function exp [2%(7')/(27")] x

xerfc? [—E(T’) /\/27’] behaves exponentially, and the

ﬁ

function g[ =(r") /(27’)] shows limited variations

within the interval [g [0],9 [\%”, without losing the

general features, functional (25) can be represented as

(")

y(r') =v—
=

(1]

exp (1), (26)

where

v =@ ), =57 ().

Expression (26) produces a differential equation for
the definition of y (7') of the Abelian type, namely

j;_l, = fsu® + fou® + fiu, (27)
where
fa=—2vy’tPexp ('), fa=vy’exp(r'),
fi=Bu(r’)=1/2ry (") ; (28)
Ly — { 4, 7' > 0

1, 7'=0"
={7 T >

Equation (27) cannot be integrated in quadratures,
except for a few particular cases [23—25]. But, to
conclude the qualitative analysis, it is enough to show in
our case that the exponentially relaxing functions belong
to the class of asymptotic solutions of Eq. (27). In fact,
it is simple to show that functions of the type

w(r')=[L+e(rh)/2r? (30)
where

n __ _>07 : A
E(T)_ TI—)OO, 7_111}11005(7—)_07
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Fig. 2. Granular segregation curve (dots are the data of experiment

[10], the solid line is theoretical results)

satisfy Eq. (27) if € (7') tends to zero more rapidly than
any power law (in principle, this strong condition is even
not required). Equation (30) perfectly satisfies Eq. (27)
for any (') = A(7') eI (where A (7') belongs to
the class of functions of limited variations). Thus, the
exponential relaxation law (3% (7')) = 1 —exp (—7'/7§)
definitively follows from the scenario given above. Note
that, strictly speaking, the observable experimental data
on the behavior of the order parameter under segregation
show weakly non-monotonic behavior superposed on the
general saturation tendency (see Fig. 2) [10].

This behavior can be simply described with the
help of the factor A (') which could behave also
non-monotonically (within a limited variation in the
given interval). Note that solutions of the type

A (") exp (—f‘T ’) also asymptotically satisfy (27).
When the Abelian equation (27) with the enough degree

of accuracy is reduced to the Riccati-type differential
equation

% 2,2 l/ (31)
which has the simple integral [23—25]
u(r’) = % (32)
ct' —y21t'InT
Expression (32) produces the relevant function
yir) = (3 ) = 2 - 2R (53)

where ¢; is a certain constant. As follows from (33)
for the relevant dimensionless times 7', the order
parameter can behave nonexponentially slowly (we call
this behavior as a metastable “heterogeneous state”).
Such a critical dynamic decay belongs, of course, to the
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specific character of the considered model. But, at the
same time, it is known from the experiments with driven
granular materials [10] that a typical relaxation time of
a segregation cluster remains almost unchanged as the
rotation velocity increases by one order of magnitude.
This behavior can reflect the existence of a critical
slow dynamic regime (in terms of the order parameter
field description — the slow relaxation metastable state
regime). It is clear that, in the framework of the
considered model, the relaxation picture cannot depend
qualitatively on parameters like, e.g., the ratio of the
diameters of particles in a (binary) mixture because,
by the naked eye, the definition of the order parameter
for growing segregated phases is not influenced by such
parameters.

Our results demonstrate that, while the proposed
model qualitatively behaves in agreement with the
observed scenarios, the phenomenon of segregation in
terms of order parameter fields still offers surprises.
A full and detailed description of this effect (among
many other intriguing properties of granular materials)
continues to be an interesting challenge to theoretical
and experimental physics.

4. Stationary States in a Model 1D System
with Dissipative Interactions

The theoretical model is sufficiently simple to allowa
rigorous analytic analysis to be performed, but it
contains, at the same time, some features relevant to the
theory of granular flows. The preliminary developments
given above motivate us to proceed the analysis of the
effects of dissipative interactions on the structure of
stationary states. We will present the description of the
coupling to a vibrating base via stochastic boundary
conditions or dissipative binary collisions, being the
ingredients of the model. In the search for understanding
the new features induced by dissipation, it is interesting
to compare the situations with and without dissipative
coupling. The simplest model allows us to pursue this
idea, as well as to examine the details in constructive
properties of the asymptotic stationary state (steady
state).

Consider a 1D model with dissipative collisions
balanced by a single rebound velocity. Our object will
be to study the effects of inelastic binary collisions
taking place within the one-dimensional N-particle
system, first vertically and then horizontally moving
and forming a column or a cluster of identical masses
falling with acceleration (—g) in an external field and
colliding with the base or moving between the hot
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and rebound walls. Model with horizontal distribution
of inelastically colliding particles will be considered
elswhere. Note that the contest of maded conclusion also
qualitively conserved in this case. The energy losses due
to binary collisions between the particles are balanced
by encounters with the base or energy input from the
hot wall, playing the role of the energy source. The
question is to study the possibility and features of the
resulting stationary state or the kinetics of a relevant
clusterization. Note that the mentioned problem is
connected with the famous problem concerning the
dynamics of a fluidized granular matter. Such a system
with the base represented by a vibrating plate has been
the object of intensive studies [26,27].

Choose first the simplest vertical system with N =2
and denote the relevant states of two particles by (z1,v1)
and (z9,v2), respectively. Putting particle 1 being close
to the base, we note that the linear ordering 0 < z; < 2z,
is preserved by the dynamics.

Under a binary collision between masses 1 and 2,
their initial velocities (vq,v2) take instantaneously the
post-collisional values

/ 1+e
U = U1 — D) V12,
1+¢
’Ué = v + D) V12, (34)

where vis = v1 — v and ¢ is the restitution coefficient.

When ¢ = 1, the particles just exchange their
velocities, and the total kinetic energy is conserved. For
€ < 1, the dissipation occurs.

By E}', we denote the energy of particle 1 in
its ascending motion after a collision with the base.
Consider the case where the rebound velocity at the
base has a singular distribution represented by the Dirac
d-function. Introducing the rebound probability density
¢ (v), one can write

p(v) =0(v—w), (35)

where vg is some fixed characteristic value of the rebound
velocity.
In accordance with (34), we have

2
muy

2
Supposing that particle 2 is falling then with energy

EJ and using the collision law (34), we obtain the
dissipated kinetic energy

El' = (36)

2
€ 2

1-—
(Ef + By) — (B + E) = ————moi,. (37)
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We try to construct the stationary state of our
system along the following line. In case where the energy
of particle 2 (upper particle) is conserved and EY¥ = E{,
the collision with particle 1 just reverses its velocity.

From (34) and (37), we have
e—3
= . 38
U1 U25+1 (38)

Let us introduce the time 7%, for which particle 1
attains the initial velocity v; as
Vo — U1
= —. (39)
g

To fall back to the base, the particle requires the time

u

Td:T—Tu,

(40)

- (41)

is the period of the expected collision.

We give v2 now in terms of vy and . For that,
we introduce the distance z which satisfies the classical
dynamics

z =" — g [7-“]2 (42)
or, in terms of vll and 7¢,
z = —U;Td + g [Td]2 . (43)
From (42), (43), and (34), we obtain
e+1
= — . 44
V2 vz +3 (44)

With the help of Eq. (41), (44), in the case of a system
which includes two colliding particles, we get the period
of oscillations in the considered stationary regime as
_ 21)0 e+1
g e+3

(45)

In case of a system of three colliding particles, we
obtain
6vg 1+¢

T3 = .
s g 19—¢

(46)

The interval Az; where the collision of the lower
outmost particle occurs in a stationary regime is
1008 (4e —1) (4 —¢)

Az =
Ty (19—

(47)
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Because of the obviously positive character of Az, it is
follows from (47) that, under the condition

e<e. = (48)

Z)

the colliding regime fails.
The stationary regime can occur also in the case of

an N-particle system. The relevant expression for the

period of stationary motion has the form

v 2N (1+¢
Ty = ;" ( )Nfl (49)
N2(1+e)+2(1—¢) ¥ (N —i)’
i=1
Note that, under the condition
e<e. = N2 (50)
c — N + 17

the stationary regime will fail. Putting, for instance
N =99, we have ¢, = 0.97 which is close to the elastic
limit (e = 1).

Consider now the behavior of the density of particles
in the stationary state. For that reason, we introduce the
ratio of the intervals of a periodic motion for the higher
outmost particle Azy and lower outmost particle Azq:

L_(l-e2N -1 ?

(1 +e 3 > ’
The function Az;/Azy is plotted in Fig. 3 as a function
of the total number of particles, V.

As follows from the data presented in Fig. 3,
the dependence of Az;/Azx on N (contrary to the
Boltzmann picture) mimics the nonmonotonic behavior.
We also note that Fig. 3 shows the existence of the size
of a system, for which the dynamic compaction has a
maximal value (under the given restitution coefficient
e = 0.97). When the size of a system approaches the
value N = 99, the stationarity of the system fails in
accordance with criteria (50).

The expression for the total size of a system
approaching the stationary state in terms of {Az;} can
be written as

_9_
- S +ZAZ17

where {Az;} is the set of intervals of the stationary
motion of particles included in the system:

AZl
AZN

= (2N - 1)

(51)

(52)

gtit;

—1i) + 1) (53)
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o 20 a0 =) an T

W
Fig. 3. Distribution f(Az;) of intervals for the periodic motion of
particles in the stationary state

Here, ti+ﬁ are the times of the free motion of the i-th
particle in the stationary state in the directions up and
down, respectively.

By induction, it is easy to show that

tf (N—i+2e—(N—-i-1)

i ) 54
t; (N—i+2)—(N—-i-1)¢ (54)
Respectively, Eq. (52) could be rewritten as
N-1
g1° (1 . A
L="—1[-+ 2(N-i)+1)— |, (55)
2 \4 ; (14 4)°

where A =t} /t7 .

Fig. 4 shows the behavior of the velocities of
inelastically colliding particles (in the case N = 3) in
the stationary regime, the restitution coefficient being
equal to 0.9. Thus, the behavior of the velocity field is
influenced by the degree of thermalization.

Thus, we have considered an approach within
statistical mechanics to the problems of compaction
and segregation for granular materials. The possibility
to describe some general features in the physics of
a granular matter with the concepts of statistical
mechanics requires a more precise investigation of the
criteria and properties of asymptotic quasistationary
states, where statistical mechanics should be valid.
The obtained results prove that the simple kinetic
models can be effectively used along this line in

some particular cases, where such steady states
are artificially constructed or clearly observed
experimentally.
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Fig. 4. Velocities of inelastically colliding particles in the steady
state

1. Duran J. Sands, Powders and Grains. — New York: Springer,
2000.

2. Jaeger H.M., Nagel S.R., Behringer R.P. //Rev.Mod.Phys.—
1996.— 68.— P.1259.

3. Powders and Grains/T.Kishino (Ed.).— Lisse: Swets and
Zeitlinger, 2001.

4. Gerasimov O.I., Schram P.P.-J.M., Kitahara K. //Ukr. Fiz.
Zh.— 2003.— 48, N8.— P.885.

5. De Gennes P.G. //Rev. Mod. Phys.—1999.— 71, S.— P.374.

6. Knight J.B., Fandrich C., Lan C., Jaeger H., Nagel S. //
Phys.Rev.E.—1995.— 51.— P.3957.

7. Patashinsky A.Z., Pokrovsky V.L. Fluctuation Theory of
Phase Transitions.— London: Pergamon Press, 1979.

8. Oyama Y. //BullInst.Phys.Chem.Res. (Tokyo) Repts.—
1939.—18.— P.6001.

9. Clement E., Rajchenbach J., Duran J. //Europhys.Lett.—
1995.— 30.— P.7.

10. Cantelaube F., Bideau D. //Ibid.—1995.— 30.— P.133.

11. Baumann G., Janosi I.M., Wolf E.D. //Phys.Rev.E.—1995.—
51.— P.1879.

12. Hill K.M., Caprihan A., Kakalios J. //Phys.Rev.Lett.—
1997.— 78.— P.50.

13. Dury C.M., Ristow G.H. //J.Phys.I (France).—1997.— 7.—
P.737.

14. Ristow G.H. //Europhys.Lett.—1994.— 28.— P.97.
15. Metclafe G., Shattuck M. //Physica A.—1996.— 233.— P.709.

16. Deltour P., Barrat J.-L. //J.Phys. T (France).—1997.— 7.—
P.137.

17. Duru C.M., Ristow G.H. //Phys. Fluids.—1999.— 11.— P.58.

18. Porion P., Sommier N., Evesque P. //Europhys. Lett.—
2000.— 50.— P.319.

ISSN 0508-1265. Ukr. J. Phys. 2005. V. 50, N 6



THE KINETICS OF PROCESSES OCCURRING

19.

20.

21.

22.

23.

24.

25.

26.

Galavotti G., Cohen E.G.D. //Phys. Rev. Lett.—1995.— 74.
— P.2694.; J. Stat. Phys.—1995.— 80.— P.931.; Rev. Mod.
Phys.—1985.— 57.— P.617.

Dorfman J.R. An Introduction to Chaos in Non-Equilibrium
Statistical Mechanics.— Cambridge: Cambridge University
Press, 1999.

Gerasimov O.I., Fisher I.Z., Lisy V. //Czech.J.Phys. B.—
1982.— 32.— P.772.

Gerasimov O.I. Statistical Theory of Scattering. Solvable
Models.— Odesa: Mayak, 1999.

Kamke E. Differential Gleichungen.— Leipzig: Akademishe
Verlagsgesselshaft,1959.

Murphy G.M. Ordinary Differential Equations.— New York:
Nostrand, 1960.

Polyanin A.D., Zaitsev V.F. Exact Solutions of Ordinary
Differential Equations.— New York: CRC Press, 1995.

Kadanoff L. //Rev.Mod.Phys.—1999.— 71.— P.435.

ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 6

27. Du Y., Li H., Kadanoff L. //Phys.Rev.Lett.—1995.— 74.—
P.1268.

Received 21.09.04

KIHETUKA TIPOIIECIB ¥V I'PAHYJILOBAHUIX
MATEPIAJIAX V¥V ITOJIT BIBPOIIPICKOPIOBAHb

O.I. I'epacumos, M.M. Xydunuyes, O.A. Kaumenkos,
A.A. Cnisax

Peswowme

Mogensunii aHasi3 nporecis KoMmakTu3amil Ta cerperaril rpamy-
JIOBAHUX MaTepiasiB y mosi BiOpONpHCKOPIOBAHL ab0 Yy KOHTAKTI
3 30BHIIIHUM pe3epByapoM eHeprii 3iCHEeHO 3a JOIOMOroK MOJe-
Jeil CTaTUCTUYHOI MeXaHIKH MOOJIM3y KBa3iCTaI[iOHADHUX CTaHIB,
MOXKJIUBICTh iCHYBaHHS SIKMX BUTIKA€ 3 €KCIIEDUMEHTY Ta OOrpYH-
TOBYETHCA TEOPETUYIHO 3a JAOIMOMOTOI IPOCTUX HAOIHUX Mop;enef/i
HEMPYKHUX JACTHHOK Y KOHTAKTi 3 TEPMOCTATOM, IO MPUILYCKA-
0Th MOXKJuBicTH TepMmasizarnil. Orpumani TeopeTuvHi BHCHOBKH,
3pobJieHi Ha OCHOBI KiHETHYIHOI MOJIesTi BiTbHOTO 06’€MY Ta IiAXOMY,
SIKHMI 3aCTOCOBYETHCs 3a creHapiem Jlanmgay—I'in36ypra ra Kana—
Xinnmiapga A7s OMHCY pesakcarlil MoJs BiJIIOBiJHO BH3HAYEHOI'O
mapaMerpa HOPSAKY, J00pe y3ro[KyIThCs 3 Pe3yJIbTATAMH €KC-
ePUMEHTAJIBHUX JOCIII I2KEHb.
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