MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE
ODESSA STATE ENVIRONMENTAL UNIVERSITY

Glushkov A.V. , Khetselius O.Yu.,
Kruglyak Yu.A., Ternovsky V.B.,
Ignatenko A.V.

Numerical Methods in Quantum
Geometry and Chaos Theory, P. 2

Odessa - 2015



bbK 22.193
G55
V]IK 539.184:539.27

Glushkov A.V. , Khetselius O.Yu., Kruglyak Yu.A., Ternovsky V.B.,
Ignatenko A.V., Numerical Methods in Quantum Geometry and Chaos theory,
P.2 Lecture’s Notes - Odessa: 2015.

There are presented key elements of modern quantum geometry and electrodynamics,
namely, solutions of relativistic Dirac equation for electron in an external field, quantization
of states of relativistic Dirac equation, quantum theory of electromagnetic radiation,
mathematical formalism of a second quantization with application to configuration interaction
quantum theory method and others. For M.Sc. and PhD students of the specialities:
"Calculational Mathematics", "Optics and Laser Physics", "Mathematical Physics".

N310KeHbl 3J€MEHThl COBPEMEHHON KBAHTOBOW I'€OMETPUM M KBAaHTOBOM 3JIEKTpO-
JUHAMHUKHU, B YaCTHOCTH, PELIEHUE PEJSITUBUCTCKOIO ypaBHEeHMs Jlupaka Juisd 3J€KTpOHa BO
BHEIIIHEM I10JIe, KBAHTOBAHUE COCTOSHUM PEISTUBUCTCKOrO ypaBHEHHUs Jlupaka, KBaHTOBas
TEOpUsl AIEKTPOMArHUTHOTO U3JIy4YEHUs, MAaTEMAaTUYECKUH anmnapaT BTOPUYHOTO KBAHTOBAHUS
C IPUMEHEHHEM K METOAY KOH(UTypallHOHHOIO B3aUMOAECHUCTBUS B KBAHTOBOM TEOPUH U JP.
Jl1st MarucTpoB M acMpaHTOB crienraibHocTel «BoruncnuTenbHas MareMaTuka», «OnTika u
na3epHas pusnka», «MaremaTuueckas Gpusnkay.

BuknaneHi eneMeHTH cydacHOi KBaHTOBOI reoMeTpii Ta KBaHTOBOI €JIEKTPOAMHAMIKH,
30KpeMa, pillleHHS PeNsSTHUBICTCHKOrO piBHAHHA Jlipaka /Ui eleKTpoHa y 30BHIIIHBOMY MO,
KBaHTYBaHHS CTaHIB PEJIATUBICTCHKOrO pIBHSAHHSA Jlipaka, KBaHTOBa TEOpisl €JIEKTPOMAarHiT-
HOT'O BUIPOMIHIOBAHHS, MaTeMaTUYHUNA armapaT BTOPUHHOI'O KBAaHTYBaHHS 13 3aCTOCYBAHHSAM
0 MeTolly KOH(irypamiiHoi B3aeMonii B KBaHTOBIA Teopii Tomio. Jlins wmaricTpiB Ta
acmipaHTiB crenianbHocTell «O0uucoBaIbHa MaTeMaTukay, «ONTuKa Ta JazepHa (i3ukay,
«Marematudna izuxay.

Published by the decision of Methodical council of Odessa State Environmental
University



CONTENT

Pages
INtrOAUCING REMAIKS ... ..o eeesee s eeseessesessesseseseessaseesessaeeesessa 6
AbDbreviations (USEd iN TNE TEXL), . ... ..o eesseseeessessssssseeseessssssesessssens 7

Chapter 1 ELEMENTS OF QUANTUM GEOMETRY AND ELECTRO-
DYNAMICS. QUANTIZATION OF STATES OF THE RELATIVISTIC
DIRAC EQUATION

1.1  The relativistic Dirac equation for an electron in an external field ... 8
1.2 Quantization condition of the Dirac equation for an electron
inaCoulomb field ..o 16
1.3 Elements of geometry and quantum theory of electromagnetic
radiation 25

Chapter 2 CONFIGURATION INTERACTION IN THE SECOND
QUANTIZATION REPRESENTATION: BASICS WITH
APPLICATIONS UP TO FULL CI

2.1 INEOTUCTION ..o eeeeeeseesssseessseessssmssssesesseesssssesssesesesseessseesssseee 43
2.2 The Second Quantization and CI Method.____............ccccooeerrreeceeeerrrrrsececen 44
2.3 HOIE FOrMANISIML || ..o eeeeeeeeeeeesssssssssesssssssesesseseseesessssssssssenassan 48
2.4  Expansion of the Physical Value Operators over the N-products_____._. 52
2.5 General Approach to Calculation of the Matrix Elements______ 56

2.6 Matrix Elements of the Physical VValue Operators for Molecules and
Radicals with Account of Singly and Doubly Excited Configurations

as an Example of the General APProach .................ccoooooooeocoeeeeeeessssssnnenn 60
2.6.1 BASISVECIOIS ..........ooooeoeeeeeeeeeeeseeeeeeeeeeeeeeeessseeeseeeessssessssesesseessssessseessesseesssmssssseee 60
2.6.2 Elements 0f the ClMatrIX ... eeeeeeeeeeeeeesseeeeeeeeeeesessssseee 63
2.6.3 The Brillouin Theorem and its Analog for Radicals,_.... ... .. 65
2.6.4 Calculation of Certain One-particle Properties_..............ooooveeeerreersssen 67
2.7  Exact Solution for a Seven-electron System Using Full CI Method ... 69
2.7.1 Configurations and Energy RESUIS ..o 71

2.8 Appendix. Determinantal Method to Derive the Electron
Density—Bond Order Matrix and the Spin Density with an Account of
All Singly and Doubly Excited Configurations for Molecular States_ .. 76

2.8.1 The WaVe FUNCLIONS | .. ... ...ooooeoeeeeeeeeeeeeeeeeeeeeeeeessseeeeeeeeeessesssseeseeeeeeesesssseeee 77
2.8.2 The Expectation Value of a One-electron Operator.._.... .., 77
2.8.3 The Electron Density — Bond Order Matrix and the Spin Density....... 79
2.9 Conclusions 83



Chapter 3 RELATIVISTIC MANY-BODY PERTURBATION THEORY
APPROACH TO CALCULATING ENERGY LEVELS, HYPERFINE
STRUCTURE CONSTANTS FOR HEAVY ATOMS AND IONS

R LU (oo L8011 oL 85
3.2 Relativistic perturbation theory method for calculation of heavy and
SUPEINEAVY TONS,____........ooooeoeeeeeeeeeee e seeeseceememeeeeeeeseeeeeseessessssesssssmeesseseeeeessesessessssen 87
3.2.1 Definition of the basis of relativistic orbitals_..................os 87
3.3 NUCIEAr POTENTIAL . _........ooooooo oo eeeeeeeeeee e eseeeeeeneeeeesssseses 89
3.4  General Scheme of calculation for a three-electron system__........ 91
3.5 Calculation of the self-energy part of the Lamb shift and vacuum
POIAriZAtION COMEBCHION, ___ ...\ eeeesmessemmeeeeeeeseseseesssssssssssssn 92
3.6  Definition of the hyperfine structure parameters,................ccccccereeerrseen 94
3.7 Results of calculation and conClUSION_____.................cccooooooeooeeeeeeeeeceece 95
3.7.1 Atom of hydrogen and superheavy H-like ion with Z=170__ . ... 95
3.7.2 Li-like MUItIChArged HONS. ...............ooooeoeeeeeeeeeeseeseseeseceeeemeeeeeesseseeeseessssssessssssees 97

Chapter 4 OPTIMIZED RELATIVISTIC PERTURBATION THEORY
TO CALCULATING THE HYPERFINE LINE SHIFT AND
BROADENING FOR HEAVY ATOMS IN THE BUFFER GAS
(A.V.Glushkov and O.Yu.Khetselius)

4.1 INOUUCION,........ooooeevveessssseesssssessssssssssssssssssssssssssssssssssssssssssssssssssssssssssees 106
4.2  Optimized atomic perturbation theory and advanced kinetic theory

OF SPECHTAI TNES ..o ssssesssseesssee s s sssssssesesees 110
4.3  Relativistic many-body perturbation theory with the Kohn-Sham

zeroth approximation and the Dirac-Sturm method, ... ... 116
4.3.1 Relativistic many-body perturbation theory with the Kohn-Sham

Z€roth apPrOXIMAION. .._.........oooeeecseeeceseeesseeeessesessssessssesssssessssssssssesssesees 116
4.4  Shift and broadening of the hyperfine spectral line for multielectron

atoms in an atmosphere of the buffer gas.._...........ooerreccserrseee. 122
4.4.1 Shift and broadening of the thallium and ytterbium hyperfine line in

an  atmosphere Of the INErt gas. ...............oeeecoeeeceeeeesseeesseeessenessseeens 122
4.5 Conclusion 130



Chapter 5 THE GREEN’S FUNCTIONS AND DENSITY FUNCTIONAL
APPROACH TO VIBRATIONAL STRUCTURE IN THE PHOTO-
ELECTRON SPECTRA OF MOLECULES: REVIEW OF METHOD

5.1 Introduction 132

5.2 The combined Green’s functions and density functional approach:
The Hamiltonian of the system and density of states in one —body

SOMULION,_........ooooeeeeeeesesssssnssssessssesssssssssssessssssssssssss s sssssssssssessssssssssssssessssasees 136
5.3 The Cederbaum-Domske approach to the many-body problem__...... 144
5.4 Quasiparticle Fermi-liquid DFT............ommsssssssssssssssssssssssssssssssssssess 150
5.5 The application of the combined Green’s function method and

quasiparticle DFT approach to diatomics..................ueeeemsmeeeessssessesssssnee 159
5.6 SUMMAIY........cooommerrrreeeeesssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss 163
References to Chapters 1-3.............mmsssssssssssssssssssssssssssssses 164
Referenes to Chapter 4 .............ssssssssssssssssssssssssssssssssssssssssssssssses 168
Referenes 1o Chapter 5............sssssssses s ssssssssssssesssssssssses 173



Introducing Remarks

Numerical (or calculational or computational) methods in quantum
geometry and a chaos theory are central to modern computing mathematics and
quantum physics and chemistry. It reflects new requirements that relate to
modern mathematics and physics training.

It is well known that the methods of applied mathematics? Quantum
geometry and mechanics give a powerful and and efficient tool researchers in
various fields of science and engineering for mathematical modeling of the most
difficult tasks . Especially this fact applies to address a wide range of problems
of modern applied mathematics and computational physics. Implementation of
new mathematical models on the computer is using methods of applied
mathematics, which, of course, constantly being improved with advances in
computer technology.

Construction of mathematical model of any problem, which is to ensure
efficiency and optimality criterion, can be obtained quickly through an
appropriate effective algorithm. Any reduction of problems of mathematical
physics or engineering course often reduces to the solution of algebraic
equations with one or other structure. As a result, most of the methods applied
mathematics related to reducing the problem to a system of algebraic equations
and their subsequent resolution.

In this book we present the key elements of of modern quantum geometry
and electrodynamics, in particular, the solutions of the relativistic Dirac equation
for an electron in an external field, quantization of states of the relativistic Dirac
equation,quantum theory of electromagnetic radiation, mathematical formalism
of the second quantization with application to configuration interaction quantum
theory method and others.

For magisters and PhD students of the the specialities: "Calculational

Mathematics", "Mathematical Physics".
Units. Everywhere where otherwise indicated, atomic unitsare used: e=1, A=1,
m=1. In these units: ¢=137,03597. Atomic units of length, time and velocity:
#*Ime®=5,291773-10"'m, #°/me*=2,4189-10""s, €°//=2,1877-10° m/s. Atomic
unit of energy (a.u.e.) me*/A*=2Ry=27,2116eVV=4,3598-10"%)=2,19475-10°cm =
3,15780-10° K (kelvin)=6,2709-10% kcal/mole (me*/2#*= Ry- Rydberg). Energy
in Coulomb unts (c.u.): 1 c.u.e.= Z% a.u.e. (Z — charge of atomic nucleus).
Relativistic units: =1, c=1, m=1, e’=1/137,03597.



Abbreviations (used in the text):
AS-  autoionization state,
Cl -  configuration interaction,
DF-  Dirac-Fock (... method),
IS-  isoelectronic sequence,
QED- quantum electrodynamics (...method),
LR-  laser radiation,
MP-  model potential,
MMP- method of model potential,
PP-  pseudopotential,
MCA- multiconfiguration interation approximation,
Pl-  polarization interaction,
PC-  polarization of the core,
PPI-  potential of polarization interaction,
SCP- self-conjuction procedure,
OS-  oscillator strength,
SSF- self-consistent field,
PT-  perturbation theory,
DF- density functional,
HF- Hartree-Fock (...method),

SCE- screening effects.



Chapter 1
ELEMENTS OF QUANTUM GEOMETRY AND ELECTRODYNAMICS.
QUANTIZATION OF STATES OF THE RELATIVISTIC DIRAC
EQUATION

1.1 The relativistic Dirac equation for an electron in an external field

As is well known from QED (c.f. Classical Course of theoretical physics
[1,2], we follow below) and quantum geometry (see. Eg., [3,4]), the wave
equations of free particles express the properties that, In fact, the general
requirements associated with the spatio-temporal symmetry. Naturally occurring
particles is dependent on the physical properties of the processes of their
interactions. Consistent description of electromagnetic interactions is given by
one of the most reasonable physical theories - QED. Of course, it should be
recalled that this formalism is used to describe the electromagnetic interactions
of a particle is not capable of strong interactions. These particles, of course, are
the electrons (and positrons), and thus, for the existing theory is available to the
whole vast area electron QED.

Not capable of strong interactions also unstable particles - muons, t-
particles; they are described by the same QED in the phenomena occurring in
times short compared to the duration of their life (due to the weak interactions).
Standard electroweak theory is a generalization of QED, quantum theory of
electromagnetic interactions. The assumption that there are weak forces in stable
atoms, and as a consequence of parity violation in them - aspect of the
electroweak theory, which is absent in QED.

QED - particularly well-founded and most thoroughly be tested physical
theory. We have taken numerous experimental verification - always successful;
in some cases, the accuracy of the agreement between experiment and theory
reaches 10™°. But, despite this, the tiny parity violation observed in atoms, can
not be reconciled with QED. This - not a question of improving calculations or
measurements.

Violation of mirror symmetry is simply incompatible with the
fundamental hypotheses QED. It is interesting to recall that during the research
question Fermi weak interaction in the process of absorption of light by atoms
do not occur for a number of reasons. Firstly, weak interaction processes
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associated with the collapse (such as beta decay or K-capture), and stable atoms
such processes naturally absent.

On the other hand, the weak interactions are extremely small compared to
the range of atomic dimensions. Thus, either quantitatively or qualitatively even
in times of Fermi could not imagine how weak interactions could affect the
nuclear properties. It is well known, the electroweak theory generalizes QED in
the so-called gauge theories in which the interaction between two particles
occurs through the exchange of "gauge bosons" spin 1.

A classic example is given QED: the electromagnetic interactions are
required to exchange photons - the most well-known gauge bosons. Since
photons are electrically neutral, the charges of two interacting particles remain
unchanged. Weak interactions through interaction of neutral currents and
maintain a charge of interacting particles and transporting them boson (Z ° -
boson) is also neutral.

The traditional range of tasks in quantum geometry and the theory of
QED confined to a single particle. This is - the problem in which the number of
particles does not change, and the interaction can be entered using the concept of
an external electromagnetic field. In addition to the conditions that enable the
external field is considered as a given, the limits of applicability of this theory
are also limited conditions associated with so-called QED radiative corrections.

Following to Refs. [1-3], one could consider the wave equation of the
electron in a given external field. As usual, let

A =(D,A)

- 4-potential of the external electromagnetic field (A- vector, ®- scalar
potentials). Required equation follows from the Dirac equation by replacing the
4-momentum operator difference p-eA (e — particle charge):

[y(p—eA)-mly =0 (1.1)

Here and below we use commonly used in relativistic QED units (see. below).
where ¢ is replaced by a.
Corresponding to the Hamiltonian equation can also be obtained by
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replacing the standard Dirac Hamiltonian:
H=a(p—eA)+/Mm+ed (1.2)
It should be remembered that the invariance of the Dirac equation under a
gauge transformation potential of the electromagnetic field is expressed in the

fact that his views remain unchanged if at the same time with the
transformation:

A— A+ipy (1.3)

(2.here y - an arbitrary function) to convert the wave function according to

w=ye.

The current density is expressed in terms of the wave function using the formula
of the form similar to j=wyy, the absence of an external electromagnetic
field. Applying equation (1.1) the operation of charge conjugation, we have:

7ly(p+eA)+m]=0, (1.4)

Next is easy to rewrite this equation in the form:

7(p+eA)+mly =0, (1.5a)

and multiplying it by the matrix U on the left to find:

[y(p+eA)-m|Cy)=0. (1.56)

It should be noted that the charge-conjugate wave function satisfies the
equation differs from the original by changing the sign of the charge. On the
other hand, the operation of charge conjugation means the transition from
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particles to antiparticles. It follows the well-known conclusion, in particular, if
the particles are electrically charged, the sign of the charge of the electron and
positron are automatically opposed.

Let us now proceed to the consideration of the motion of an electron in a
centrally symmetric electric field.

Of course, since the motion in a central field is stored angular momentum
and parity (relative to the center of the field selected as the origin), the angular
dependence of the wave functions of the spherical waves correspond to motion
of free particles.

Naturally, this does not concern the form of radial wavefunctions. In
connection with the above, the wave function of the stationary states (in the
standard representation) must be sought in the form of:

where
l=j+21/2,1I'=2j—1,
and the exponent of -1 is introduced to simplify the subsequent formulas.

Dirac equation in the standard representation gives the following system
of equations for ¢ and y [1-3]:

(e-m-U)p=0opy, (L.7)
(e+m-U)x=0py, (1.8)

where
U(r)=ed(r) (1.9)

- potential energy of the electron in the field.
The definition of the Dirac quantum number in the form:
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Z_{—(J+J/2)=—('+1), j=1+12, L.10)

H(j+Y2) =1, j=1-1/2.

Recall quantum number y takes all integer values, excluding the value of
0 (with positive numbers correspond to the case j=1-1/2, and the negative -
the case j=1+1/2).

lo=—(1+y), (1.11)
so that

(ap)z=—(g'+l_—lng,-.m- (1.12)

r

When this expression is substituted into the first equation of (1.7)
spherical spinor Q;, in both sides of the equation is reduced (see details in
[1,2]).

Conducting a similar transformation with the second equation can be as a result
of the following system for radial Dirac functions:

1+ y

f,+Tf_(g+m—U)g=0, (1.13)
g’+1_TZg—|—(€—m—U)f=0, (114)

or
(fr)' +%( fr)—(¢+m-U)gr=0, (1.15)
(gr)’_%(gr)+(g_m—u)fr=o, (1.16)

The behavior of radial functions f and g at small distances is in many
details considered in the Refs. [3,4].
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1.2. Quantization condition of the Dirac equation for an electron
in a Coulomb field

The quantization conditions of the Dirac equation for an electron in a
Coulomb field are in details considered in Refs. [1-3]. Below it is important to
consider a case of the field of attraction:

U=-Za/r. (1.17)
or in conventional units:

U=-2ze’/r (1.18)

In relativistic units #=1, c=1, m=1, commonly used in QED, the square of
the electron charge € is replaced by the dimensionless « (1/a==137,03597).

For small r in equations (1.15,16) can be omitted from members &£ m
and then write:

' Z
(fr) +% fr-T“grzo, (1.19)
' Za
(1) —%gr+Tfr:0. (1.20)

Functions fr and gr are included in each of the above equations written
equitable manner, so these functions are represented in equal degrees of r:

fr=ar”, (1.21)
gr=br”, (1.22)

Substitution into equation allows to get the famous formula:
v =1 —(Za). (1.23)

It is appropriate to recall that a purely Coulomb field can be considered
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only if the Dirac theory Za <1, ie Z <137 .The charge Z >137 may actually be
concentrated only in a "superheavy" nucleus of finite radius (see also chapter 3
of the book). Then for the function f one can have [3]:

fo Za
y+x

y=N7-2% = |(i+Y2) -2%* . (1.24)

Although the wave function and may apply at r=0 to infinity (if y<1),

g =const-r 7,

integral of |1//|2 is, of course, converge. If (Za)z > y*, then both values y from

(1.22) - are imaginary. Appropriate decisions in r—0 oscillate as
rcos(|y|inr)), which again corresponds to the unacceptable situation in the

relativistic theory "fall" to the center. Further, it is useful to exact solutions of
the wave equation (G. Darwin, 1928; W. Gordon, 1928) as for the states of the
discrete spectrum, and for continuum states [1-3].

Discrete spectrum (& <m). Convenient to look for functions f and g
as:

f =Vym+ee”?p(Q+Q,),

g :_\/m_ge_p/zpy_l (Ql_QZ)’ (1.25)
where there are introduced the notations

P =2Ar,

This representation is naturally useful in connection with the behavior of
functions for p —0 and exponential decay with p —oo.
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After substituting (1.25) into (1.11) one can obtain the equations:

m-¢

P(Q+Q) +(r+2)(Q+Q,)-pQ; +Za m+e

(Q-Q,)=0,

m+¢

P(Q-Q) +(7=1)(Q-Q)+pQ, - Za (Q+Q,)=0

(the prime denotes differentiation with respect to p) or, after elimination Q, or

Q,,
" 1 Z
PQ" +(2y +1-p)Q, —(7—%}31:0,
14 1 Z
PQ, +(27+1-p)Q, _(7+1_$jQ2:O

When this is taken into account that:
v —(Zag/2) =z —(Zam/2).

Solving these equations, finite at p=0 [1-3]:

Zag
Q1=AF(y—T, 2y +1, p), (1.26)

Las
Q,=BF (7/+1_7, 2y +1, PJ, (1.27)

where F(a, B, Z)- confluent hypergeometric function.
Communication between the constants 4 and B:
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_y—Zag/A A

B =
y—Zag/A

Both hypergeometric function in (1.27) should be limited to polynomials
(otherwise they will grow at p—>w as e”, and with them will grow - as e”/-
and the whole wave function).

Function F(a, 8, z) reduces to a polynomial if the parameter o is a
negative integer or zero. Next is usually introduced notation:

y—Zag/Ai=-n. (1.28)

If n, =1 2,..., then two hypergeometric functions reduce to polynomials.
If n, =0, then reduces to the polynomial only one of them. But equality n, =0
means y =Zae/ A, and then
Zam/A=|y|

If »<0, then coefficient B (1.7) vanishes, so that Q, =0, and the required

condition is not violated. If >0, then B=—A, and Q, remains at n, =0 a

divergent function. As a result, the following values of the quantum number N, :

123,.. npu Z>O- (129)

r

_{O, 1,2, .. npu y<Q;

It follows the familiar expression (Sommerfeld formula) for the discrete
energy levels:

(1.30)
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At Za~1 the first terms of the expansion of the formula (1.30) are well

known form:
2 2
e, (2a) | (Z9) FL}
2 .
m o 2(g+n ) | el 4(An)

The last formula makes sense in its exact form at Za~1. It is also
important to recall that in (1.30) contains a twofold degeneracy of levels (it
includes only |z|, with different levels of | at the same j still the same). The

lifting of degeneracy is provided by radiative (QED) corrections.

This is followed to determine the overall normalization factor A in the
wave function, as the wave function of the discrete spectrum must be
normalized by the condition:

[l d*x=1
_[(f2 +g°)ridr=1.
The final expression for the normalized wave functions have the form [1]:

i 1%
f} i(2/1)3/2 (mte)l(2y+n, +1)

= (Z/Ir)y_1 e M x
I'(2y+1) am Zam(Zam_ jn |
P 2

2
X{[Za_m_zj F(-n,,2y +1,24r)Fn,F (1-n,, 2y +1, 2/”)}

(1.31)
(upper signs refer to f, lower —to g).
Continuous spectrum (¢>m). The wave functions of this case can be

obtained from the discrete spectrum replacement:
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\/mi—ge—i\frm,

A ——ip,

—n, —>7—iT. (1.32)

The only thing that needs to be addressed - this normalization functions.
Replacement (1.31) allow us to represent the functions f and g in the
form:

;} e+ }Aremr(zm“x

ie—m
x| €“F (y—iv, 2y +1, = 2ipr)Fe “F (y +1-iv, 2y +1, - 2ipr) |,
(1.33)
where A’- new normalization constant and introduced the notation
Zas
p

o2 _ y—Iiv

y—ivm/¢ (1.35)
Here, of course, the value & is real, because

y? +(Zag/ p)2 =5 +(Zam/p)2). (1.36)

The final expression for the wave functions of the continuous spectrum
has the form:
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f _ o9 ’mige%v F(;/+l+iv)‘ (2pr)y><
g & I'(2y+1) r

Im
i(pr+¢) i i
x Re{e F(y—iv,2y+1, 2|pr)}.

Asymptotic expression for this function:

f sin
:ﬁ il {pr+5 +v|n2pr—£|},
g r & COS o 2
where
5Z=§—argl“(7/+1+iv)—%+%l,
or

2% _ y—ivm/e r(7+1_iV) oi7(17)
y—iv T(y+1+iv) '

19

(1.37)

(1.38)

(1.39)

(1.40)



1.3 Elements of quantum geometry and quantum theory of electromagnetic
adiation.

In view of the smallness of the fine structure constant o =e?/hc =1/137

(more precisely: 1/a == 137,03597) compared to 1, which plays a fundamental
role in QED and characterizing the intensity of the electromagnetic interaction,
of course, the interaction of electrons with the electromagnetic field can be
viewed by PT.

Recall that in the early 70s Hooft [1] showed that the electroweak theory
of Glashow-Weinberg-Salam also be considered as part of a coordinated PT
mathematically it in any way that, in fact, is the basis of application of the PT to
the description of the electroweak interaction.

In classical electrodynamics the electromagnetic interaction is described
by the well-known expression:

—6j“A, (1.41)

density langranzhiana "field + charges" ( A- 4-potential field j- 4-vector current
density of the particles). The current density satisfies the continuity equation:

8,j" =0, (1.42)

expresses the law of conservation of charge.
The gauge invariance of the theory is closely connected with this law. As
is well known [1-3] by replacing

Aﬂ - Aﬂ+6#)(

to Lagrangian density (2.1.41) added value —€j“0,x, which in view of (1.42)
can be represented in the form of 4-divergence

—eéﬂ(;{j”)
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and therefore falls in the integration over d*x in action:
S= _[ Ld*x

Recall that the usual QED 4-vectors j and A replaced by the
corresponding second-quantized operators.

In this case, the current operator is expressed through the ¥ -operators in
accordance with:

=y

The role of generalized "coordinates” in Lagrangian (2.see Classical
mechanics)

J L d3x = —ej(jA)j *X (1.43a)

play v ,y, A in each point of space.

Lagrangian density depends only on themselves "coordinates” g (but not
their derivatives x), so the transition to the Hamiltonian density is reduced only
to a change in the sign of the Lagrangian density.

The electromagnetic interaction operator (the integral over the space of
the interaction Hamiltonian density) has the standard form:

Vi =¢f (jAHx (1.436)

The operator of the free electromagnetic field is the sum of

A= e, A (0 +6 A ()] (1.44)

containing the creation and annihilation operators of photons in different states
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(2.numbered index N).

The probability of transition in the quantum system under the influence of
the perturbation V;, in the first approximation is given by the formula known
PT ("golden” rule by Fermi).

It is usually assumed that the initial and final states of the radiating system
belong to the discrete spectrum. Then the probability (per unit time) of the
transition i— f with the emission of a photon is given by the well-known

formula:
do=27,[ 6(E ~E, ~a)dv, (1.45)

where V conventionally denotes the set of variables that characterize the state of
the photon and runs through a continuous range of values (in this case the
photon wave function is assumed normalized to s -function "scale V"),

If the photon is emitted with a certain value of the moment, the only
variable is the continuous frequency @ . Integration of the formula (1.45) to

dv=dw eliminate s-function (replacing @ the value @=E;—E,), and then
the transition probability is determined simply by the expression:

2
W= ZE‘Vﬁ‘ _ (1.46)
If we consider the emission of a photon with a given momentum Kk, then
3 3 2 3
dv=dk/(27) = w’dewdo/(27)" .

It is assumed that the photon wave function (plane wave) is normalized to one
photon in the volume v =1 and dv - the number of states have accounted for the
phase volume Vd®k .

As a result, the probability of emission of a photon with a given
momentum can obtain the following well-known expression:
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d’k
—3, (1.47)

do= Zﬂ’\/fi‘z é‘(Ei —E, —a))(zﬂ)

or after integration by dw:
1 2,
da):—47r2 ’Vﬁ‘ w-do . (1.48)

As V in (1.8) is substituted matrix element of the form:

1 ..
Vi :emEeyJﬁ(k). (1.49)

Further, it is useful to formula relating to dipole radiation. Recall E1
radiative transitions are the most intense in the atomic spectra, and M1 -
respectively in nuclear systems. Transition current in this case is the matrix
element of the operator

=,

in which the y -operators are assumed to expansions in the wave functions of
the stationary states of the electron in this field.

N
Such a change in the occupation numbers by the operator ar ai, and the
transition current expression is valid:

i =ww =(viviviaw), (1.50)

where v, and v, - the wave functions of the initial and final states of the

electron.
The key point of any theory of radiative transitions - the choice of gauge
photon propagator. Following [1], we choose the wave function of a photon in a

three-dimensionally transverse gauge (polarization 4-vector € = (0, € )).
Then (1.49) the multiplication:
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jfie = _jfie .

Substitution v, in (1.48) gives the well-known expression for the

probability of radiation into the solid angle do of a photon with polarization e:

.. 2
do, =e* 2~ [e’f (k)] do, (1.51)

where
P (k):j‘ﬂ?a‘//ie_ikrd3x- (1.52)

Here the summation over photon polarizations is done by averaging over the
directions of e (in a plane perpendicular to a given direction N =k/®) and then
the result is multiplied by 2, respectively, to two independent features transverse

photon polarization.
As a result, the final expression takes the form:

de, =¢* 2 [nj, (k)] . (153)

It is appropriate to recall that, as a rule, first consider the case where the
photon wavelength A4 large compared with the size of the radiating system a
and that is usually associated with the smallness of the particle velocities
compared to the speed of light (see details in Refs. [1-4]).

In the first approximation in a/A (corresponding to dipole radiation) in

. —ik o
the current transition (1.52) factor € " (varies little in the area where y, or v,
significantly different from zero) for obvious reasons, is replaced by 1.

Further, the integral jﬁ (0) can be replaced by its non-relativistic

expression, ie, a matrix element V¢ of the electron velocity with respect to the
Schrddinger wave functions. Seeking matrix element can be expressed as:
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Vi =—lolg

and
€rg = d fii s

where d - the dipole moment of the electron (in its orbital motion).
As a result, we can come to the following classical formula for the
probability of dipole radiation [1,2]:

o

* 2
do e'd,| do (1.54)

e

27

(and direction n appears here in an implicit form: vector e must be perpendicular
to n).
Summation over polarizations gives [1,2]:

3
do, = 5—[[nd, ][ do. (1.55)

Under dfi here obviously refers to a matrix element of the dipole

moment of the complete system.
Integration of the formula (1.55) in all directions allows to obtain the
following well-known expression for the total probability of radiation [1,2]:

—\dql (1.56)

In conventional terms, this formula has the form:

_ 4a
= 3l

‘2

(157)

Recall that the radiation intensity | is obtained by multiplying the

25



probability for 7iew that is [1,2]

40

Iz—‘dfi

2
3c? ‘

(1.58)

It is useful to note that the above formulas are completely analogous to
the known classical formulas (classical electrodynamics) for the intensity of
dipole radiation system periodically moving particles: the intensity of the

radiation frequency o, =sw (where - the frequency of the motion of
particles, S - an integer) is

4
I _ 40)5 ‘2
S

, (1.59)

where d,- the Fourier components of the dipole moment, i.e., expansion
coefficients

d(t)= Y de ™ . (1.60)

Next, it is important to present the elements of the theory of electric and
magnetic multipole radiation, following to Refs.[1-3].

In the light of the material presented above, it is convenient to restrict in
this section considering the emission of a photon with definite values of the
angular momentum j and its projection m on a chosen direction.

As is known, such photons can be of two types - electric and magnetic.
Consider the electric multipole radiation.

We assume that the size of the radiating system are small compared with
the wavelength. Following [1-3], it is possible to perform all the calculations
using the photon wave functions in the momentum representation, ie, presenting

a 4-vector A“(r) in the form of a Fourier integral.
The transition matrix element is [1-3]:
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Vo e i2 (1) A (R e a4 (1) |- A (e (L61)

(27)
In order to simplify the notation is convenient to omit the indices wjm of

the photon wave functions. Next to Ej-photon use wave function (2.vector
potential) [1-3]:

A (K) = 7 5(|k| ~)(Y;, +CnY,,) (1.62)

q)(a) (k) —

@jm

5(| K [-w)CY,,

3/2

with an arbitrary gauge constant C equal to, say,

With this choice in the spatial components of the wave function (A) is reduced

members comprising spherical harmonics of order j—1 and, accordingly, ijm
comprises only the order of spherical harmonics j+1, resulting in the
corresponding contribution Vv, is higher order (in a/4) than the contribution
from the components A° = ®, containing spherical functions of lower order j.
That is, it should be:

A =(D,0),

== JJrl47[/5(|k| @)Y, (n)

(is there n=k/w).
After the known transofrmations one could get as follows [1-3]:
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| +1 3 “ikry *
=—e ’JTJFZ—\/fjd x-pfi(r)jdone Yn(n). (1.63)

Usually to calculate the inner integral is used decomposition [1,2], one
uses the expansion:

" 47zZZ|g|(kr) Im(kJ (rj (1.64)

1=0 m—I r

g,(kl’)=\/ZJ|+]/2(kr) (1.65)

In view of the condition a /A<<1 in the integral d°x over a distance play

where

a role for which kr<<1. In such cases, usually functions g; (kr) are replaced by
the first terms of their expansions in Kr, i.e.:

g, (kr) = L)

(2j+1)0

(1.66)

The final expression for the matrix element of the transition is as follows [1-3]:

oy [RIHY(I+D) o™ ,
Vo= \/ 7] (2j+1)!!e(QJ(')m)n' (1.67)

Here it is added the value of Q®%, which are commonly referred to as 2'-
dipole electric moments of transition of the system, by analogy with
corresponding classical values [1,2]:

(@), = 21+ jpﬂ U X (1.67)
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For an electron in the external field p. =w}y;, and then the value (1.67)
are calculated as the matrix elements of the classical values:

0) /_4” iy
Qinm 2j+lr - (1.68)

The above expression for the wave function of the photon corresponds to
the normalization &-function  scale. Then, after substituting it into (1.7) for the
probability of Ej - radiation turns well-known formula [1-3]:

2

a)(_S) _ 2(2j +1)(j+1) oite?

) = e?[(Q,) | . 1.69
" 2ivuT (@), (1.69)
The angular distribution of multipole radiation is given by [1-3]:
2 .
dar, =[Y3) (0] @do=—"|v,v, [ do. (1.70)

i(i+1)

If the order of magnitude of the size of the system (atom and the nucleus)
IS a, then the order of magnitude of the electric multipole moments is, generally
speaking Q) ~a’. The probability of multipole radiation:

o) ~ ok(ka)”! (1.71)

I.e. increase in the degree multpolnosti 1 reduces the probability of emission
with respect to ~(ka)>.

The most important aspect of the theory - the selection rules for transitions
of the corresponding type [1,2]. Recall, that the laws of conservation of
momentum and parity lead to certain selection rules, limits the possibility of
changing the state of the radiating system.

If the starting point of the system is J;, after the emission of a photon with
momentum j moment of the system can take only the values of J;, determined by

the rules of addition of moments (| J;, —=J; |= j):
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|[J. -J, )<, +;. (1.72)

Projection M; and M; points J, and J, together with the projection m of
the photon satisfy the rule (of the same law of addition of points):

Parity P; and P; initial and final states of the radiating system must satisfy
the condition P,P, =P where P, - the parity of the emitted photon; For the

photon electric type P, :(—1)j, hence the parity selection rules for electric
multipole radiation:

AP =(-1)". (L.74)

The selection rules for the total angular momentum and parity are quite
strict and must be observed in the emission of any system.

The total probability of Af1-radiation expressed in terms of this value by
the standard formula (in conventional units):

_ 40® 2
w—%‘ﬂﬁ‘ (1.75)
The expression for x,; becomes [1-3]:
€ Ha 3
= —L+=8§ |y,d°x
i = (Zm : Jw. | (1.76)

where L = —i[rV]- the operator of the orbital angular momentum of the particle.
That is, as you might expect, 4 is a matrix element of the operator:

L+

v |

e A
— S
o , (1.77)
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representing the sum of the operators of the orbital and intrinsic magnetic
moment of the particle.

The selection rules for the magnetic multipole radiation similar to the
rules for the electric case, in particular, for parity it is true the rule:

PP, =(-1)"", (1.78)

obtained by substituting parity Mj-photon: P, = (—1)”1.
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Chapter 2
CONFIGURATION INTERACTION IN THE SECOND
QUANTIZATION REPRESENTATION:
BASICS WITH APPLICATIONS UP TO FULL CI

2.1. Introduction

Here the mathematical formalism of the second quantization is applied to
the configuration interaction (Cl) method in quantum chemistry. Application of
the Wick’s theorems for calculation of the matrix elements over configurations
leads to a simple logical scheme which is valid for configurations of an arbitrary
complexity and can be easily programmed.

The main advantage of the configuration interaction (CI) method [5] is the
possibility of improving a trial wave function by extending considerably a set of
basis configurations. The simple analytical expressions for the matrix elements
of the Hamiltonian over the singly excited singlet and triplet configurations are
well known. Thus an interaction of these configurations became a standard
method for computing excited states of molecules. Similarly, an interaction
between singly excited configurations is frequently used for the calculation of
the electronic structure of radicals, while doubly excited configurations have
been still used occasionally. Finally, not much is still known about contributions
of configurations involving an excitation of three and more electrons.

Development of the expressions for the CI matrix elements can be
considerably simplified when the second quantization formalism [5] is used
instead of the usual method based on superposition of determinants (see also
Appendix).

The former approach has been used in order to obtain the matrix elements
over the doubly excited singlet configurations [6]. A comparison with the
corresponding elements over singly excited configurations shows that the
expressions for the CI matrix elements become progressively complicated as
configurations become more complex.

The necessity to include more and more complicated formulae into the
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computer program is the main obstacle to a wider use of the extended
configuration sets. In order to overcome these difficulties it is necessary to
abandon the derivation of the analytical expressions for the matrix elements and
to delegate this work to a computer at an early stage of the calculation. The
simple rules to compute the matrix elements in the second quantization
representations which follow from Wick’s theorem [7] and are also good for
configurations of an arbitrary complexity need to be programmed. The present
review is devoted to an actual realization of the above suggestion [8, 9]. Since
the second quantization formalism has been described by many authors [5] we
shall give only those formulae and statements which are necessary for our
discussion.

In ClI computations one first includes those configurations which do not
differ much from the ground configuration. For example, the singly excited
configurations are constructed from the Slater determinants built from the
ground state determinant by changing a single row. To account for only the
changes in an explicit form in the many-particle SCF theory, an elegant
mathematical apparatus known as hole formalism has been developed. Besides
offering a simple physical interpretation, the hole formalism reduces the
calculations considerably. This formalism generalized on an arbitrary
orthonormal orbital set will be exposed below.

2.2 The Second Quantization and ClI Method

Let us consider a system of electrons in an external field, e.g. in a field of
fixed nuclei. The Hamiltonian of this system is represented by a sum of one

electron operators h(k), each of which acts on coordinates of one of the
electrons and contains its kinetic energy operator and the external field potential,
and a sum over all possible pairs of electrons of the electron interaction
operators U (k,1).

Let be given a complete orthonormal set of orbitals ¢,,¢,,¢,,.... Multiplying
each orbital ¢, in turn by the spin functions », and »_which are eigenfunctions of
the spin angular momentum operator with the eigenvalues +1/2 and -1/2(in
units of #) one obtains a complete orthonormal system of spin orbitals v, :
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Wi WiaWoiWo s WaiWa s
where
Wie =P Vi = Q1
In order to pass to the second quantization representation we shall now
introduce creation A* and annihilation A_operators for an electron in a state y,_ .
They obey anticommutation relations

|:A;" A;ra’:|+ = |:Ao" Ajcr’:|+ = O ' |:Ao" A}ra':|+ = é‘ijé‘aa’ ' (2'1)
The many-electron spin-free Hamiltonian is then given by

1

H=2 AAN +2 5 Ik ALALA A, (2.2)
ijo ijkloo’
where
hy = <¢i |ﬁ|¢j>, (2.3)
(ii 1K) = (@, 1U |99 - (24)

Operators in the second quantization representation, including the
Hamiltonian (2.2), act in a linear space, sayR, with basis which can be
constructed in the following way. First, one introduces a vacuum state vector |0)

defined for all i and o by
A,|0)=0, (0|A; =0 (2.5)
with the vacuum state supposed to be normalized
(0|0) =1. (2.6)

Acting on the vacuum state by each of the creation operator one obtains all
one-particle states
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lic) = A |0). 2.7)

The states with two electrons are generated by operator A:. acting on the state

i)
|jo'ic)= Al |ic)=A_A;|0). (2.8)

It follows from the anticommutation relations (2.1) that only those vectors
are linearly independent and not equal to zero for which i=j and o=¢" are not

valid simultaneously.
Following this procedure we obtain a set of linearly independent states
with an arbitrary number of electrons

lpo)=AALLAL AL 10), (2.9)

where symbol p covers a totality of numbers P, P,y Py Py » @NA Symbol o —a
.- A set of all
these states with N =1,2,3,... determines the basis we have wished to construct.

Using the anticommutation relations (2.1) and definitions (2.5) and (2.6)
one can show that each of the basis vectors is an eigenvector of an operator

totality of numbers o,,0,,0,,..,0,, and if p, =p. , then o >o

n

N=>A'A, (2.10)

with an eigenvalue N .

The Hamiltonian (2.2) commutes with the number-of-particles operator N
and each one of its eigenvectors belongs to one of the subspaces R, of the space
R built on the basis vectors with definite N . For this reason we fix a number of
particles N in our system and will construct corresponding eigenvectors.

The expansion coefficients of the eigenvectors of H over the basis vectors are
usually determined as solutions of the eigenvalue problem for a matrix with the
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elements (p'o’|H|po).
For the practical determination of approximate eigenvectors the ClI matrix is
truncated before diagonalization. The order of the CI matrix which is to be
diagonalized can be decreased considerably if there are operators which
commute with the Hamiltonian as well as between each other.

Then using an appropriate unitary transformation one goes from the set of

vectors |po) to a new set of the basis vectors which are eigenvectors of these

operators, and an initial eigenvalue problem reduces into several eigenvalue
problems of a smaller order. Each of them corresponds to a definite totality of
eigenvalues of the operators mentioned.

The spin-free Hamiltonian always commutes with the total spin projection
operator S, and with the square of the total spin operator S*. These two
operators commute with each other also. We shall first find the expressions for
them both in the second quantization representation. Expression for S, is

obtained from the general definition of an one-particle operator

Q= ZA;AJU Vi, Q V5o > (2.11)

ijjoo’

where one should place Q =S, . Using the orthonormality of the spin-orbitals and
the definition

one obtains
S, =Y oA, . (2.12)

To construct an operator S we begin with the well known Dirac
expression [10]

§2:%N(4—N)+ > By (2.13)

1<k<I<N
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In the second quantization representation the first term has the same pattern
except that the total number of particles N must be replaced by the corresponding
operator N defined by (2.10).

The operator P which interchanges the spin functions of two electrons

kand I in the states y,, and y . corresponds to the two-particle operator

S(AAAA - AN A ). (2.14)

(e

Thus, finally

A 1~ ~ 1 At A+ AR A+ A+ A
SZZZN(4_N)+EZ(A0AJ};—A]O— 0'+AO'Aj,—O'AjO'Ax_O')' (215)

Later we shall consider a construction of the eigenvalues of the operators $, and
s2,
2.3 Hole Formalism

Consider the subset of the spin-orbitals {y} , which contains first 2n. one-
particle states w,. with i<n_ or one can take n. pairs of arbitrary spin-orbitals
., and y, , with subsequent renumbering of them, and form a vector

Ne

@0)=TT(A4A)0). (2.16)

i=1
This vector corresponds to the Slater determinant built on the spin-orbitals
chosen. A determinant built from the same spin-orbitals except . corresponds

to a vector

Ne .

@) =A, TT (ALAL)[0). (2.17)

i=1(i=])

Acting on |®@’) by a unit operator



and using relations (2.1) and (2.5) one obtains

@) =cA_|®,). (j<n;) (2.18)

This means that action of an operator A_ with j<n_ on the vector |@,) leads to

the annihilation of a particle in an occupied state v, i.e. to the creation of a
hole in this state.

Thus the operators A_ and A’ with i <n.can be interpreted as creation

and annihilation respectively of the holes in the states of the subset {y/} . It can

be shown that the Slater determinant with u rows changed by other v rows in

the second quantization representation corresponds to a vector obtained from
|@,) by action of u hole creation and v particle creation operators in the

corresponding states.
All basis vectors for the ClI method can be presented in this way and we
shall now describe the corresponding formalism.
Using the anticommutation relations (2.1) and a definition of the vacuum
state (2.5) it is easy to see that
A l®,) =0, (®|A =0, (i<n.), (2.19a)

A0, =0, (®,|A.=0, (i>n.), (2.19h)

I.e. |@,) is a vacuum state with respect to the creation and annihilation operators

of the holes and particles. In the following discussion under the vacuum state we
always imply the state |@;) and not the initial state |0).

We shall now introduce the important concept of a N-product of the
operators F,F,,F,,..denoted as N(FFF,----). In order to go from the usual

product to a normal one we must transpose the operators in such a way that all
the hole and particle creation operators are placed to the left of the annihilation
operators, and each transposition of a pair of the operators must be followed by
change of a sign.

Under the sign of a N-product the operators can be arbitrary transposed.
The sign depends only on the parity of transposition. An important property
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of the N-product, a consequence of (2.1), is that its average value over the
vacuum state is equal to zero

(Dy|N(:--)|®,)=0. (2.20a)
An obvious exception is the case when under the sign of a N-product there is a

constant or an expression not having creation or annihilation operators. Then its
average over the vacuum state is equal to itself

(D, |N(c)| D) =c. (2.20Db)

A reduction of operator products to a sum of the N-products is extremely
useful as shown in calculating the vacuum average of the operator products by
expression (2.20). This reduction can be easily performed for a product of two
operators using the N-products and the anticommutation relations (2.1):

00
AB=N(AB)+AB. (2.21)

]
The symbol AB denotes a c-number called a convolution of the operators

A and B.
Only the following convolutions of the particle and hole operators are not
equal to zero:

Qoo
AAL =1 (i>ng), (2.22a)
00CD
ArA =1 (i<n.). (2.22b)

Thus introducing the population numbers

ni={l' iSnF} (2.23)

0, i>n,
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one obtains for all convolutions

Doom 00U
AO‘AjO" = A;A}—G’ = 0’ (224&)
0oot
ALA, =nss,.., (2.24b)
0oom

AGA;—O" = (1_ ni)5'5

ij~“oc" " (2240)
The rules for reduction of the operator product to a sum of the N-products in a
general case are given by the Wick’s theorems [11]. The theorems given in [11]
have been formulated by Wick [7] for the chronological products. We give a
particular formulation of these theorems for the operators with equal times.

Theorem 1. A product of the creation and annihilation operators is
represented by a sum of the normal products with all possible convolutions
including a N-product without convolutions. The sign of each term is determined
by a number of the operator transpositions needed that the convoluting operators
are grouped together:

O
|£1|£2 A3 Ifn = N(lflllef3 Ifn)+ Iflle N(lfslf4|£5 Ifn)_
Ut U o0d
~FF,N(FFF---F)+..+FF,FF,N(RFF ---F)+..

Theorem 2. If some operators in the product to be reduced stand from the
beginning under the sign of the N-product then the reduction is made in the same
way except that the convolutions must be omitted for those operators which
from the beginning were standing under the sign of the same N-product.
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2.4 Expansion of the Physical Value Operators over the N-products

For a one-particle operator using (2.21) and (2.24) one obtains from (2.11)

A

Q

A

Q

Q=>'N (A;Aja’)<l//ic Vio)- (2.25)

ijoc’

l//jo-'> + Zni <l//i0'

In particular, if an operator Q does not act on the spin variables, then

Q=YN(AA,)Q +22nQ;, (2.26)

ijo
where

Qij = <(0i Q

?;). (2.27)
One obtains in the same way from (2.12)

S,=5 XN (AA,). (2.28)
The number-of-paticles operator (2.10) becomes

N=>N(AA,)+2n,. (2.29)

Now we shall transform the Hamiltonian (2.2). The first sum in (2.2) is
transformed according to (2.26) with Q=h. In order to transform a sum

corresponding to the electron interaction we use the first Wick theorem. Its
application to a product of four operators gives
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000 0oom

A;A;U/AG'A(O' =N (A;A;rc'&lo&a)"' AZA«: N (A;G’Aa’) + A;G'Aa’ N (A;Aka)_
000m 0000 000W D00 0000 000

~AL A N(ALAL)-ALAN(ALA )+ ALA ALA A A AA,

(2.30)

where only those terms are written down which can have non-zero convolutions.
Putting this expansion into (2.2) and substituting all convolutions by their values
according to (2.24), after the necessary summations one obtains

=B+ TEN(AA, )+ 3 GIKN(AALAA,),  (@231)

ijo ijkloo’

where

E, =2y + >, [2(ii i)~ i Ji)] (2.32)
and

Fy =hy+ 2 [2(ik] i)~k 1K) ] (2.33)

Expression (2.32) is the well known equation for the energy in the Hartree
— Fock approximation and F,; are the matrix elements

Fij :<¢i F

(0,->

of the Fock operator built on the orbitals ¢,,¢,.¢,....¢, . If these orbitals are
eigenfunctions of the SCF Fock operator with eigenvalues ¢, then

and the Hamiltonian (2.31) becomes
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=B+ TaN(AA,)+2 X GiIKN (A ALA A, ). (2.34)

ijkloc’

This particular expression for the Hamiltonian is applicable only under the
conditions mentioned. The general expression (2.31), however, is valid for an
arbitrary orthonormal set of orbitals.

Following the same procedure one can obtain an expression for the
operator $? given by (2.15). We present the final result

Q 3 A+ A 1 A+ A+ A A 1 A+ A+ A A
SZ:_Z(l_Zni)N(A0A0)+_ZN( o jO'Aj(TAO')__ Z N(AO‘A,—O'Aj,—O'AO')_

453 4 ijo 4ijo-(i¢j) (2 35)

3 A+ A+ A A 1 At At A A .

_ZZN( GA,—UA,—UAJ)+E z N(AaAj,—GAjO'A,—O')'

ic ijo(i=])
The fourth sum in (2.35) contains terms with i=j from the third and fifth sums.

Having derived expressions for the operators S, and $* in an appropriate
form we can construct the basis vectors for the Cl method which are
eigenfunctions of these operators. First we note that any vector obtained as a
result of the action of N particle and N, hole creation operators on the vacuum
state |@,) is an eigenvector of the operator N with an eigenvalue N, —N, +2n_

which is equal to the total number of particles.
By fixing this number we need consider only vectors with a definite value
of the difference N, —N,. In most cases the vacuum state can be chosen in such

a way that N is equal to N, (the ground state of a molecule with closed shell)
or differs from N, by one (a radical).

Next we choose the electronic configuration. Let us set up the electronic
configuration by selecting the orbitals corresponding to N, particles and N,
holes irrespective of their spins. We shall denote it as (kk,K;...Ky, , mlmzmg...mNp)

where k; corresponds to the hole orbitals, and m, numerate the particle orbitals.

These numbers are supposed to be arranged in a non-decreasing order (naturally
ky, <Ne, M, >ng). Furthermore, according to the Pauli principle each number

cannot occur more than once.
Now for the configuration above (kk,...mm,...) we construct all possible
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vectors as

A(151A<262 o A}ZJI'AZZUQ o |CD0> ' (236)

which in the following discussion are called the primitive vectors. Each
of the spin indices o,,0,,...,0/,0,,...independently assumes values +1 and —1

except those cases when k. =k, +1 andm. =m,,, for which necessary o, =-0,, =1

i+1
and o/ =—o/, =1. Under these conditions the primitive vectors constructed form
an orthonormal system. Each of them is an eigenvector of the operator S,
with the eigenvalue

where N, N, N, N is the number of particle and hole operators with the spin

+1 and —1 correspondingly.
To determine the necessary basis vectors one selects for each
configuration all primitive vectors (2.36) with a given value of the difference

(N;=N,)=(Ny =N, ), construct a matrix of the operator S* for them, and

diagonalizes it. The result of the application of the operator $ on the primitive
vector represented at first sight as a cumbersome expression (2.35) is obtained
by the following rules.

Rule 1. The action of the first four sums in (2.35) on a vector (2.36)
reduces to a multiplication of it by a constant. Its value is equal to the value of
M: plus half the sum of N, and N, minus the number of orbitals occupied in

pairs by particles and holes with opposite spins. All diagonal elements of the
matrix of the operator S?will be equal to the constant found so far.

Rule 2. The remaining part of the expression for $? acts on a vector
(2.36) converting it to a sum of the vectors orthogonal to (2.36). Each of them
differs from the initial vector by change on opposite the spin indices of two
particle-particle or hole-hole operators with different spins or the particle-hole
operators with equal spins. In the later case a vector enters a sum with a minus
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sign. It is necessary to consider all mentioned pairs of operators used to
construct an initial vector except those operators which correspond in pairs to
the same orbitals.

2.5 General Approach to Calculation of the Matrix Elements
Previous treatment shows that the basis vectors are linear combinations of

the primitive vectors, and the operators of the important physical values reduce
to three basic types:

Q, =N(c), (2.37a)
Ql = ZQij,o-N (A;Aja)! (2.37b)
0, =2 > 1N (ALALAA,). (2.37¢)

ijkloo’

Take two primitive vectors corresponding to the same or to different
configurations

|®1> = A(lo'lA(ZUz o A;o—l'A;Zo—é |CDO> ' (238&)

|D,)=A A ALAL D). (2.38b)

We shall calculate for them the matrix elements of each of the operators (2.37).
Denoting

Ri = A<101A<20'2 o A‘EG{A:ZO'é T (239a)
F,;)J.+ :.”AnzcréAnlol’ T A:—ZGZA;:GI ' (239b)
IQ2 = AmA\zrz '..A;TiATZTé T (2-39C)
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the matrix element of an operator Q, any of the operators (2.37), may be
considered as the vacuum average

(@,|Q)®@,) = (D |[RIOR, |@,) . (2.40)

To calculate (2.40), the product R'OR, must be reduced applying the
Wick’s theorems to the sum of the N-products. As a result of the averaging
according to (2.20) only those terms remain which are c-numbers, i.e. those
terms in which all operators in R'QR, enter the convolutions.

The advantage of the presentations of the physical value operators as a sum
of N-products is now evident. Since R; is a product of the particle and hole
annihilation operators only, and R, — of the creation operators only, then
R, =N(R), R, =N(R,) and according to the second Wick’s theorem one must
consider only the convolutions between the operators R, Q, and R,.

After this preliminary remark we continue the determination of the value of
the matrix elements. First we find the maximum number of convolutions which

can be constructed between the operators from R; and R,. This number is equal
to the number of particles and hole operators in R, which are repeated in R,.
The operators in R as well as in R, may be transposed in an arbitrary way
multiplying the value of the matrix element by (-1)™, where p, is the total

number of transpositions.
For this reason it is convenient to order the operators in R, and R, first,

transposing them in such a way that the repeating operators are placed in R, and
R, in the same order to the right of the non-repeating operators.

We shall assume in the following that this ordering is performed. The total
number of non-repeating operators in R, and R, will be denoted q. Because

each of these q operators may be convoluted with one of the operators from
one can state a priori that the matrix element

(@, |RIOR, |D,)
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will not be equal to zero only for q=0 if Q=Q,, for q=0,2 if Q=0,, and for
q=0,2,4 if Q=0Q,.

We shall consider each of these cases separately. In cases when the total
number of the operators in R, and R, is less than 2 for G=0, or less than 4 for
Q =0, the value of the corresponding matrix elements is obviously equal to
Zero.

Case 1: Q=0,, q=0. The convolution which gives a non-zero result can

be done in a single way convoluting in pairs the repeating operators. When R,
and R, are correctly ordered there is always an even number of other operators

between the convoluting operators. Thus, the number of transpositions required
by the first Wick theorem is also even and each convolution according to (2.24)
is equal to unity. Finally the value of the matrix element will be equal to

(@, ®,) = (D)™ c. (2.41)

Case 2: Q=0Q,, q=0. In this case the vacuum average is equal to the sum

of the terms each of which is the result of a convolution of two operators from
O, with two equal operators from R, and R,. The other operators repeating in

R, and R,, if there are any, convolute between them in pairs. The final result is
<®1|f21|q)2> = (_1)MZQH,U (1_2ni)’ (2-42)

where a pair of indices i,o covers the interval metin R, .
Case 3: Q=0Q,, q=2. The single term in the expansion of R'QR, over the

N-products the vacuum average of which may be different from zero is obtained
in the following way. All operators from R, repeating in R, convolute with the

corresponding operators from R’. Two non-repeating operators convolute with
the operators from Q.
The results is

<q)1|§21|®2> = (_1)p1+p25 Q

010, hiy,01 !

(2.43)
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where p, is the number of transpositions necessary to place in the product R R;

the non-repeating operator with a cross at the left of the non-repeating operator
without a cross (2. p, is equal to 1 or 0), and a pair of indices i, o, runs over the

indices of the non-repeating operator with a cross, and a pair i,,c, — without a
cross in the product R R;.
Case 4: Q=Q,, q=0. For each pair of operators from R, in the matrix

element expression for this case there are possible four terms identical in pairs
obtained by convoluting these operators and the corresponding pair of operators

from R, with four operators from Q,

(@[, [@,) = (D™ X[ (i 1)) = &, (i1 i) J(1-2n,) (1-2n; ), (2.44)

ijjoo’
where a pair of indices i, runs in the interval met in the operators from R, and
a pair j,o' covers all values of indices of the operators from R, placed to the

right of the operator with indices i,o.
Case 5: Q=0,, q=2. In the expansion of each of the repeating operators

in R, four terms identical in pairs may not be equal to zero. They are obtained
by the convoluting with the operators from ¢, of two non-repeating operators,
and one of the operators in R, repeating in R, and the corresponding operator
from R’.

The final result is

<(D1|Qz |q)2> =(-Dh™ 50152_2(1_2ni )[(iil | iiz)_5001 (iil | izi)]’ (2.45)

where a pair of indices i,o covers all values met in the repeating operators, and
a value of p, and indices i,i,,o,,o, are defined as in case 3.

Case 6: O=0Q,, q=4. In this last case there may not be equal to zero the
four in pairs identical terms obtained by convoluting four non-repeating
operators from R;R, with four operators from ¢,. The result can be obtained in
the following way.
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Let us write all non-repeating operators in the same order as they are placed
in the product R R; and order them in such a way that the cross operators stand

to the left of the non-cross operators. Let p, be the number of transpositions
made in order to obtain standard order

A A ~ ~

A A A A
o1 " Loy " liog” 1oy

Then the value of the matrix element is
(@, | @) = (1) [ 6,6, (i, liis) — 8,8, (i, i4,) | (2.46)

2.6 Matrix Elements of the Physical Value Operators for Molecules and
Radicals with Account of Singly and Doubly Excited Configurations as an
Example of the General Approach

Analytical expressions for the matrix elements of the operators are useful
only for simple configurations and for the derivation of various general
statements. For complex configurations it is expedient to adopt a calculation
scheme given above and suitable for programming. Now we give for the case of
the singly and doubly excited configurations for molecules and radicals some
basis vectors which will be useful in further applications [12]. They are given in
a final form, and some of them are compared with the expressions available in
the literature. When deriving analytical expressions for the matrix elements we
did not assume any restrictions on an orthonormal orbital set used for the
construction of the configurations. We also consider some general expressions
for the SCF orbitals and will show that in the case of radicals some Hamiltonian
matrix elements between the ground configuration and the singly excited
configurations vanish. Finally, we shall give formulae for the calculation of
some molecular and radical properties by the CI method such as electronic
density of atoms, bond orders, transition moments, and spin distribution.

2.6.1 Basis Vectors
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Consider the singly excited configurations (k,m) of a molecule with closed
shells in the ground state. In this case N =N, =1 and four primitive vectors are

possible:
@)= ALAL @) 1 [@5) = ACA o), (2.47a)
(@) = A AL |@o), [@,) = ALA_|g). (2.47b)
Using the rules of p.4 above one obtains
S?|@,) =|®,) | ®,), $°|®.)=2|D,), (2.48a)
S?|@,) =—|®,) +|®,), $°|®,)=2|D,). (2.48b)

As expected, the matrix of the operator $? reduces to one two-row and two
one-row matrices. By diagonalizing the former one obtains the following
normalized basis vectors

1

\1\111>=—2(|c1>1>+|c1>2>), M, =0, S=0, (2.49a)
\3%):%(@1)_@2)), M, =0, S=1 (2.49b)
°%,) =|@,), M =1 S=1, (2.49¢)
°%,) =|®,), M,=-1 S=L1. (2.49d)

There are unusual signs in the first two vectors.
In the case of a radical the vacuum state |®@,) is chosen as the closed shell

of its ground state. Then one kind of the basis vectors is obviously
2w,) = A, | @), (2.50)
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Now we consider the basis vectors for the configuration (k,mn) of a radical
limiting of ourselves to the vectors with M, =1/2. The corresponding primitive
vectors are

~

@) = A_A, A @), (2.51a)
@)= A ALAL D), (2.51b)
@)= A_AL AL D). (2.51c)

When n=m, the vector |®) vanishes, and the vector |@;) differs from |®,)
only by sign and becomes another basis vector

A

°%,)=A_ALA,_|D,). (2.52)

Let be n=m. Writing

S2lo)=Ys2|o,), (2.53)

and using the rules of #4 one obtains a matrix

714 -1 1
S*=| -1 7/4 -1|. (2.54)
1 -1 7/4

Diagonalizing this matrix we obtain eigenvector (2.1, —1, 1) corresponding to an
eigenvalue 5/4 and two vectors (2.1, -1, -2) and (2.1, 1, 0) for degenerated
eigenvalue 3/4 . Therefore the normalized doublet and quartet basis vectors are,
respectively,

29,) = (@0)-|0c)-2]9,)), (2.552)
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|#¥,) =%(I<D5>+|<De>) (2.55h)
and

\4‘1’1>=%(|<D5>—|®6>+|®7>)- (2.56)

The doublet basis vectors are determined up to a unitary transformation. We
have chosen the vectors (2.55) to correspond to those found in the literature.

2.6.2 Elements of the CI matrix

The final expressions for the matrix elements of the Hamiltonian (2.31)
obtained by using the results of p. 2.5 above are now given.

Molecule
(@, H|@,) =—f2F,,, (2.57)
("} H| " ®,) = 84 Sy By + Sge Py — S Fige + 2 F (k' [mk’) — (k' [K'm),  (2.58)
where
={O for S=1,
1 for S=0.

Here and in the following expressions the primes are used for numbers of
those particles and holes which constitute the basis vectors placed at the left of
the Hamiltonian.

Radical

(P |H[*®,) = 8, By + Foy (2.59)

kk"~"mm

+8_[(km' | mk") — 2(km’ | K'm)],

o

H|2®,) = 8 BB + Gy (28540 Fryy = Fige) + Gy (V' [ mim) +

(2.60)
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o,

|:|‘2(D> 5kk( mm’ ”” )E +l 5kk (2 mm’ nn+25nnme+5mnan nm nm)

I:kk (2 mm’ nn mn nm)+§kk [Z(mn |mn)+(mn |nm)] 2 m’(kn |kn)+
+6, [3(mk |k m) —2(mk |mk’)]- &, (m'k |nk’) =&, (n’k |mk’)},

mn nm

(2.61)

o

FI‘Z(D> 5kk( mm’ nn )E +1{5kk(25mann+25nn m'm 5mnan nm nm)

= Fue (26,1400 = SO ) + S [2(M'N" [ mn) — (m'n” [nm)] + 265, [2(kn" [ nk") —
— (kn' | K'n)] + S, [(mk | K'm) — 2(m'k | mk")] + &, [(m'k | nk") — 2(m'k | k'n)] +
+8, [k [mk’) - 2(n'k [kKm)]},

mn nm

(2.62)
(P®;|H | ®,) = 8,y Figy + (k' [ mm) , (2.63)
(2 FI‘Z(I)3>=\/§5nm,ka+(km’|mn), (2.64)
(*a;|H|*®,)= %[2% F F., +2(km’'|nm)— (km'|mn)],
(2.65)
25 1G] 2 1 [ [ ' ’ [ [}

(*@y|H] ®3>=%{5kk,[(m m’|mn) — (Mm’ [ nm)] + 26, (km’ | nk’) =28, (m'k [kK'm)},

(2.66)

<2CI)'2‘|:|‘2(D4> \/_{akk( mm’ mn nm mm) nm mm Fkk’+5kk'(m’m’|mn)+
+68, [2(km’ | nk") — (km' | k'n)]- &, [(m'k | k'm) +(m'k |mk")]},
(2.67)
H ‘ 2cD4> = %{él(k (5mm an + 5nn me - 5mn’Fm'n nm nm) I:kk ( mm’ nn 5mn nm’ ) +

+ Oy [(M'n"|mn) —(m'n"|nm)] + o, [2(kn" | nk") — (kn" | k'n)] +
+ 0. [(mk |k'm)—(m'k |mk)]+ S, [(mk |nk") —2(mk | k'n)] +
+ 0, [(N'k | mMK") = (nk | k'm)]}.

o,

(2.68)
Formula (2.59) is well known, e.g. in [13, 14]. Particular cases of some of
the general expressions above can be found in the quantum chemistry literature,
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e.g. formula (2.60) for k'=k,m'=m and (2.62) for k'=k,m'=m,n’=n in [13],
formula (2.63) for m=m in [13] and for m'=m in [14], formula (2.64) for
m’=m in [14].

2.6.3 The Brillouin Theorem and its Analog for Radicals

The orthonormal orbitals for which the first variation of energy E, of the
vacuum state |@,) vanishes according to [15] satisfy the operator equation

A

FP,—PF =0, (2.69)
where F is the Fock operator, and P, is the Fock — Dirac density operator

B =I”Zz|¢.><¢.|. (2.70)

Calculating the matrix element of (2.69) over the orbitals ¢, and ¢, and

using projection properties of the operator P, one obtains from (2.57) if initial
orbitals satisfy equation (2.69) that

(@,|H|'®,)=0. (2.71)

The conditions used in deriving (2.71) are more comprehensive than the
conditions of the well known Brillouin theorem [16, 17]. The content of this
theorem is expressed by (2.71) if configurations are built on the SCF
eigenfunctions of the operator F .

In the case of a radical the orbitals for which the first variation of the
energy of the configuration (-,m) vanishes satisfy the operator equation [18]

>
>

A A

'leA)l_FA)l 1+I£2 » —PF, =0, (2.72)

N

where P, is defined by (2.70), P, is a projection operator for the orbital ¢, , and
the operators F, and F, for a semi-open shell are determined as
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ﬁl:mjo_%ko, (2.73)
A 1A A A
F2=EF+JO—K0 (2.74)

with the Fock operator F built on the vacuum orbitals, and Coulomb Jj, and
exchange K, operators are built on the orbital ¢, .

Let us write down the expressions for the matrix elements (2.59) for
m’=m and (2.63), (2.65) for m"=m,n=m

(*@,|H|*®)) =F,,, (2.75)
<2(D1‘|:|‘2CD2>: ka+(j0)km’ (2.76)
(0, A 20,) = 2L, + (Bo) 3 (Rodu], (2.17)

where the last two matrix elements are expressed over the matrix elements of the
operators J, and K, on the orbitals ¢, .

Using projection properties of the operators P, andP,

Rlo) =la). Blew) =Rlen) =Rle,) =0, (2.78a)

P on) =|@n) Bla) =P |ow) =P,

¢,)=0 (2.78b)

from equation (2.72) one obtains

F|o.)=0, (2.79)
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Substituting F, and F, according (2.73) to (2.79) and using the identity

Jo|@n) = Ko| @) (2.80)

we see that relations (2.79) express that the right sides of the equations (2.75) —
(2.77) are zero.

Thus, the following statement was proved. If the configurations are built on
an orthonormal orbital set for which the first variation of an energy of the
configuration (-,m) vanishes, then the Hamiltonian matrix elements between
this configuration and any of the configurations (—,m’) with m'=m,
configuration (k,mm), and of the vector (2.55b) of the configuration (k,mn) with

n=m are equal to zero.

Generally the equation (2.72) has many solutions but the statement proved
so far is valid for any particular solution irrespective of the procedure of its
derivation. Thus, this statement remains valid for the SCF orbitals obtained by
the Roothaan operator [19] or by the use of the one-electron Hamiltonian for one
open shell [18].

2.6.4 Calculation of Certain One-particle Properties

The wave function for the state 4 in the ClI method is expanded over the
basis vectors

|ﬂ>=2qu‘l//q> (2.81)

and the MO ¢, used to construct the primitive vectors are usually expressed as
linear combination of orthonormal AO

(Di = ZC,uiZ,u ' (282)
H

Observable physical properties are determined by the matrix elements
mostly of the one-particle operator Q
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K|Q|ﬂ, pr’( qi<wp‘(j‘l//q>. (2.83)

Thus, one first needs to calculate the matrix elements of Q on the basis
vectors.

If Q is a spin-free operator, analytical expressions for the matrix elements
(w,|Q]w,) for the configurations considered so far are obtained directly from the

Hamiltonian matrix elements (2.57) — (2.68) by ignoring two-electron terms and
changing F, to Q, and F, to an average value Q, of the operator Q in the

vacuum state. In particular, for the calculation of the electronic density on
atoms P;* and bond orders P;’ in a state 2 as well as transition electronic

density on atoms P; corresponding to a transition from state « to state 2 one
must take C,C,; and correspondingly C.C, =P, instead of Q; and Q, must be
put equal to

zz C.C,.

In the zero differential overlap approximation a component of the transition
moment are determined through corresponding atomic coordinates and transition
density, for example:

=3P (2.84)

When calculating the spin density p;, in a state 2 one meets with an

operator Q which according to formula (2.12) depends on the spin variables

being diagonal over them. We give final expressions for the matrix elements
needed to calculate the spin density denoting

C'C. =P (2.85)



namely:

<3IP£ 2S\z 3\Pl> = 5kk’Pm’m + 5mm’Pkk" (286)
(]2, |2 ¥,) = Py, (2.87)
(W) |28, *¥,) = G Pac (2.88)

<2\Iﬂ3 ‘ 28Az 2lP3> = %[5kk’(45mm’ I:)n'n - 2é‘nn’Pm'm - é‘mn’l:)m'n - 5nm’Pn'm) - I:’kk'(45mm’5nn' - 55nn’5nm’)]’
(2.89)
<2\P:1 2§z 2\I]4> = %[6kk’(25nn'Pm'm - 5mn’Pm’n - 5nm’Pn'm) - I:)I<k'(é‘mm'5nr1' - 5mn’§nm’)]1 (290)
(*®1]2S, |2, ) = 8P (2.91)
<2l{11‘2§z 2\{ls>=_%(25mm'l:)kn +5nm’Pkm) (292)

oa 1

(*w;]28,|* ¥, )= —ﬁ%ﬂm (2.93)
<2lP'2 ‘ 2§z 2\P3> = LG [5kk’(§mm'Pm’n - 5nm’Pm’m) + 3Pkk'§mm’5nm’]’ (294)
<2\Iﬂ2 ‘ 2§z 2\P4> = % [5kk’(_5mm’Pm'n + §nm' Pm'm) + Pkk'5mm’5nm’]' (295)

5. P +35 P )+P.(25, 5. +5, .5 )] (2.96)

<2lyé‘2§z :%[d«'(_ mn'" m'n nm'' n'm mm'“nn’ mn’“nm

2‘P4>

The expression for °p; derived in [9, 20] by the determinantal method is
obtained from (2.86) in a way described above.

2.7 Exact Solution for a Seven-electron System Using Full Cl Method
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General approach to calculation of the CI matrix elements (2.5 above) was
also used to perform full CI computation which gives an exact solution for a
model Hamiltonian used. The full CI calculation was done for m-electronic
model of the benzyl radical containing seven m-electrons. The reason why just
the benzyl radical was chosen to perform such a labor-consuming full CI
computation is connected with a still not-resolved discrepancy between
computed n-spin density distribution in benzyl radical and its ESR proton
splitting well studied experimentally.

This being the situation when it seems desirable to examine the different
characteristics of the ground state of benzyl radical as the approximation for the
wave function is improved and approaches an exact eigenfunction of a given z-
electronic Hamiltonian. We focus in this review only on technique how the
restricted up to the full ClI calculations were practically performed.

For a m-electronic shell of benzyl radical we used the traditional model
based on the zero differential overlap approximation. Introducing creation &'

Lo

and annihilation & _ operators for an electron in atomic state x with the spin o

and using the second quantization representation, the corresponding
Hamiltonian is

H=Yhoea 4, += Z Y8088, 4, (2.97)

uvo ;t voo'

where hi® are so called core integrals, and y,, — electron repulsion integrals of

n-electronic theory. Indexes x and v run over all AOs (2.in our case from 1 to

7), and spin indexes o and ¢’ take values +1/2 or —1/2. Regular model of the
benzyl radical with standard CC bond length was used. Full Cl was also
performed for “equillibrium” model of the benzyl radical.

Now it is proper for computations to pass from AOs to MOs. Formally,
this can be done by the introduction of creation & and annihilation &,

operators for electrons in molecular states through the canonical transformation
= ZCM Acr ’ ya ZCM Ao' ’ (298)
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where C, are expansion coefficients of MO i over AOs. It is necessary that
these expansion coefficients form a unitary matrix. Thus, the MOs will be
orthonormalized and the commutation properties of the operators A* and A_
will have the standard form. Substituting (2.98) into (2.97) one obtains

H= ZhijAaAjo' + E; (IJ | kI)AaAjo"A\Io"A(aa (299)
o ijkloc’
where
h = ZC;injh/cﬁre , (2.100)
y71%
(ij|kl)=>_C:,C,.C..C.7 .. (2.101)
y71%

In our computations the Hamiltonian (2.99) was taken as initial one. For
the MOs entering (2.100) and (2.101) we have chosen those which minimize the
energy of the ground configuration of benzyl. The corresponding orbital
coefficients were computed by the SCF method for an open shell configuration
[9]. Choice of these orbitals seems to be most natural providing conservation of
the alternant properties for the full as well as for certain truncated
configurational sets. These orbitals possess proper symmetry and some of the CI
matrix elements are zero [12] due to relations analogous to Brilloiun’s theorem.
It should be noted that the results obtained with full Cl are invariant to the
choice of the basis orbitals [5].

2.7.1 Configurations and Energy Results

In the framework of the CI method the wave function is improved simply
by extension of the configurational set. With a full set of configurations, the
number of which is finite in our case, one obtains an exact eigenfunction for a
given model Hamiltonian. The theory of the ClI method is well known [5]. The
wave function is expanded in Slater determinants. The expansion coefficients
are determined by diagonalization of the CI matrix. Its order can be lowered
essentially if instead of single Slater determinants their orthonormal linear
combinations of proper symmetry and multiplicity are used. We utilized this
general scheme using the second quantization formalism described above
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successively, which is equivalent to the traditional determinantal approach (see
e.g. Appendix below). The ground state configuration of benzyl has symmetry
’B, . In the m-electron approximation there are 212 excited configurations of the
same symmetry. The distribution of these with the multiplicity of the excitation

and with the number of unpaired electrons is given in Table 2.1.
Table 2.1

Number of excited configurations for the benzyl radical
depending on their type with corresponding number of the basis vectors
(in parenthesis).

Number of Multiplicity of excitation
unpaired 1 2 3 4 5 6
electrons

1 4(2.4) | 21(2.21) | 24(2.24) | 33(2.33) | 12(2.12) | 5(2.5)

3 5(2.10) | 14(2.28) | 36(2.72) | 22(2.44) | 13(2.26) | —
5 — [ 5(2.25) | 8(2.40) | 9(2.45) - -
7 - - 1(2.14) - - -
> 9(2.14) | 40(2.74) | 69(2.150) | 64(2.122) | 25(2.38) | 5(2.5)

For each configuration one can form one or more orthonormal doublet
basis vectors corresponding to a positive projection of the spin. Construction of
such single vector for the configuration (i)*(j)*(k)*(1)" is simple. This vector
corresponds to a single Slater determinant and is written as

AAAALAASA0), (2.102)

where |0) is the vacuum state, and indices « and g denote values +1/2 and —1/2

of the spin variable o .
The configuration (i)*(j)?(k)*(1)'(m)* with three unpaired electrons gives
rise to three vectors of type (2.102) with M, =+1/2:
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ALALAL|0)
ALALALA < ALALA|0). (2.103)
A:B A;:z A;a |0>

A linear combination of these configurations is written symbolically as
C,aaf +C,afa +C,Lac . (2.104)

Two sets of coefficients (1/6,1//6,-2/+/6) and (1/+/2,-1/+/2,0) give the two
orthonormal doublet basis vectors.

For configurations with five and seven unpaired electrons the number of
different spin-configurations with M, =+1/2 is equal to 10 and 35, and the

number of possible mutually orthogonal basis vectors is equal to 5 and 14. The
corresponding sets of coefficients in the linear combination of type (2.104)
obtained by the VB method with subsequent orthogonalization are collected in
Table 2.2. For convenience of listing these vectors are not normalized.

Table 2.2
Expansion coefficients of the basis vectors
with five unpaired electrons over spin-configurations.

Spin- Basis vectors

configuration
aocopp 0|0 (-1]-1]1
aofap o011 ]1]1
afaof 210,010 |1
Baaof 210,010 |1
aofpoa O|0|-1]1 |1
afafo -111,1]0]0
BaaPo 1/-1(1100
afBoa -1/-1,0(-1]0




Bapao 1/1(0(-1,0
BPRaoo OO0 (-1]1]1

Expansion coefficients of all 35 basis vectors with seven unpaired electrons
over spin-configurations can be found in [21].

The number of possible doublet basis vectors corresponding to different
types of configurations is indicated in parenthesis in Table 1.

The total number of basis vectors related to singly excited configurations of
symmetry °B, is equal to 14, doubly — to 74, triply — to 150, quadruply —to 122,
quintuply — to 38, and sextuply —to 5.

Computations were performed with seven sets of basis vectors — G, 1, II,
I, 1V, V, and F. Set G represents only the ground state configuration of benzyl.
Each of the other sets was extended compared with previous one at the expense
of the basis vectors corresponding to configurations of the next higher order of
excitation.

Thus the size of the configurational sets used was equal to 1, 15, 89, 239,
361, and 404 correspondingly. Set F with 404 configurations corresponds to the
wave function with full CI.

In order to perform CI computations one usually finds analytical
expressions for matrix elements of the Hamiltonian over the basis vectors of
different types. In our case this traditional way is not acceptable for most of the
expressions to be programmed are cumbersome and the number of them is too
large.

The derivation of the analytical expressions for the Hamiltonian matrix
elements were rejected and entrusted this job to a computer at an early stage
(standard procedure).

To do this it was necessary to program simple rules for calculation of the
matrix elements in the second quantization representation which follow from
Wick’s theorems and are equally good for configurations of arbitrary
complexity. Necessary rules are given in p.5 above.

Occupation numbers of one-particle states for electrons are equal to O or 1.
Therefore the computer code is ideally suitable to record vectors of type (2.102).
The first eigenvalues and corresponding eigenvectors of the CI matrix were
computed by an algorithm proposed by Nesbet.
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The energy of the ground state of the benzyl radical computed with
different configurational sets is given in Table 2.3.

Table 2.3
Change in energy E of the ground state
of the benzyl radical and of the overlap integrals S
between its exact and approximate wave functions
as the configurational set is extending.

Configurational set | E, eV S
G 0.929722 | 0.945313
I 0.760009 | 0.966577
I 0.058437 | 0.997981
i 0.021089 | 0.999471
v 0.000394 | 0.999994
\/ 0.000082 | 0.999999
F 0* 1

* Energy of the benzyl radical computed with full CI
was taken as zero and for parametrical Hamiltonian
(2.97) was equal to —211.756817 eV.

The difference between the energy corresponding to full Cl and the energy
obtained in the single-configuration approximation will be called the correlation
energy for a given model Hamiltonian.

It is seen from Table 2.3 that the correlation energy in our case is equal to —
0.929722 eV. With the singly excited configurations only 18% of this energy is
taken into account.

Extension of the orbitals basis to include doubly excited configurations
leads to an account of almost all the correlation energy, namely 94%, though
higher order corrections should be taken into account too.

We do not give many other demonstrative results which came out of these

64



computations [21].

Our purpose was just to illustrate the second quantization technique
described above to perform large scale CI calculations. Especially it is very
effective in a case of the multiatomic molecular systems. More detailed
information including computer program in ALGOL may be found in [23].

2.8 Appendix. Determinantal Method to Derive the Electron Density —
Bond Order Matrix and the Spin Density with an Account of All Singly and
Doubly Excited Configurations for Molecular States

The inclusion of more than singly excited configurations leads to a closer
description of reactivity, geometry, and other properties of molecules in the
ground and excited states. The knowledge of the distribution of the electron
density P, the spin density p,, and the bond orders P,, computed with an

account of doubly excited configurations is important.

It is not difficult to find in quantum chemistry literature computations when
wrong or better to say non-complete formulae for electron distributions
mentioned above are used.

For example, formula for ‘P, used in [24] is valid only for the case of

mixing of some particular doubly excited configurations, namely those of the
types ‘@ _, and '@, ,, and of the ground state configuration ‘®,. Here the

i—k i—>k?
i—k -l

occupied MO’s of the ground state of a molecule are designated by i and j, and
the unoccupied — by k and I. The single-configurational wave function of the
ground state of a molecule with 2n electrons is

'@, = (1T..iT...j]..nm)

or for the brevity just
'O, =it ] .

An identical wrong formula was erroneously used in [25 — 27] where singly
and/or doubly excited configurations of arbitrary types have been included. The
correct formulae for **p,, and p,, with the inclusion of only singly excited
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configurations can be found in [9] where also is mentioned that the use of the
widely-spread simple formula [24 — 27] for mixing of configurations of arbitrary
types leads to an even qualitatively incorrect electron density distribution,
especially for the states of different multiplicity.

This appendix summarizes the derivation of the general expressions for
+*p,, of the ground and excited singlet and triplet molecular states and for p,, of

the triplet states by the determinantal method in the frame of the CI method
including all singly and all doubly excited configurations [20].

2.8.1 The Wave Functions

The multi-configurational wave functions for the singlet and triplet states are

l\P = lxolq)o + lei%k lq)iak + leiak 1cDiak +leiak l(Diak +

i—k i—k jok jok

+Z Xie @iy +z X{ @, +Z X{ @

i—l i—l -l j—l -l j—l

SLP Z XI—)k 3(1)|—>k +Z X|—>k 3CI)|—>k +z XI—)k 3CI)|—>k +

jok i—l i—l

34/ "o 34 e 34111
+Z XI—)k cD—)k +Z XI—)k (D—>k+z X|—>k CD|—>k7

j—l j—l j—l j—l j—l j—l

where here and in the following equations the summation indexes over MO’s are
omitted supposing that they run independently over all possible values, and

‘o, I(ukm—ukm) o, kKT O, = I(|nka|+|i‘kjk‘|),

D, = \/—(|k|JJ|+||kJJ|) D, = (|'kl||+||kJ||—|lkJ||—||kJ||)
i—l j—l

lp" = iK U+ [TKGT |+ [ikTT |+|Tk jl|=2]ik jT |=2|Tk]1]),
.Jzﬁm(|l||l||1||J||J||J|)

‘o, =ikjjl o, =likjkl, o, =kl oL, = ﬁ(lfkjll—likjr|),

j—ok i—l j—l

3<D.’Lk—\/E(Ii_kjllJrlikJ'l_l—ZIile )2 3fDIZk—x/—(llkJ'l|+|ikJ'|_|+|ikJT||—3|“ZJ'|I)-

jol
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2.8.2 The Expectation Value of a One-electron Operator
Let the one-electron operator be given
Q= Zé(t) :
There should be found its average values
{Q)=(w[Qfw) and *(Q)=(*¥[Q] ).

In order to calculate the matrix elements of Q on the determinantal
functions contained in *¥ and *¥ one may use the known expansion [5]

(UIQIV) =2 (u|Q|v,) D(r]s).

rs

where
U = (uu,u,...uy ),

V = (V\V,V,...Vy),
and D(r|s) is a minor of the determinant

D=(U|V),
received by crossing in D the column r and the rows.
Tedious calculations lead to the following expressions for l<Q> through the

matrix elements of Q in the MO representation and for 3<(§> in the spin-MO
representations:

67



17 A n
(Q) =220 + X Xi X Quedly = Qi) + 2 X7 1(Qu ~ Q) +
i=1
+ lei_akk |ak (2Qkk i’ jj Qii’5jj’ ji'in ) +
j—
+ Z 1Xi—»k 1Xi—>k'(_2(gii§kk’6ll’ + QII'5kk’ + Qkk’é‘ll’) +

i>l i»l’

+ 2( |/ak 1Xi,’ak’ + 1Xll;k lxl/;k J(Qkk’é}i’5jj’5ll’ + QII é‘u 5]] 5 QII 5” 5 5 ij 5" 5 5 ) +

jol il jol il

+2\/§leiﬁ [ X +1XI~>k) ik_zzlxiﬁklxiﬁkajk+221XiaklxiarQil -
-l [

_\/Ezlxi*k( |—>k +’\/§lxl—>kajl + 2\/_2( |—>k |—>k + 1X|—>k 1X|—>kalj +

j-l i—k j—ok i-l
+2\/§Z(1Xi_>k 1X|—>k +1X|—>k |—>k)le’
i—k i—l jok jol
3, A n
<Q> = Z(Qii +Qpp) + Z i Xioie QueGi = Qi) +
i=1
+23Xiak |ak[(Qkk+Qkk) i’ jj ||5“ “ ||]+

j—k
+z X.»:<3X|ak[ (Qii + Q)0 Oir + QO + QO 1+
+z Xl»klaxlakl[Qkk i’ “5II Q“é‘né‘ 5 +2(QII+Q||)5||5“5
Iind i=
(QII +QII) i’ “5kk]+ Z Xluaksxﬂak[GQkk i’ Jjé]l +(5QII +QII)5||5“5’_

j—l j-l

~(4Q; +2Q;7)8, 68y = Qi +5Q13), 55 1+ 5 Z X% X [(3Que +

j-l J—>I

+9Qkk) i’ ”5|| +(11Q|| +Q||)5 0, Ok (Qii’+11QTT)§jj’§kk’5ll’_

1H~jj

_(11Qﬁr+ij') i’ kk’é‘ll’]_zz Xi—>k 3xi_—>kaJTE_Zzsxiek3xi'—>=<Qil -

_\/Ezsxiaksxitﬁlejl+\/%ngiﬁksxl';k(2le+QJI)+\/_Z XHkSXWk(Q” le)+

j—l

+‘/_Z Xlak( Xi oy — \/§ HkJQH \/—Z i 3XW1<(3Q|<|+Q|<|)+

j—k j—ol j—l j—ok j—l

+\/_Z XI*}k leakQ” +\/72 Xlaksx” k(QIJ +2QI])+ Z Xlak le,lk(Qu Qij)+

i—l i—l i—l

Z{ ok ( Xilx + j-i le':k\]:|[(Qll’ —Qr)0 +(Qpp — Qi) 1+

jol jol’ jol

+\/§Z

X|’L>k 3X “ k [(QI T QII ) i’ JJ ot (QT? _Qii’)é‘jj’é‘ll’ + Z(Q“ _QTT)é‘ii’é‘ll’]' (A]-)

j-l

2.8.3 The Electron Density — Bond Order Matrix and the Spin Density
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Expanding the MOs in linear combination of AOs

9= Coul (A2)
u

one can introduce the matrix elements

Q

Z.)

Q. =(,
and obtains an expression for 1<QA> in terms of the expansion coefficients C,, .

Comparing it with the known expression

13 <Q> _ z 1,3PWQW (A3)

uv

one finally obtains

1P,LIV = chyicvi + Z 1Xi—>k lXi’—)k’(Ckavk’é‘ii’ -C,C '5kk') + 22 lX@2—>t (C,ukak - C,uicvi) +
i=1 i—>

i v

+ 37X, Xy (2C 4 Cu81Sy —CuCriSy —CoCoyi) +

i’ jj i 2 vi'Yj ujZvi'tii

j—k j'—k
+ Z 1XI—>:( lX!—):(,’ (_Zcpinigkk’é]l’ + C,ukak’é‘ll’ + C;tICv|'5kk’) +

+ Z(lxi;k i + X, 1Xi?;k'j(cﬂkcvk'é}i'é‘"'é]|' +C,1C10i 004 = CiC.ii0 i Gy by =

i Vi j [t j
j—l -l j—l -l
H)TV]
i—k

-C,C "é‘ii'é‘kk'é‘ll’) + 2\/52 1Xi—>k [1)(0 + lXi—)ijinvk - 22 1Xi—>k lXi—)k C,uijk +
i j—k

+ ZZlXi_)k lXi—)kC,uinI - \/EZ 1Xi—>k (1Xi’—>k + \/§1Xi’;k jCijvl +
i—l j

j-l j—l

+ zﬁZ(lxiak lxiak + lxiak lXilek jc,uicvj +

i—k j—ok i-l j-l
2+/2 X X X X', |C,.C A4
+ Z 1k @»r"‘ ok Mok M (Ad)
i i—> = i
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In order to calculate p,, let putin (Al)

3=Y5,(1)

Taking into account that

(éz)ij = _(éz )TT

and using the AO basis one obtains after some manipulations
. 1
<ZSZ (t)> = _z 3Xi—>k ik’ Z(Cykcyk i +Cyicyi'5kk’) +

+- Z Xlak i'—k Z(C,ujc/zj é‘ll + C C,ul ji’ )+ Z Xlak 3X|4>k Z(Cykcyk é]l +C,u|C/1| 5kk )

j—ok =k oy i—l -l
+= Z >(IJ—>k| |J—>k Z(C;tkc;tk 5]] + C,ujc/,zj 5kk ) += Z lei)kl 3X :’—>k| z(3c,ukc,uk é‘ll 5]] é‘ll +
- -y - -l

+2C,C 88, 1S +2C i, 18 = CoiCoyGBecSi) +

al=ig g “iyj M=

Z X% X D (5C,iC 108, 18 Gy +5C,, C, 5SSy +5C 4 C 618 Gy

) [ ujp= ul™=igy
- Sy
_3Cy Cyk i’ jj§||)+z X|—>k3X|—>k ZCM 1k z X|—>k3X|—>kZCyl
J‘> M i—l u
2 " "
+5 Z Xlak(\/_gxlak+‘\’33xlﬁk *\/§ XI%kJZCﬂJ /l| Z X'ﬁk( ﬁsxlﬁk*—
j-l j-l j—l j—ok j—l
23 " 2 L AVALL 3 23 " 2 3y m
X|—> XI—) C C X|—> \/_ X|—> + X|—> X|—> C iCz'
\/3 s XZ OO g T Ky N 5K - XYL
1 EAVATl]
Z lezkl[ J::(+\/§ X|J::<j§:(cyl ul’ || Cinyi’é‘ll’)"_
"o 3y
Z xlﬁkl XJ klz(zcm uj' II Cztlcﬂlallé]l Cﬂcﬂl i’ JJ)
- -y

On the other hand <Z§Z (t)> = %Z P, » S0 that finally
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:zsxiekﬁxxi’—)k’(cykcyké‘u +C,C 5kk')+

i i’
+Z Xl—)kk |—>k (CM ‘ujé‘ll +C Cyl J])+Z X|—>:< 3XI—)k (Ckayké]l +C wul’ 5kk)+
= i—>
+Z X|—>kI 3X|'—>k C;zk’5jj’ Ui ;z]dkk)+ Z Xl’;kI 3X” k|(3c C/lké‘llé‘jjé‘ +
1= il 1= i—
+2C C/.Hé‘llé‘jjé‘kk +2C Cyl5jj5kk6‘|| C;ljcﬂjé‘llé é‘ll')+

ui'jy uj =i =iy

+= Z X" X (5C C i 1By +5C,,Cor 8 Ge By +5C uC B, S

j—ol -l

- 3C,ukc,uk i’ JJ 5II ) + ZZ XI—)k 3X|—>k CyJCyk ZZ 3Xi—>k 3Xl—)kcﬂlc,ul +

\/72 X|—>k (\/_3X|—>k + 3>(|,L>k \/_BXLLKJC,L:]C#I +\/72( 33XI—)k + lel;k 23Xl’lk)><

j-l jol j-l j—l j—l
X( X|—>k C Cyl + 3Xl—)k i y]) + \/72 X|—>kI (\/_len—):( + BXI”i)k j(c ul' || Cinyi'é]l’)
1 g
+_z X|,L>k| 3ka|(2CyJ ﬂjé‘llé‘ C[uIC,uI 5“5” -C Cul i’ ]j) (A5)
1= i

The expression (Al) also permits to obtain the formula for °p, . Let us

carry out the summation in (A1) over the spin variables taking the normalization
condition of *¥ into account. Using the AO representation and comparing the
expression derived so far with (A3) one finally obtains

i =i’

- ZZCMCW +z XI—)k 'Hk’(c,u vk’ 5|| -C,C 5kk’) +

+Z Xiw Xy (2C,C 86, —C,C 0, —C,C,,8) +

ok ok =] w=viry wjZvi™ii
+ Z SXB:( 3X:3f (—ZCMCwé‘ Oy + C;lkcvk'é‘”' + Cylcv|'5kk') +

i—k i—k
j—l -l -l -l -l -l

+Z( , 3X’—>k + SXH 3X”—>k +3X|”—’>k 3Xlllk j(c/tkcvk é‘n 5]15 +C CvI 5|| 5115

~CCi8; 048y —CoiCy 8yBgeSy) + 23 ° ka3ka C,C -

i

_ZZSXiek 3X!—>k i vl \/_Z X ( |—>k J_axl';kJCijvl +

j-l j—l
\/72 XI—)k [\/_3 i—k 3X|”—>k —2\/_3X|,lkjc C +
jok jol j-l
* \/_Z XIjikl ( J%| 33x|,;k jc,ulcvj (A6)

The expressions (A4) — (A6) immediately lead to the formulae [9]
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l’apyv = zzcyicvi +Z 113Xi%k l’sxi'ak’(cykcvk'é‘ii' - C C '5kk') ) (A7)
i=1

ui i

and
Py = Z3Xi—>k 3xi'—>k’ (Cukak’é‘ii' o C/licvi'é‘kk') ! (A8)

which are valid for the case of including only singly excited configurations.
The formula for P, erroneously used in [24 — 26] may be obtained from

(A7) if the summation in the latter is restricted by the condition i=i" and k =k’.
The validity of the expression for *P,, used in [24] follows from (A4) when

accounting only for some particular configurations, namely those of the type
‘o,, ‘o, ., and ‘@, , which have been included by the authors.

i—>k? i—k
i—k -l

2.9 Conclusions

The second quantization method has been intensively developed and is widely
used for treating many-particle problems. Kouba and Ohrn [28], for example,
have considered and solved some of the problems which we discuss in a
different way, namely a translation was made of spin projection methods into
the language of second quantization. This leads to a new formula for the Sanibel
coefficients and expressions convenient to use for automatic calculation of spin
projections.

We discussed in this review only one aspect of the second quantization
method, namely the construction of the multi-configurational wave functions.
Our approach is alternative to the usual determinantal method but offers some
advantages. The use of the second quantization representation allows the hole
which is introduced naturally and which is a mathematical description of the
interpretation of the excited configurations in terms of the particles and holes
against the vacuum state.

The importance of this interpretation is obvious, particularly if the vacuum
state is chosen as the Hartree — Fock state. Then the terms with the N-products in
the Hamiltinian (2.34) will describe the correlation of the electrons in an explicit
form.
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Introduction of the hole formalism allows the expressions for the CI matrix
elements in a form when the integrals of interaction with the vacuum particles
are already summed up, and the vacuum state plays the role of an external field.
The use of these expressions reduces the number of summations to a minimum
which is essential when the number of particles is large. Despite the relative
complexity of the second quantization method it reduces the procedure for the
calculations of the matrix elements to a simple logical scheme which can be
easily programmed.

The corresponding algorithm is universal for all varieties of the matrix
elements met in actual computations and reduces to a few simple cases.

Such an algorithm which is based on this logical scheme for CI method was
developed.

The corresponding program CI-2 is given in details in [23]. We have used
this program repeatedly, in particularly for computing electronic states of benzyl
radical [29], and glycine and tyrosine molecules and their neutral and charged
radicals [30]. The same logical scheme, but without use of the hole formalism,
was incorporated in program CI-3 to perform a complete ClI for the benzyl
radical [21].
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Chapter 3.
RELATIVISTIC MANY-BODY PERTURBATION THEORY
APPROACH TO CALCULATING ENERGY LEVELS, HYPERFINE
STRUCTURE CONSTANTS FOR HEAVY ATOMS AND IONS

3.1 Introduction

In this chapter the relativistic calculation of the spectra hyperfine
structure parameters for heavy atoms and multicharged ions with account of
relativistic, correlation, nuclear, QED effects is carried out (the Superatom
package) [31-38]. Our calculation scheme is based on gauge-invariant QED
perturbation theory with using the optimized one-quasiparticle representation at
first in the theory of the hyperfine structure for relativistic systems [2]. It is
carried out calculating the energies and constants of the hyperfine structure,
deriviatives of the one-electron characteristics on nuclear radius, nuclear
electric quadrupole, magnetic dipole moments Q for atom of hydrogen 'H (test
calculation), superheavy H-like ion with nuclear charge Z=170, Li-like
multicharged ions with Z=20-100, neutral atoms of 2*°U, ***Hg and *'Ra are
defined.

In last years a studying the spectra of heavy and superheavy elements
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atoms and ions is of a great interest for further development as atomic and
nuclear theories (c.f.[31-38]).

Theoretical methods used to calculate the spectroscopic characteristics of
heavy and superheavy ions may be divided into three main groups: a) the multi-
configuration Hartree-Fock method, in which relativistic effects are taken into
account in the Pauli approximation, gives a rather rough approximation, which
makes it possible to get only a qualitative idea on the spectra of heavy ions. b)
The multi-configuration Dirac-Fock (MCDF) approximation (the Desclaux
program, Dirac package) [3] is, within the last few years, the most reliable
version of calculation for multielectron systems with a large nuclear charge; in
these calculations one- and two-particle relativistic effects are taken into account
practically precisely.

The calculation program of Desclaux is compiled with proper account of
the finiteness of the nucleus size; however, a detailed description of the method
of their investigation of the role of the nucleus size is lacking. In the region of
small Z (Z is a charge of the nucleus) the calculation error in the MCDF
approximation is connected mainly with incomplete inclusion of the correlation
and exchange effects which are only weakly dependent on Z; c)

In the study of lower states for ions with Z<40 an expansion into double
series of the PT on the parameters 1/Z, aZ (o is the fine structure constant)
turned out to be quite useful. It permits evaluation of relative contributions of
the different expansion terms: non-relativistic, relativistic, QED contributions as
the functions of Z.

Nevertheless, the serious problems in calculation of the heavy elements
spectra are connected with developing new, high exact methods of account for
the QED effects, in particular, the Lamb shift (LS), self-energy (SE) part of the
Lamb shift, vacuum polarization (VP) contribution, correction on the nuclear
finite size for superheavy elements and its account for different spectral
properties of these systems, including calculating the energies and constants of
the hyperfine structure, deriviatives of the one-electron characteristics on
nuclear radius, nuclear electric quadrupole, magnetic dipole moments etc
(c.f.[2,31-38]).

In present paper a new, highly exact, ab initio approach to relativistic
calculation of the spectra for multi-electron superheavy ions with an account of
relativistic, correlation, nuclear, radiative effects is presented. The method is
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based on the quantum electrodynamical (QED) perturbation theory (PT).
Relativistic calculation of the spectra hyperfine structure parameters for heavy
atoms and multicharged ions with account of relativistic, correlation, nuclear,
QED effects is carried out (the Superatom and Dirac packages (DP) are used;
the DP using in a progress).

Our calculation scheme is based on gauge-invariant QED perturbation
theory and and generelized relativistic dynamical effective field nuclear model
with using the optimized one-quasiparticle representation at first in the theory
of the hyperfine structure for relativistic systems [2].

The wave function zeroth basis is found from the Dirac equation with
potential, which includes the core ab initio potential, the electric and
polarization potentials of a nucleus (the gaussian form of charge distribution in
the nucleus is considered) [31-38]. The correlation corrections of the high orders
are taken into account within the Green functions method (with the use of the
Feynman diagram’s technique).

There have taken into account all correlation corrections of the second
order and dominated classes of the higher orders diagrams (electrons screening,
particle-hole interaction, mass operator iterations) [11-18]. The magnetic inter-
electron interaction is accounted in the lowest (on «® parameter), the LS
polarization part - in the Uehling-Serber approximation, self-energy part of the
LS is accounted effectively within the Ivanov-lvanova non-perturbative
procedure [11].

Generelized relativistic dynamical effective field nuclear model is
presented in [38] (see also refs.[2]). The energies and constants of the hyperfine
structure, deriviatives of the one-electron characteristics on nuclear radius,
nuclear electric quadrupole, magnetic dipole moments Q for atom of hydrogen
'H (test calculation), superheavy H-like ion with nuclear charge Z=170, Li-like
multicharged ions with Z=20-100, neutral atoms of 2*°U, *'Hg and *'Ra are
calculated.

3.2 Relativistic perturbation theory method for calculation of heavy and
superheavy ions

Let us describe the key moments of our approach to relativistic calculation
of the spectra for multi-electron superheavy ions with an account of relativistic,
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correlation, nuclear, radiative effects (more details can be found in ref.[31-38]).

3.2.1 Definition of the basis of relativistic orbitals

One-particle wave functions are found from solution of the relativistic Dirac
equation, which can be written in the central field in a two-component form:

a—FJr(ler)E—(8+m—v)G=O

or 7

aGJr(l—)(‘)—vt(g—m—v)F=O (3.1)

or r

Here we put the fine structure constant « =1 . The moment number

Z:{— @+1), j>1 32)

1, j<1

At large y the radial functions F and G vary rapidly at the origin of co-
ordinates:

(3.3)

y=y2 —a2z2

This involves difficulties in numerical integration of the equations in the
region r— 0. To prevent the integration step becoming too small it is convenient
to turn to new functions isolating the main power dependence:

f:Frl_‘X‘, g:Grl_‘X‘. The Dirac equation for F and G components are
transformed as:

1=l ) f /- azvg —(azEy +2/az)g
g'= (x—|x|)g/r—ocZVf +QZE y f (3.4)
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Here the Coulomb units (C.u.) are used; 1 C.u. of length=1a.u.Z; 1 C.u.

of energy = 1 a.u. Z2 . In Coulomb units the atomic characteristics vary weakly
with Z. Eny IS one-electron energy without the rest energy, the system of

equations (4) has two fundamental, solutions. We are interested in the solution
regular at r— 0.
The boundary values of the correct solution are found by the first term s of

the expansion into the Taylor series:

g=(0)-Epy Joz/(2x+1); f=1at <0

f:(V(O)—EnX—Z/oczzz)ocZ; g=lat y>0
(3.5
The condition f,g —0 at r— « determines the quantified energies of the
state Ep, . At correctly determined energy E,, of the asymptotic f and g at

- oo are:
f ,g~exp(— r/n*) (3.6)

where n* :*/1/2‘]5"%‘ is the effective main quantum number.

The equations (4) were solved by the Runge-Kutter method. The initial
integration point r0=R/106, where R is the nucleus radius, the end of the
integration interval is determined as

T & 30n™
3.3 Nuclear potential

Earlier we calculated some characteristics of hydrogen-like ions with the
nucleus in the form of a uniformly charged sphere; analogous calculations by
means of an improved model were also made; Here the smooth Gaussian
function of the charge distribution in the nucleus is used. Using the smooth
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distribution function (instead of the discontinuous one) simplifies the calculation
procedure and permits flexible simulation of the real distribution of the charge in
the nucleus.

As in ref. [32] we set the charge distribution in the nucleus o(r) by the

Gaussian function. With regard to normalization we have:

pl(r|R) = (4v3/ 2/ \x )eXp(— v ) 3.7)
Ojoalrr2p(r|R) =1 ojodrrsp(r|R) =R
0 0

were y:4/TcR2 , R Is the effective nucleus radius.
The following simple dependence of R on Z assumed:

R=1.60x10"13;1/3 (cm) (3.8)

Such definition of R is rather conventional.

We assume it as some zeroth approximation. Further the derivatives of
various characteristics on R are calculated. They describe the interaction of the
nucleus with outer electron; this permits recalculation of results, when R varies
within reasonable limits.

The Coulomb potential for the spherically symmetric charge density

p(AR) is:

Ve <r\R)=—<<1/r>(?)dr'r'2p[r' R+ Jarro(r

R (@39

It is determined by the following system of differential equations:

V nucl(r, R) = (1/r2 y(j)dr'r'zp(r', R)E (1/r2 )y(r, R) (3.10)
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' (r, R)= rzp(r,R) (3.11)

p'(r.R)=-8y%% r/Vmexp (— yre )= ~2yrp(r, R)= —8—2 p(r, R)
wr

3.4 General Scheme of calculation for a three-electron system

Consider the Dirac-Fock type equations for a three-electron system 132nlj.
Formally they fall into one-electron Dirac equations for the orbitals 1s1s and
nlj with the potential:

V(r) =20 (Ls)+ V{r{n )+ Ver (r)+ V(HR) (3.12)

V(r|R) includes the electrical and the polarization potentials of the nucleus; the
components of the Hartree potential:

V)= ol 7 - 71 (3.13)
pl4i) is the distribution of the electron density in the state | i >, Veyis the

exchange inter-electron interaction. The main exchange effect will be taken into
account if in the equation for the 1sorbital we assume

V(r)= V(r|1s)+ V(r|nlj) (3.14)
and in the equation for the nlj orbital

V(r)= 2V(r|1s) (3.15)
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The rest of the exchange and correlation effects will be taken into account
in the first two orders of the PT by the total inter-electron interaction [13-17].

Refinement resulting from second iteration (by evaluations) does not
exceed correlation corrections of the higher orders omitted in the present
calculation. The relativistic potential of core (the “screening" potential)

2V(1)(r|ls) =Vser

has correct asymptotic at zero and in the infinity; at a—0 it changes to an
appropriate potential constructed on the basis of non-relativistic hydrogen-like
functions.

3.5 Calculation of the self-energy part of the Lamb shift and vacuum
polarization correction

Procedure for an account of the radiative QED corrections is in details
given in the refs. [12,16,17]. Rergartding the vacuum polariation effect let us
note that this effect is usually taken into account in the first PT theory order by
means of the Uehling potential. This potential is usually written as follows
(c.f.[1,11]):

200 ¢
U(r)=-—= [dtexp(~2rt/0aZ)
3nr

[.2
1+1/22) ttz_l —32;; Clg)  (3.16)

where g:LZ. In our calculation we usually use more exact approach. The
(0

Uehling potential, determined as a quadrature (16) may be approximated with
high precision by a simple analytical function. The use of new approximation of
the Uehling potential permits one to decrease the calculation errors for this term
down to 0.5 — 1%.

Besides, using such a simple analytical function form for approximating
the Uehling potential allows its easy inclusion into the general system of
differential equations. This system includes also the Dirac equations and the
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equations for matrix elements.

A method for calculation of the self-energy part of the Lamb shift is based
on an idea by Ivanov-lvanova (c.f.[32,37]). In an atomic system the radiative
shift and the relativistic part of the energy are, in. principle, determined by one
and the same physical field.

It may be supposed that there exists some universal function that connects
the self -energy correction and the relativistic energy. The self-energy correction
for the states of a hydrogen-like ion was presented by Mohr [1] as:

Z4
Z,nlj)= 0.027148—3F(H
n

Z,nlj) (3.17)

Egsg(H

The values of Fare givenat Z=10-110, nlj =15,25,2p1/2,2p3/2.

These results are modified here for the states 1s” nlj of Li-like ions. It is
supposed that for any ion with nlj electron over the core of closed shells the
sought value may be presented in the form:

4
Esg (Z,nlj)= 0.027148% 1(&,nl) (cm_l) (3.18)
n

The parameter ¢ =(£;)/*, Eg is the relativistic part of the bounding energy of the
outer electron; the universal function f(gn/) does not depend on the
composition of the closed shells and the actual potential of the nucleus. The
procedure of generalization for a case of Li-like ions with the finite nucleus
consists of the following steps [17]:

1). Calculation of the values £ and ¢ for the states nlj of H-like ions with the
point nucleus (in accordance with the Zommerfeld formula);

2). Construction of an approximating function f(&,nl) by the found reference Z
and the appropriate F(H|z,nyj) [1,11];

3). Calculation of E, and ¢ for the states nlj of Li-like ions with the finite

nucleus;
4). Calculation of Egz for the sought states by the formula (18).

The energies of the states of Li-like ions were calculated twice: with a
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conventional constant of the fine structure o =1/137 and with & =0/1000.The
results of latter calculations were considered as non-relativistic. This permitted
isolation of Ep and ¢. A detailed evaluation of their accuracy may be made

only after a complete calculation of £, (ziz,ny). It may be stated that the above

extrapolation method is more justified than using the widely spread expansions
by the parameteraZ .
3.6 Definition of the hyperfine structure parameters

Energies of the quadruple (W,) and magnetic dipole (W, ) interactions, which
define a hyperfine structure, are calculated as follows [2,38]:

W,=[4+C(C+1)]B,
W,=0,5 AC,
A=-(413)(4-1)(1+1)/[i(1-1)(21-1)],
C=F(F+1)-J(J+21)-1(1+1). (3.19)
Here 1 is a spin of nucleus, F is a full momentum of system, J is a full electron

momentum. Constants of the hyperfine splitting are expressed through the
standard radial integrals:

A={[(4,32587)10"°Z° 79.)/(4 *-1)}(RA) 2,
(3.20)
B={7.2878 10" Z°Q/[(4-1)1(1-1)} (RA).s,

Here g, is the Lande factor, Q is a quadruple momentum of nucleus (in Barn);
radial integrals are defined as follows:

(RA).,,= OjodrrzF(r)G(r)U(l /2. R),
0
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(RA)_g,:Ojodrrz[Fz(r) +G2(HU/ 2, R), (3.21)
0

and calculated in the Coulomb units (=3,57 10%°Z’m®; = 6,174 10*°Z°*m™ for
valuables of the corresponding dimension).

The radial parts F and G of two components of the Dirac function for
electron, which moves in the potential V(r,R)+U(r,R), are determined by
solution of the Dirac equations (see above; system (1)). For calculation of
potentials of the hyperfine interaction U(1/r",R), wone could use the method of
differential equations by Ivanova-lvanov [32,37].

The electric quadrupole spectroscopic HFS constant B of an atomic state
related to the electric field gradient g and to electric quadrupole moment eQ of
the nucleus as:

B=eqQ/h.

So, to obtain the corresponding value of Q one must combine the HFS
constants data with the electric field gradient obtained in our approach from the
QED PT calculation.

The details of calculation are presented in [11,14, 17,18].

3.7 Results of calculation and conclusion
3.7.1 Atom of hydrogen and superheavy H-like ion with Z=170

We have carried out the test calculation of the hyperdine structure
parameters (plus deriviatives of the energy contribution on nuclear radius) for
atom of hydrogen 'H and superheavy H-like ion with nuclear charge Z=170. For
hydrohen atom there are available sufficiently eact data for hyperfine splitting
energiesof 1s, 2s levels.

For superheavy ion Z=170 there is noe experiment and we an only
compair theoretical results with the fermi function for charge distribution in a
nucleus with data of analogous calculation with the gauss function for charge
distribution. The electron moves in the nuclear V plus vacuum-polarization
potential (the core potential is naturally absent). In table 1 we present the
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experimental [21] an theoretical (our test calculation) results for hyperfine
splitting energies for 1s, 2s levels of hydrogen atom There is very good

agreement between theiry and experiment.
Table 3.1

Experimental [41] an theoretical (our test calculation) results for hyperfine
splitting energies for 1s, 2s levels of hydrogen atom

Electron term Experiment Ham pacuer
Quantum numbers Av(F,F’), MHz Av(F,F”), MHz
of total moment | AE(F,F’), 10%cm™ | AE(E,F’), 10%cm™
15 °Sy, (1,0) 1420,406 1419,685
47, 379 47, 355
25 %Sy, (1,0) 177,557 177,480
5, 923 5, 920

In table 3.2 we present the results of our calculation for the hyperdine structure
parameters (plus deriviatives of the energy contribution on nuclear radius) for
the superheavy H-like ion with nuclear charge Z=170. We have used the

denotations as follows:
A=10%A/Z%g,,(eV);
DA=(10%Z"g))(A/R), (eVicm);
B=(10'BI(21-1))/Z°Q, (eV/Barn);
DB=[(10"1(21-1))/Z*Q](BIR), (eV/Barn cm); (3.22)
U=-(10%/Z%<U(r,R)>, (eV);
DU=(10"/2")(&<U(r,R)>/cR), (eV/cm);.

DV=[10"%Z%(&<V>/R), (eV/cm);
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Table 3.2
Characteristics of one-electron states for H-like ion with nuclear charge Z=170
(our calculation)

1s1/ 281/ 2P 2P3r 3S 112 3P 3Pz

A | 4337 831 3867 1,59 207 322 0,615
DA | 1039 228 941 0,0001 56,8 84,0 0,0001
B | 9091 1897 8067 0,07 475 707 0,04

DB | 7245 1557 6405 0,0008 395 574 0,0003

DV | 1255 273 1108 0,0011 67,7 98,3 0,0005
U | 1453 282 1301 1,31 69,3 109 0,62

DU | 2343 503 2071 0,0015 127 185 0,0007

3.7.2 Li-like multicharged ions

The detailled results of calculation of different energy contributions (eV) into
energy of the 2s1/,-2p1/, transition in spectrun of the U**, calculated within
different theoretical schemes: our approach (column F), MCDF (Cheng-Kim-
Desclaux; A); model PT with the Dirac-Fock “0” approximation (Ivanov etal;
B); relativistic multiparticle PT with the zeroth Hartree-Fock-Slater potential
(Persson-Lindgren-Salomonson; C); multiparticle PT with Dirac-Fock “0”
approximation (Blundell; D) have been presented in refs. [2,31-38]. Though
agreement between all theoretical and experimental data is in a whole quite
good, more exact results are obtained by megans of the methods (C) and (F).

The results of our calculation for contributions to energy due to the the self-
energy (SE) part of the Lamb shift and vacuum polarization correction (VP) of
the Lamb shift for Li-like ions (account from core 1s* energy) are also presented
in ref. [38].

The detailed analysis of the VP and SE energy contributions shows that for
ions with small Z the QED effects contribution is not significant, but with
growth of Z (Z>40) a contribution of the QED became very important.
Moreover for heavy and superheavy ions its account is principally important.
Regarding the role of the nuclear finite size effect, let us underline that for

86



multicharged ions with z<20 its contribution is very small, but for ions wit Z>70
it can approximately be equal to the vacuum polarization contribution on
absolute value. In table 3.3 the results of calculation of the nuclear correction
into energy of the low transitions for Li-like ions are presented. Our calculation
showed also that a variation of the nuclear radius on several persents could lead
to to changing the transition energies on dozens of thousands 10°cm™ There was
performed the calculation of constants of the hyperfine interaction: the electric
quadruple constant B, the magnetic dipole constant A with inclusion of nuclear
finiteness and the Uehling potential for Li-like ions. Analogous calculations of
the constant A for ns states of hydrogen-, lithium- and sodium-like ions were
made in ref. [31-38]. In these papers other basis’s of the relativistic orbitals were
used. Besides, another model for the charge distribution in the nucleus was
accepted and another method of numerical calculation for the Uehling potential
was used. In table 3.4 the calculation results for the constants of the hyperfine
splitting for the lowest excited states of Li-like ions are presented (see ref. [12]).

Table 3.3

Results calculation of the nuclear finite size correction into energy (cm ) of the
low transitions for Li-like ions and values of the effective radius of nucleus

(10 ** cm)

Z 231/2-2 Py2 231/2 -2 Py/2 R

20 -15,1 -155 3,26
30 -117,5 -118,0 3,73
41 - 659,0 -670,0 4,14
59 -6610,0 -6845,0 4,68
69 - 20 690,0 -21712,0 |4,93
79 - 62 315,0 -66931,0 |515
92 | -267325,0 -288312,0 [5,42
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Table 3.4

Constants of the hyperfine electron-nuclear interaction: A=2%g, Acm™,

3 J—
B= zQ B cm

-1

TN
nlj [z | 20 69 79 92
2s | A | 93-03 | 176-02 | 215-02 | 314-02
33 | A | 26-03 | 51-03 63 03 90 -03
4s | A | 1503 | 19-03 24 03 | 36-03
2p12 | A | 25-03 | 56 -03 71-03 | 105-02
3p2 | A | 81-04 | 16-03 20 -03 31-03
4py, | A | 32-04 | 72-04 91 -04 11 -03
2p3 | A | 50-04 | 67-04 71 -04 72 04
B 9-04 13 -04 15-04 17 -04
3psp | A | 13-04 | 19-04 21-04 22 04
B | 31-05 | 51-05 55-05 62 —05
4pzp | A | 62-05 | 89-05 92 05 8 04
B | 10-05 | 20-05 22 05 26 —05
3d;, | A | 8805 | 10-04 11 -04 12 -04
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B | 5106 9-05 1005 | 11-05
4dz, | A | 3505 | 51-05 | 55-05 | 58-05
B | 12-06 | 44-06 | 50-06 | 56-06
3ds, | A | 3605 | 48-05 | 50-05 | 52-05
B | 21-06 | 38-06 | 39-06 | 40-06
4dsp, | A | 15-05 | 19-05 | 20-05 | 21-05
B | 59-07 | 15-06 | 16-06 | 17-06

Chapter 4
OPTIMIZED RELATIVISTIC PERTURBATION THEORY TO
CALCULATING THE HYPERFINE LINE SHIFT AND BROADENING
FOR HEAVY ATOMS IN THE BUFFER GAS

4.1 Introduction

Here a consistent relativistic approach, based on the atomic gauge-
invariant relativistic perturbation theory and the exchange perturbation theory, is
presented and applied to calculating the interatomic potentials, van der Waals
constants, hyperfine structure line collision shift and broadening for heavy
atoms in an atmosphere of the buffer inert gas. The corresponding data on the
collision hyperfine line shift and broadening for the thallium, alkali (Rb, Cs)
and lanthanide (ytterbium) atoms in an atmosphere of the inert gas (He, Kr, Xe)
are listed and compared with available alternative theoretical and experimental
results.

The broadening and shift of atomic spectral lines by collisions with
neutral atoms has been studied extensively since the very beginning of atomic
physics, physics of collisions etc [1-5]. High precision data on the collisional
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shift and broadening of the hyperfine structure lines of heavy elements (alkali,
alkali-earth, lanthanides, actinides and others) in an atmosphere of the buffer
(for example, inert) gases are of a great interest for modern quantum chemistry,
atomic and molecular spectroscopy, astrophysics and metrology as well as for
studying a role of weak interactions in atomic optics and heavy-elements
chemistry [1-10]. As a rule, the cited spectral lines shift and broadening due to a
collision of the emitting atoms with the buffer atoms are very sensitive to a kind
of the intermolecular interaction. It means that these studies provide insight into
the nature of interatomic forces and, hence, they provide an excellent test of
theory.

An accurate analysis of the spectral line profiles is a powerful technique
for studying atomic and molecular interactions and is often necessary for
probing matter in extreme conditions, such as in stellar atmospheres, ultracold
traps and Bose—Einstein condensates [3,6].

Besides, calculation of the hyperfine structure line shift and broadening
allows to check a quality of the wave functions (orbitals) and study a
contribution of the relativistic and correlation effects to the energetic and
spectral characteristics of the two-center (multi-center) atomic systems.

From the applied point of view, the mentioned physical effects form a
basis for creating an atomic quantum measure of frequency [10,12,14]. The
corresponding phenomenon for the thallium atom has attracted a special
attention because of the possibility to create the thallium quantum frequency
measure. Alexandrov et al [10] have realized the optical pumping thallium
atoms on the line of 21GHz, which corresponds to transition between the
components of hyperfine structure for the Tl ground state. These authors have
measured the collisional shift of this hyperfine line in the atmosphere of the He
buffer gas.

The detailed non-relativistic theory of collisional shift and broadening the
hyperfine structure lines for simple elements (such as light alkali elements etc.)
was developed by many authors (see, for example, Refs. [1-14]). However, until
now an accuracy of the corresponding available data has not been fully adequate
to predict or identify transitions within accuracy as required for many
applications.

It is obvious that correct taking into account the relativistic and
correlation effects is absolutely necessary in order to obtain sufficiently
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adequate description of spectroscopy of the heavy atoms in an atmosphere of the
buffer gases. This stimulated our current investigation whose goals were to
propose a new relativistic perturbation theory approach to calculating the
interatomic potentials and hyperfine structure line collision shifts and
broadening for the alkali and lanthanide atoms in an atmosphere of the inert
gases. The basic expressions for the collision shift and broadening hyperfine
structure spectral lines are taken from the kinetic theory of spectral lines
[6,7,11,12].

The exchange perturbation theory (the modified version EL-HAV) has
been used to calculate the corresponding potentials (see details in [1-5]).

Let us note that sufficiently detailed reviews of the different versions of
exchange perturbation theory are presented, for example, in Refs.[1-9]. It is
worth to remind about the known difficulties of the exchange perturbation
theory, associated with complex structure series, which contain the overlap
integrals and exchange integrals [1]. Due to the ambiguity of the expansion in
the antisymmetric functions it had been built a number of different formalisms
of an exchange perturbation theory.

Usually one could distinguish two groups in dependence on the zero-order
approximation of the Hamiltonian. In the symmetry adapted theories the zeroth-
approximation Hamiltonian is an asymmetric, but the zeroth- approximation
functions have the correct symmetry. In symmetric formalisms there is
constructed a symmetric zeroth-approximation Hamiltonian such as the
antisymmetric function is its eigen function.

Further formally standard Rayleigh - Schrodinger perturbation theory is
applied. However, this approach deals with the serious difficulties in switching
to systems with a number of electrons, larger than two. In addition, the bare
Hamiltonian is not hermitian.

So the symmetry adapted theories gain more spreading. In particular,
speech is about versions as EL-HAV (Eisenschitz-London-Hirschfeleder- van
der Avoird), MS-MA (Murrel-Shaw-Musher-Amos) and others (see details in
Refs. [4,5]).

The detailed analysis of advantages and disadvantages of the exchange
perturbation theory different versions had been performed by Batygin et al (see,
for example, [11,12]) in studying the hyperfine structure line shift of the
hydrogen atom in an atmosphere of an inert buffer gas. In our work the
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modified version of the EL-HAV exchange perturbation theory has been used
to calculate the corresponding potentials (see details in [4]).

On fact [4] this is the Schrddinger type perturbation theory for
intermolecular or interatomic interactions, using the wave operator formalism.
To include all exchange effects, wavefunctions are used whose symmetry with
respect to permutations of both electronic and nuclear coordinates can be
prescribed arbitrarily. The interaction energy is obtained as a series in ascending
powers of the interaction operator. Further van der Avoird [4] has proved that
every term in this series is real and that the terms of even order are negative
definite for perturbation of the ground state. It has been also verified that up to
and including third order the results of this theory, if they are restricted to
electron exchange only, agree exactly with those of the Eisenschitz-London
theory (see other details in Refs. [1-5]).

The next important point is choice of the most reliable version of
calculation for multielectron atomic field and generating the basis of atomic
orbitals. In Refs. [17-30] a consistent relativistic energy approach combined
with the relativistic many-body perturbation theory has been developed and
applied to calculation of the energy and spectroscopic characteristics of heavy
atoms and multicharged ions.

This is the relativistic many-body perturbation theory with the optimized
Dirac-Fock (Dirac-Kohn-Sham) zeroth approximation and taking into account
the nuclear, radiation, exchange-correlation corrections. It is worth to remind
that this approach has been successfully used to calculate the [-decay
parameters for a number of allowed (super allowed) transitions and study the
chemical bond effect on B-decay parameters [29]. This approach has been used
in our work to generate a basis of relativistic orbiltals for heavy atoms.

Besides, the correct procedures of accounting for the many-body
exchange-correlation effects and relativistic orbital basis optimization (in order
to provide a performance of the gauge-invariant principle) as well as accounting
for the highly excited and continuum states have been used.

Earlier it was shown [21-30] that an adequate description of the energy and
spectral characteristics of the multi-electron atomic systems requires using the
optimized basis of wave functions.

In Ref. [34] a new ab initio optimization procedure for construction of the
optimized basis had been proposed and based on the principle of minimization

92



of the gauge dependent multielectron contribution ImoE,;,, of the lowest QED
perturbation theory corrections to the radiation widths of atomic levels. The
minimization of the functional ImoJE,;, leads to the Dirac-Kohn-Sham-like
equations for the electron density that are numerically solved. This procedure
has been implemented into our approach.

In result, the numerical data on the hyperfine line collision shifts and
broadening for some alkali (Rb, Cs), thallium and ytterbium atoms in
atmosphere of the inert gas (such as He, Ke, Xe) are presented and compared
with available theoretical and experimental data (see, detailes, for example, in
[1-12]).

Besides, new data on the van der Waals constavts and other parameters
for the studied two-atomic systems are presented too.

4.2 Optimized atomic perturbation theory and advanced kinetic theory of
spectral lines

In order to calculate a collision shift of the hyperfine structure
spectral lines one can use the following expression known in the kinetic theory
of spectral lines shape (see Refs. [6,7,11,12]):

f,-2- 0 [+ gRIWR)expl-URYKTIR?R,  (4.1a)

2 (VR |, _,
9(R)= ﬁ(_?] e (4.1b)
0, U>0,

Here U(R) is an effective potential of interatomic interaction, which has
the central symmetry in a case of the systems A—B (in our case, for example,
A=RDb,Cs; B=He); T is a temperature, wy is a frequency of the hyperfine
structure transition in an isolated active atom; da(R)=Dw(R)/wq is a relative
local shift of the hyperfine structure line; (1+g(R)) is a temperature form-factor.

The local shift is caused due to the disposition of the active atoms (say, the
alkali atom and helium He) at the distance R. In order to calculate an effective
potential of the interatomic interaction further we use the exchange perturbation
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theory formalism (the modified version EL-HAV) [9]).

Since we are interested by the alkali (this atom can be treated as a one-

quasiparticle systems, i.e. an atomic system with a single valence electron above
a core of the closed shells) and the rare-earth atoms (here speech is about an
one-, two- or even three-quasiparticle system), we use the classical model for
their consideration. The interaction of alkali (A) atoms with a buffer (B) gas
atom is treated in the adiabatic approximation and the approximation of the rigid
cores. Here it is worth to remind very successful model potential simulations of
the studied systems (see, for example, Refs. [32-41]).
In the hyperfine interaction Hamiltonian one should formally consider as a
magnetic dipole interaction of moments of the electron and the nucleus of an
active atom as an electric quadrupole interaction (however, let us remind that, as
a rule, the moments of nuclei of the most (buffer) inert gas isotopes equal to
zero) [6].

The necessity of the strict treating relativistic effects causes using
the following expression for a hyperfine interaction operator Hyr (see, eg.,

[1,5]):

oo xr
HHF: az I r—3, (42)
i=1 i
e’h
a=-2
ﬂ2m c’

p

where [— the operator of the nuclear spin active atom, ¢; — Dirac matrices, m, —
proton mass, x - moment of the nucleus of the active atom, expressed in the
nuclear Bohr magnetons.

Of course, the summation in (4.2) is over all states of the electrons of
the system, not belonging to the cores. The introduced model of
consideration of the active atoms is important to describe an effective
interatomic interaction potential (an active atom — an passive atom), which
is centrally symmetric (J,="/,) in our case (the interaction of an alkali atom
with an inert gas atom).

Let us underline that such an approximation is also acceptable in the
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case system “thallium atom — an inert gas atom” and some rare-earth
atoms, in spite of the presence of p-electrons in the thallium (in the case of
rare-earth atoms, the situation is more complicated).

Next, in order to determine a local shift within the consistent theory
it should be used the expression obtained in one of versions of the
exchange perturbation theory, in particular, EL-HAV version (see [1-5,8,9]).
The relative local shift of the hyperfine structure line is defined with up to the
second order in the potential V of the Coulomb interaction of the valence
electrons and the cores of atoms as follows:

S, Cof 2 1
Sa(R)=—""—+Q +Q, — 8| ==+ —— 4.3a
l®) 1_s, 1T R6{Ea+Ea+EB]’ (4.32)
Eun=(l,,+Ep )2, (4.3b)

Here Sy is the overlapping integral; Cg is the van der Waals coefficient; | is the
potential of ionization; £y, IS the energy of excitation to the first (low-lying) level
of the corresponding atom. The values Q, Q, in Eq. (4.3a) are the first order
non-exchange and exchange non-perturbation sums correspondingly. These
values are defined as follows:

2 ,<(Dlo(1>‘H|I4F ‘(Dk(l) Wi
o N(l_so)/)ozk: E, - Ey (442
B 2 .<CDI0(1)‘H|'4F‘®IL<(1)>U|<0
e N (1_ So)Po Zk: E, —E (4.45)

=< 50) e [ ,0) 1 < 030 ;0)

where H . = mis the transformed operator of the hyperfine interaction;

3
rl

[axr], is Z component of the vector product; Z - quantization axis directed
along the axis of the quasi-molecule; N is the total number of electrons,
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which are taken into account in the calculation; Ei, o, (1)=F, 1)¢, (2..N)arean

energy and a non-symmetrized wave function of state k ={k,,k,} for the
isolated atoms A and B.

The non-exchange matrix element of the Coulomb interatomic
interaction is as:

Vie = < @' (1) [V (1) | D' (1)>. (4.52)

Correspondingly the exchange matrix element is as follows:

o= 200V 00} ) (4.5b)

The operator V (i) (for example, in a case of the system Rb(a)-He(b)) can be
presented as follows:

V(1) =V 1} User (1) 2o (R)+ = (46)

bi

where Usce(r) is the self-conjunctive field, created by an active atom core. The
useful expressions for approximating the interaction potential and shift are
presented in Refs. [11,12]:

UA-B(R):UZiB_CB/RGl (47)

30 (R) =2 (" (R) = A R+ (@ + Q) g [ 225, (48)

Lo 0A-He

where the overlap integrals So,.g are determined by the standard expressions, and
the potential Uy, is calculated in the framework of the exchange perturbation
theory [12]:

U®=(Voo - Ugo)/(1-Sp). (4.9)

It should also be noted that as a rule, in the alternative non-relativistic theories
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of [6-9] the commutator technique [11] is used when calculating the sums of the
type (4). Earlier the reason of using actually approximate non-relativistic methods
was the lack of reliable information on the wave functions of the excited states of
the complex atoms.

Starting approximations in alternative theories [11,12] were rather simple
approximations for the electronic wave functions of both active and passive
atoms. In particular, in Refs. [11] the electronic wave functions were
approximated by simple Slater expression (the approximation of the effective
charge = Z-approximation ) or simple analytical approximation formulas by
Lowdin (L- approximation) and Clementi-Roothaan (C - approximation) [42] in
studying the shift and broadening the hyperfine lines for such atoms as He , Rb,
Cs etc.

In Refs. [12] the wave functions have been determined within the Dirac-
Fock approximation, however, these authors have used the approximate non-
relativistic expressions to describe the corresponding interatomic interaction
potential. Besides, determination of the polarizabilities and the van der Waals
constants has been performed with using the following London’s expressions
[6,12]:

3 N
cl =2 A'B .
6 zaAaB L+l (4.10a)
3 1

Cl=Za,a, , (4.10D)

: ay , [as

nA nB

3 f

Cs' ==agly ), ko (4.10c)

2 (B, —E)E —E +1g)

where f is the oscillator strength, other notations are the standard. However,
sufficiently large error in definition of the van der Waals constants could provide
a low accuracy of calculating the interatomic potentials. It is worth to note that
the authors of the cited works indicate on the sufficiently large error (~ 50% ) in

97



the calculation of the collision shifts.

Let us return to consideration of the van der Waals coefficient Cg for the
interatomic A-B interaction. The van der Waals coefficient may be written as
[13,43,44]:

3M2 - L(L+1)

ColLM)=Ceo (D=0 o 13)

Ceo (D (4.11)

where Cgp (L) is the isotropic component of the interaction and Cs, (L) is the
component corresponding to the P,(cosé) term in the expansion of the interaction
in Legendre polynomials, where the angle specifies the orientation in the space-
fixed frame.

The dispersion coefficients Cqo (L) and Cq, (L) may be expressed in terms
of the scalar and tensor polarizabilities «,(L;iw) and o,(L;iw) evaluated at

imaginary frequencies [13]. In particular, one may write in the helium case as
follows:

Ceo(L) :%-Tao (L; iw)a,, (iw)dw, (4.12)

where a.is the dynamic polarizability of He.
The polarizabilities at imaginary frequencies are defined in atomic units
by the following formula:

- 5 2
a|(L,M;iW):22(E7 EDKLM|Z[L,M, >

4.1
7M™, (E;/ - EL)Z +W2 ( 3)

where E, is the energy of the electronically excited state |[L ,M, > and the z axis
lies along the internuclear axis.

Obviously, generally speaking, the calculation of the dynamic
polarizability and the resulting van der Waals constants is connected with a
summation over infinite number of intermediate states (the states of the discrete
spectrum and integrating over the states of the continuous spectrum).
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This is a known problem, which greatly complicates the computational
procedure and significantly reduces an accuracy of the computing the atomic
characteristics.

On the other hand, it is known that the space of functions of the atomic
states can be stretched over the space of the Sturm orbitals, which is both
discrete and countable [6,35,43].

Thus, it allows to eliminate a problem of accounting the continuous
spectrum within the formally exact approach.

Naturally, the set of Sturm orbitals should be introduced with specially
prescribed asymptotics that is crucial for the convergence of the spectral
expansion, including a spectral expansion of the corresponding Green's
functions.

4. 3 Relativistic many-body perturbation theory with the Kohn-Sham
zeroth approximation and the Dirac-Sturm method

4.3.1 Relativistic many-body perturbation theory with the Kohn-Sham
zeroth approximation

As it is well known (see also Refs. [1,7]), the non-relativistic Hartree-
Fock method is mostly used for calculating the corresponding wave functions.
More sophisticated approach is based on using the relativistic Dirac-Fock wave
functions (first variant) [15,16]. Another variant is using the relativistic wave
functions as the solutions of the Dirac equations with the corresponding density
functional, i.e within the Dirac-Kohn-Sham theory [45-48]. In fact, the
theoretical models involved the wuse of different consistency level
approximations led to results at quite considerable variance.
It is obvious that more sophisticated relativistic many-body methods should be
used for correct treating relativistic, exchange-correlation and even nuclear
effects in heavy atoms. (including the many-body correlation effects, intershell
correlations, possibly the continuum pressure etc [21-30]). In our calculation we
have used the relativistic functions, which are generated by the Dirac-Kohn-
Sham Hamiltonian [18,27-30]. In a number of papers it has been rigorously
shown that using the optimized basis in calculating the atomic electron density
dependent properties has a decisive role. This topic is in details discussed in
many Refs. (see, for example, [6,15,28-32,49]).
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As usual, a multielectron atom is described by the Dirac relativistic
Hamiltonian (the atomic units are used):

H = >2h0;)+ >V (5r,) (4.14)

i>]

Here, h(r) is one-particle Dirac Hamiltonian for electron in a field of the finite
size nucleus and V is potential of the inter-electron interaction.
In order to take into account the retarding effect and magnetic interaction

in the lowest order on parameter ¢/ (the fine structure constant) one could write
[18]:

v (rr) =exp (o7, S (4.15a)

where a; is the transition frequency; «; ,¢; are the Dirac matrices. The Dirac
equation potential includes the electric potential of a nucleus and electron shells
and the exchange-correlation potentials. The standard KS exchange potential is
as follows [45]:

VIS (r) = @/ 2)[37% p(r)]*>. (4.15b)
In the local density approximation the relativistic potential is [45]:

OB [P0

Vi Lo(r), r]= 5o()

(4.16)

where E,[p(r)]iS the exchange energy of the multielectron system corresponding
to the homogeneous density p(r), The corresponding correlation functional is [6,
28]:

V. [p(r),r]1=-0.0333-b-In[1+18.3768 - ()] 4.17)
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where b is the optimization parameter (for details see Refs. [6,31,32]).

As it has been underlined, an adequate description of the multielectron
atom characteristics requires using the optimized basis of wave functions. In our
work it has been used ab initio optimization procedure for construction of the
optimized basis of the relativistic orbitals. It is reduced to minimization of the
gauge dependent multielectron contribution ImJE,, of the lowest QED
perturbation theory corrections to the radiation widths of atomic levels.

The minimization of the functional ImoJE,;, leads to the Dirac-Kohn
Sham-like equations for the electron density that are numerically solved.
According to Refs. [31], the gauge dependent multielectron contribution can be
expressed as functional, which contains the multi-electron exchange-correlation
ones. From the other side, using these functionals within relativistic many-body
perturbation theory allows effectively to take into account the second —order
atomic perturbation theory (fourth-order QED perturbation theory) corrections.
In our work the corresponding functionals of Ref. [34] have been used. As a
result one can get the optimal perturbation theory one-electron basis. In concrete
calculations it is sufficient to use more simplified procedure, which is reduced to
the functional minimization using the variation of the correlation potential
parameter b in Eq. (4.16).

The differential equations for the radial functions F and G (components of
the Dirac spinor) are:

oF

E+(l+;{)$—(8+m—V)G =0,
oG G
E+(1—;{)?+(8—m—V)F=O, (4.18)

where F, G are the large and small components respectively; y is the quantum
number.

At large y, the functions F and G vary rapidly at the origin; so, one could
have
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F(r),G(r)=r, y=y ~a’z* .

This creates difficulties in numerical integration of the equations in the region
r-0. To prevent the integration step from becoming too small it is usually
convenient to turn to new functions isolating the main power dependence:

f=Fr¥
g=Gr,
The Dirac equations for F and G components are transformed as follows [18]:

f'=—(x+|xDf/r-aZVyg—(aZE, 6 +2/aZ)q,

9'=(r—|xNg/r-azVf +aZE  f. (4.19)

Here E,, is one-electron energy without the rest energy. The boundary values
are defined by the first terms of the Taylor expansion:

g=(V(0)-E, )raz/(2x+1); f=1ga y<o0,

f=(V(0)-E, -2/a’Z%)aZ; g=1at y>0. (4.20)

The condition f, g—0 at r—>« determines the quantified energies of the
state E,,. The system of equations (4.19) is numerically solved by the Runge-
Kutta method (‘Superatom’ PC package is used [17-37]). The other details can
be found in Refs. [21-30].

The basic idea of the Dirac-Sturm approach is as follows [6,9,35,43]. In
the usual formulation as basis functions used system of eigenfunctions of the
generalized eigenvalue problem for the family of operators:

102



(Ho—2)®, =A, gD, (4.2)

where H, — unperturbed Hamiltonian of a system, g is a weighting operator,
generally speaking, do not commute with the operator Hy;, A,,®, - eigenvalues
and eigenfunctions of equation (4.21).

A weighting operator in Eq. (4.21) is usually chosen so that unlike a
spectrum of H,, the spectrum of (4.21) is a purely discrete. Using the
orthogonality and completeness conditions, it is easy to show that the Green
operator of the unperturbed problem is diagonal in a representation, defined by
a set of functions @, and the corresponding expansion is as follows:

Gole)=D|®, >< @, |/A,(e) (4.22)

and contains only a single summation over the quantum numbers {v}.

As the operator Hy we use the Dirac-Kohn-Sham Hamiltonian. The
corresponding Dirac-Kohn-Sham equation can be written in the next general
form [9]:

[hows (X) —&,Ju,(x) =0 (4.23)

Along with discrete spectrum (s=&,<¢&:) there is a continuous
spectrum of the eigen-values (&>g&:), corresponding to the Dirac-Kohn-
Sham virtual orbitals. In the Sturmian formulation of the problem one
should search for the eigen-values and eigen-functions of the following
equation:

[hoks (X) —€lo, =4, p(X)0, (4.24)

where

e=E-) &, (4.25)

N-1
k=

1

Let us note that when &0  equation (24) has a purely discrete
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spectrum eigenvalues A,=A,(¢).

As the weight of the operator there are commonly used operators,
proportional to a part or even all potential energy in the Hamiltonian H,.
Further, it is easily to understand that the Fourier-image of the one-particle
Green's function in the Dirac-Kohn-Sham approximation can be represented as
an expansion on the eigenfunctions of (24) [6,9]:

G® =(x,X:¢) = z¢‘;;)1)(p)v ()i)’ (4.26)

where ¢, (x)is the Sturm designed function:

7.00=0.09- Y u, (9<u, Ig, > (4.27)

In the case of the single-particle perturbed operator, say,
N
W(X)= 2w, (x) (4.28)
a=1

the second-order correction to an energy of the atom is determined by the
standard expression of the following type:

N
2
SE @ =—kz_;< u, WG (g, )wlu, >=

:—ZZ|<¢V|W|U > 1[4, (e, -1 (4.29)

k=1 v

and it actually contains only the summation over the occupied states (core) and
virtual orbitals of the Dirac-Kohn-Sham-Sturm type relating to a purely discrete
spectrum.

If the operator w,(x) is an interaction with an external electric field, the
expression (29) determines the many-electron atom polarizability in the
relativistic Dirac-Kohn-Sham approximation.
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Let us illustrate the specific numerical implementation of relativistic
method of the Sturm expansions on the example of the rubidium atom.
Calculation of the static polarizability is actually reduced to two stages. In the
first stage one should solve the system of relativistic Dirac-Kohn-Sham
equations with respect to the Dirac radial functions and the Lagrange diagonal
parameters £>,¢%, * etc.

In the second stage of the calculation procedure the system of equations
equivalent to (24) is solved numerically:

(—iacV +V, (1) + SV, (r) +V, (r|b)—&)e =0, (4.30)

where, as above, Vy is the potential of the electron-nuclear interaction, V¢ is a
mean-field potential generated by the other electrons; Vy is the Kohn-Sham
potential.

Two parameters &  o; correspond to each orbital “i” of a real or Sturmian
state. The parameter ¢; =1 for orbitals of the real states. It is also important to
emphasize that all orbitals of the Sturmian supplement of the Eq. (4.26) have an
exponential asymptotic behavior as r—oo, which coincides with the asymptotic
behavior of the last real state orbitals in the corresponding basis of the real state
orbitals. In each case, the functions of the accounted real states represent a
reduced spectral expansion of the Green's function G.

The residual part decreases as exp[-r(-26)*?] for r—w (here ¢ is the
eigen energy of the explicitly accounted last real state). All orbitals of the Sturm
supplement have absolutely the same asymptotic in the corresponding basis.
This fact is very significant in terms of convergence of the method.

As usually, the number of explicitly accounted real state functions is
determined by the concrete numerical application of the method to computing
the studied atomic characteristics. Other details can be found, for example, in
Refs. [6,9,35].
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4.4 Shift and broadening of the hyperfine spectral line for multielectron
atoms in an atmosphere of the buffer gas

4.4.1 Shift and broadening of the thallium and ytterbium hyperfine line in
an atmosphere of the inert gas

At first, let us consider the thallium atom in atmosphere of the inert gas.
Its studying is of a great interest as this atom a sufficiently heavy. In contrast to
more simple alkali atoms (look below) the thallium atom contains p-electrons
outside closed shells and has a nuclear charge Z = 81. Obviously, a correct
treating relativistic and exchange-correlation effects is critically important for
accurate describing its energy and spectral characteristics.

In Table 4.1 the theoretical values of the van der Waals constants ( in
atomic units ) respectively, for atom Tl (Tl - He, Kr, Xe) are listed. There are
presented our results (*) obtained from our relativistic calculation by the
optimized Dirac-Kohn-Sham method combined with the Dirac-Sturm approach,
the calculation results by Batygin et al, based on the approximation formulas
(4.10a)-(4.10c), the Hartree-Fock data by Penkin et al, as well as experimental
data (from refs. [8,9,10-13]).

Table 4.1
Theoretical values of the van der Waals constants ( in atomic units )
respectively, for atom Tl (Tl - He, Kr, Xe); see explanations in the text.

TI—He | TI— | TI-Kr | TI- Xe

Ar
Ce (10a) 17.5 129 | 180 291
Ces' (10b) 20.5 148 | 212 318
Ce" (10c) 20.33 | 133 | 193 296

Ce (Hartree-Fock) | 6.59 48 71 111
Cs (our data ®)” 12.1 106 | 157 265
Cs (our data”)” 145 | 119 | 173 289
Cs (experiment) - 100 150 260
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Note:* — calculation with optimization*; b _ calculation without optimization;
In Table 4.2 there are listed the results of our calculation of the interatomic
interaction potential U (R) and the values of the local shift 6w (R) ( all values are
in atomic units ) of the thallium hyperfine spectral line for different values of the
internuclear distance in the system Tl - He. For comparison, similar results of
the calculation of the potential U (R) and the local shift dw (R) with using the
single-configuration Dirac-Fock method [12] are presented too.

It is noteworthy sufficiently large error for values of the van der Waals
constants, obtained during calculating on the basis of formula (4.10), as well as
within the standard Hartree-Fock method.

The calculation shows the importance of the quality of the atomic wave
functions (using an optimization and correct account for the exchange-
correlation effects and continuum “pressure” etc.) for an adequate description of
the corresponding constants.

Table 4.2
Local shift and interatomic interaction potential (in atomic units)
for the pair Tl - He.

Dirac-Fock method Our theory [8,9]
R | d3o(R)e [U(R)*10°[5n(R) e 102 U (R)«10°
5 4.22 7.6 3,92 6.93
6 1.34 2.0 1,21 1.76
7 0.329 0.44 0.27 0.38
8 0.0788 0.099 0.070 0.085
9 0.0032 0.024 0.0025 0.020
10 | -0.0145 -0.076 -0.0131 - 0.067
11 -0.0119 -0.008

In Table 4.3 we list the results of our calculation (as all values are given
in atomic units) interatomic interaction potential U (R) and the values of the
local shift dw (R) for pairs TI-Kr, TI-Xe.

Table 4.3
Local shift and interatomic interaction potential (in atomic units) for the pair Tl
— Kr, Xe (see text)

T1-Kr (Our theory) T1-Xe (Our theory)
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R S(R)e |UR)*10°| 50(R)e | U(R)-10°
5 -14.30 1324 | -19,05 18.31
6 -2.88 6.10 -8.22 5.95
7 -1.44 1.72 -2.67 2.04
8 -0.67 0.49 -1.52 0.65
9 -0.48 0.06 -0.74 0.01
10 -0.35 -0.03 -0.48 -0.08
11 -0.24 -0.04 -0.37 -0.09

Further in Table 4.4 we present our theoretical values (theory C) for the thallium
atom hyperfine line collisional shift at the temperature T = 700K for a number of
the diatomic systems, in particular, the pairs of Tl - He, Tl - Kr, TI-Xe. For
comparison, in this table there are also listed the results of calculation on the
basis of the single-configuration Dirac-Fock method Batygina DF et al. [12]
(theory A), the optimized DF-like method [8] (theory B), as well as
experimental data Choron-Scheps-Galagher ( the Virginia group) . The
qualitative estimate from Ref. [10] has been listed as well.

Table 4.4
The collisional shift f, (in Hz/Torr) of the thallium hyperfine line for pairs TI -
He, TI - Kr, TI-Xe at T = 700°K; Experiment and the qualitative estimate by
Choron-Scheps-Galagher (Virginia group); Theory: A- single-configuration
Dirac-Fock method; B — the optimized Dirac-Fock method; C- our theory

(see text).
System T1-He T1-Kr T1-Xe
Experiment | 130+30 | -490+20 -1000+80
Qualitative - - -5500
Theory A 155.0 -850.0 -1420.0
Theory B 139.0 - -
Theory C 137.2 -504 -1052

In Table 4.5 we present the theoretical data on the collisional shift f, (in
Hz/Torr) the thallium atom hyperfine line at different temperatures (T°K) for the
systems TI - He, Tl - Kr, TI-Xe: Theory A - the single-configuration Dirac-Fock
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method Batygina DF et al. [12]; C- our theory [8,9].

Table 4.5 The temperature dependence of the collisional shift f, (in Hz/Torr) for
pairs Tl - He, Tl - Kr, TI-Xe; Theory: A- single-configuration Dirac-Fock
method; C- our theory;
Pair Tl— | T1— | TI— | TI—Xe
T,K| Theory| Theory| Theor | Theory
700 155 137,2 | -504 -1052
750 | 153.0 | 1353 | -461 -964
800 151 134,1 | -422 -899
850 149 133,3 | -391 -841
900 | 1475 | 1314 | -362 -794
950 146 129,1 | -330 -751
1000 | 143 126,2 | -308 -713

As can be seen from the presented data, our theory provides a physically
reasonable agreement with experimental data on the hyperfine line collisional
shifts for the pairs of TI-He, TI-Kr, Tl-Xe.

In Table 4.6 we present our calculated values for adiabatic broadening
I,/p (in Hz / Torr) of the thallium atom hyperfine line at different temperatures
for the TI — He pair: C - our theory; A theory [12]. In Table 4.7 we list the
similar our theoretical data on the thallium atom hyperfine line adiabatic
broadening of 7',/p (in Hz / Torr) for the pairs Tl - Kr, TI-Xe.

Table 4.6
Adiabatic broadening 7,/p (in Hz / Torr) for the TI - He:
Theory A- single-configuration Dirac-Fock method; C- our theory.
T,K Tl - He Tl —He
Theory A | Theory C

700 2.83 2.51
800 2.86 2.54
900 2.90 2.58
1000 2.89 2.56
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Table 4.7
Adiabatic broadening 7./p (in Hz / Torr) for the TI — Kr, YI-Xe (our theory).
T,K TI- Kr TI- Xe

700 6.81 17.3
800 5.89 14.6
900 5.26 12.9

1000 5.24 115

It is easily to estimate that the ratio values ( I/p) / f, ~ 1/50 for the system
TI - He, (I./p) I f, ~1/70 for the system Tl - Kr and ( I./p) / f, ~ 1/60 for the TI-
Xe. These estimates (at first it had been noted in Ref.[12] ) show that well-
known in the theory of optical range spectral line broadening Foley law T", ~|A| (
see, for example, [6] ) is incorrect for the spectral lines of transitions between
components of the hyperfine structure. At least this fact is absolutely obvious for
the thallium atom.

In any case we suppose that more detailed experimental studying are to be
very actual and important especially a light of availability of the theoretical data
on temperature dependences of the thallium hyperfine line collisional shift and
broadening. Obviously, this is also very actual from the point of view of the
construction the thallium guantum frequency measure, as well as studying a role
of the weak interactions in atomic physics and physics of collisions (see, for
example, [6,10]).

Further we present the results of our studying hyperfine line collisional
shift for alkali atoms (rubidium and caesium) in the atmosphere of the helium
gas. In Table 4.8 we present our data on the van der Waals constants in the
interaction potential for alkali Rb, Cs atoms with inert gas atoms Ne, Kr, Xe,
and also available in the literature experimental data [10,11].

In Table 4.9 we list the results of our calculating (in atomic units)
interatomic potentials, local shifts da(R) for the pair Cs-He.

Table 4.8

The van der Waals constants (in atomic units.) for alkali atoms, interacting with
inert gas atoms Ne, Kr, Xe (see text).
Pair of atoms Our theory Experiment
Rb-He 42 41
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Rb —Kr 484 470
Rb —Xe 758 -
Cs-He 52 50
Cs-Kr 582 570
Cs-Xe 905 -

atomic units; see text)

R | 6o(R) | UR)
8 | 4280 | 610
9 | 2845 | 336
10 | 1890 | 169
11 | 955 77
12 | 482 32
13 | 251 1238
14 | 113 41
15 | 59 19

Table 4.9

The interatomic potential (10°) and local s&(R) shift (10°) for Cs-He pair (in

Noteworthy is the fact that an accuracy of the experimental data for the

van der Waals constants does not exceed 10 % for heavy alkali atoms.
Calculation has shown that the optimization of the relativistic orbitals basis and
accounting for the exchange-correlation effects seem to be very important for
obtaining adequate accuracy of the description of the constants.

In Table 4.10 and 4.11 we present our theoretical results for the hyperfine
line observed shift f, (1/Torr) in a case of the Rb-He and Cs-He pairs. The
experimental and alternative theoretical results by Batygin et al [11] for f, are
listed too. At present time there are no precise experimental data for a wide
interval of temperatures in the literature.

Table 4.10

The observed f, (10 1/Torr) shifts for the systems of the Cs-He and

corresponding theoretical data (see text).
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T,K | Experi- | Our | Theory?® | Theory® | Theory®
223 - 178 164 142 169
323 135 137 126 109 129
423 - 123 111 96 114
523 - 112 100 85 103




623 - 105 94 78 96
723 - 98 - - -
823 - 92 - - -

Note:* —calculation with using the He wave functions in the Clementi-
Rothaane approximation; ® — calculation with using the He wave functions in
the Z-approximation; ° —calculation with using the He wave functions in the
Léwdin approximation;

The theoretical data from Refs. [11] are obtained on the basis of calculation
within the exchange perturbation theory with using the He wave functions in the
Clementi-Rothaane approximation [42] (column: Theory®), and in the Z-
approximation (column: Theory®), and in the Léwdin approximation (column:
Theory®). The important feature of the developed optimized perturbation theory
approach is using the optimized relativistic orbitals basis, an accurate accounting
for the exchange-correlation and continuum pressure effects with using the
effective functionals [18,34].

The difference between the obtained theoretical data and other alternative
calculation results can be explained by using different perturbation theory
schemes and different approximations for calculating the electron wave
functions of heavy atoms. It is obvious that the correct account for the
relativistic and exchange-correlation and continuum pressure effects will be
necessary for an adequate description of the energetic and spectral properties of
the heavy atoms in an atmosphere of the heavy inert gases (for example, such as
Xe).

Table 4.11
The observed f, (10° 1/Torr) shifts for the systems of Rb-He and corresponding
theoretical data (see text).

T, K |Experi-| Our | Theory?| Theory | Theory ¢
223 | - | 113 | 79 | 67 | 81
323 105 101 73 56 75
423 - 89 62 48 64
523 - 80 55 43 56
623 - 73 50 38 50
723 | - 71 47 36 47
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(83| - |6 | - | - | - |
Note:* —calculation with using the He wave functions in the Clementi-
Rothaane approximation; ® — calculation with using the He wave functions in
the Z-approximation; ° —calculation with using the He wave functions in the
Lowdin approximation;

4.5 Conclusion

In this chapter a brief review of the experimental and theoretical works on
the hyperfine structure line collision shifts for heavy atoms in an atmosphere of
the buffer inert gases is given. A new, consistent relativistic perturbation theory
combined with the exchange perturbation theory, is presented and applied to
calculating the interatomic potentials, van der Waals constants, hyperfine line
collision shift and broadening for some heavy atoms in an atmosphere of the
buffer inert gases. It should be noted that the presented approach can be
naturally generalized in order to describe the energy and spectral characteristics
of other atomic systems and buffer mediums.

The calculation results on the hyperfine line collision shift and broadening
for the alkali (Rb, Cs), thallium, and ytterbium atoms in an atmosphere of the
inert gas (He, Kr, Xe) are listed and compared with available alternative
theoretical and experimental results. The obtained data for the ( 7/p) / f, ratio
allowed to confirm that the well-known Foley law I', ~ f, in the theory of optical
range spectral line broadening is incorrect for the spectral lines of transitions
between components of the hyperfine structure of the heavy multielectron
atoms.

The studying hyperfine structure line collision shifts and widths for
different heavy atomic systems in the buffer gases opens new prospects in the
bridging of quantum chemistry and atomic and molecular spectroscopy and
physics of collisions.

These possibilities are significantly strengthened by a modern
experimental laser and other technologies [10,50-56]. Really, new experimental
technologies in physics of collisions may provide a measurement of the atomic
and molecular collision spectral parameters with very high accuracy.
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Chapter 5
THE GREEN’S FUNCTIONS AND DENSITY UNCTIONAL APPROACH
TO VIBRATIONAL STRUCTURE IN THE PHOTOELECTRON
SPECTRA OF MOLECULES: REVIEW OF METHOD

5.1 Introduction

We present the basis’s of the new combined theoretical approach to
vibrational structure in photoelectron spectra of molecules. The approach is
based on the Green’s function method, which generalizes the Cederbaum-
Domske formalism, and quasiparticle density functional theory. It generalizes
the known Green’s function approach by It is presented a new procedure for
determination of the density of states, which describe the vibrational structure
in molecular photoelectron spectra.

A number of phenomena, provided by interaction of electrons with
vibrations of the atomic nuclei in molecules or solids under availability of of the
electron states degeneration is usually called as the Jahn-Teller effect. This
interaction may lead to local deformations, which are the reason of the
structural phase transitions in the solids (statical Jahn-Teller effect)or
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appearance of the connected electron-vibrational states (a dynamical Jahn-
Teller effect) [1-4]. Indeed, the physics of the interaction of electrons with
vibrations of the atomic nuclei in molecules or solids is more richer (c.f.[1-
111]). One could mention here a great field of the resonant collisions of
electrons with molecules, which are one of the most efficient pathways for the
transfer of energy from electronic to nuclear motion. While the corresponding
theory has been refined over the years with sophisticated and elaborate non-local
treatments of the reaction dynamics, such studies have for the most part treated
the nuclear dynamics in one dimension. This situation has resulted from the fact
that, as the field of electron-molecule scattering developed, both experimentally
and theoretically, the phenomena of vibrational excitation and dissociative
attachment were first understood for diatomics, and it seemed natural to extend
that understanding to polyatomic molecules using 1-D or single-mode models of
nuclear motion. However a series of experimental measurements of these
phenomena in small polyatomic molecules have proven to be uninterpretable in
terms of atomic motion with single degree of freedom. Reader can find more
details about this topic in the recent paper by Rescigno et al [4].

In last several decades quantum chemistry methods has been refined with
a sophisticated and comprehensive approaches of the correct interelectron
correlations and electron-nuclear dynamics treatments [9-49]. Very interesting
quote has been indicated by Bartlett and Musial and earlier by Wilson: “Ab
initio quantum chemistry is an emerging computational area that is fifty years
ahead of lattice gauge theory and a rich source of new ideas and new
approaches to the computation of many fermion systems” [26]. Following to ref.
[26] we repeat that driving these developments are the types of problems
addressed by quantum chemists, as shown in Fig. 5.1. Primary among these are
potential-energy surfaces (PES) which describe the behavior of the electronic
energy with respect to the locations of the nuclei, subject to the underlying
Born-Oppenheimer or clamped nuclei approximation. From the ground- and
excited-state wave functions one could in principle obtain all properties that
arise from a solution to vibrational Schrédinger equation that gives the
frequencies and with derivatives of the dipole moment, the infrared intensities
[26-39].
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Figure 1. The nature of quantum chemical problems (from ref. [26]).

Electronic excited states are also accessible along with electronic and
photo-electron spectra. The properties that arise from the one-particle density
matrix, such as dipole moments, hyperfine coupling constants, and electric-field
gradients, are readily available. From  even higher-order  electric-field
derivatives, one obtains hyperpolarizabilities, which determine nonlinear optical
behavior. From derivatives relative to atomic displacements in molecules, one
obtains anharmonic effects on vibrational-rotational spectra. In result , one could
mention that a main objective is an accurate solution of the Schrddinger
equation for molecules composed of comparatively light elements.

As it is often takes a place, the old multi-body quantum theoretical
approaches, which have been primarily developed in a theory of superfluity and
superconductivity, and generally speaking in a theory of solids, became by the
powerful tools for developing new conceptions in molecular calculations [50-
65]. Many of them offers a synthesis of cluster expansions, Brueckner’s
summation of ladder diagrams, the summation of ring diagrams Gell-Mann and
an infinite-order generalization of many-body perturbation theory MBPT (Kelly,
1969; Bartlett and Silver, 1974a, 1976. Using quantum-field methods in
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molecular theory allowed to obtain a very powerful approach for correlation in
many-electron systems. Only with this property are applications to polymers,
solids, or the electron gas possible, and, even for small molecules, its effects are
numerically quite significant. Configuration interaction methods, long the focus
of the correlation problem in quantum chemistry Shavitt, 1998, do not, in
general, have this property which is responsible for the emphasis on the coupled
cluster theory and its multi-body perturbation theory approximations (Kelly,
1969; Bartlett and Silver, 1974a, 1974b; Pople et al., 1976) in chemistry. For
more details, the history of coupled cluster theory is best told from the viewpoint
of some of its principal developers (look review [26]).

The Green’s method is very well known in a quantum theory of field,
quantum electrodynamics , quantum theory of solids (c.f.[61-63]). Naturally, an
attractive idea was to use it in the molecular calculations. Returning to problem
of description of the vibrational structure in photoelectron spectra of molecules,
it is easily understand that this approach has great perspective as it was shown
by Cederbaum et al (c.f.[65-68]). One could note that the experimental
photoelectron (PE) spectra usually show a pronounced vibrational structure.
Many papers have been devoted to treatment of the vibrational spectra by
construction of potential curves for the reference molecule (the molecule which
IS to be ionized) and the molecular ion.

Usually the electronic Green’s function is defined for fixed position of the
nuclei. As result, only vertical ionization potentials (V.I.P.’s) can be calculated
[65]. The cited method, however, requires as input data the geometries,
frequencies, and potential functions of the initial and final states. Since in most
cases at least a part of these data are unavailable, the calculations have been
carried out with the objective of determining the missing data by comparison
with experiment.

Naturally, the Franck-Condon factors are functions of the derivatives of
the difference between the potential curves of the initial and final states with
respect to the normal coordinates. One could agree here that highly accurate
calculations are necessary to obtain good results with the above methods. To
avoid this difficulty and to gain additional information about the ionization
process, Cederbaum et al [65-68] extended the Green’s functions approach to
include the vibrational effects and showed that the Green’s functions method
allowed the ab initio calculation of the intensity distribution of the vibrational

117



lines, of the vibrational frequencies of the reference molecule and its ions, and
of geometry shifts due to ionization and particle attachment. Besides, a great
advancement here is connected with a possibility of the quite exact calculation
of ionization potentials (I.P.’s) for molecules.

According to ref.[65], starting from Hartree-Fock (HF) calculation [71,72]
the electronic Green’s functions have been calculated applying a many-body
perturbation expansion. In this method the Koopmans’ defect, i.e., the difference
between the [.P. and the value derived from the Koopmans’ theorem, is
calculated directly, avoiding the usual subtraction of large numbers of roughly
equal magnitude.

Further let us remember that for larger molecules and solids, far more
approximate but more easily applied methods such as density-functional theory

(DFT) [40-42] or from the wave-function world the simplest correlated
model MBPT are preferred. Indeed, in the last decades DFT theory became by a
great, quickly developing field of the modern quantum computational chemistry
of atoms, molecules, solids.

Naturally, this approach does not allow to reach a spectroscopic accuracy
in description of the different molecular properties, nevertheless, the key idea is
very attractive and can be used in new combined theoretical approaches.

Here we present the basis’s of the new combined theoretical approach to
vibrational structure in photoelectron spectra of molecules. The approach is
based on the Green’s function method and Fermi-liquid DFT formalism [80-86].
It generalizes the known Green’s function approach by Cederbaum-Domcke (we
use this version as a starting basis).

The density of states, which describe the vibrational structure in
molecular photoelectron spectra, is calculated with the help of combined DFT-
Green’s-functions approach. In addition to exact solution of one-bode problem
different approaches to calculate reorganization and many-body effects are
presented. In all cases no data about the molecular ion are needed and all
transitions except those between linear and bent configurations are included.
The density of states is well approximated by using only the first order coupling
constants in the one-particle approximation.

It is important that the calculational procedure is significantly simplified
with using the quasiparticle DFT formalism Thus quite simple calculation
becomes a powerful tool in interpreting the vibrational structure of
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photoelectron spectra for different molecular systems.

5.2 The combined Green’s functions and density functional approach:
The Hamiltonian of the system and density of states in one —body solution

According to [65], the quantity which contains the information about the
ionization potentials and the molecular vibrational structure due to quick
ionization is the density of occupied states:

N, (€) = (1/ 27) [ dte” " (y, fa. (O)a, (®]w, ), (5.1)

where |¥,) is the exact ground state wavefunction of the reference molecule and

a (t)is an electron destruction operator, both in the Heisenberg picture. For
particle attachment the quantity of interest is the density of unoccupied states:

N, () = (U 270) [ dte” “(yola, (D3, O)w,)  (5.2)
Usually in order to calculate the value (1) states for photon absorption one

should express the Hamiltonian of the molecule in the second quantization
formalism. The corresponding Hamiltonian is as follows:

H=T.(0/0x)+Ty(0/0X)+U (X, X), (5.3)

where T, is the kinetic energy operator for the electrons, T, is the kinetic energy
operator for the nuclei, and U represents the interaction

U (X, X) =Ug (X) +U (X)) + U (X X) | (5.4)

where X denotes electron coordinates, X denotes nuclear coordinates,
U, represents the Coulomb interaction between electrons, etc.Below we follow
to original version of the Cederbaum-Domske approach to vibrational structure
of the molecular spectra. Further the following field operator is usually
introduced:
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‘P(R,H,X):Z ¢ (X,R,0)a,(R,0) (5.5)

where the ¢; are Hartre-Forck (HF) one—particle functions and the a; are
destruction operators for a HF particle in the state described by the subscript i.
Fixing 6(6=6,), the Hamiltonian in the occupation number representation is
given by [65]

H =Hp (R, 6) +Uxn(R,6) + Ty (0/0R), (5.6)

1
Hey =2 e (R)aja +§Zvijk,(R)ai‘a§a,ak

(5.7)
—Z Z [Vikkj(R)]aitaj’
ij kef (5'8)
Vi :<ij‘ez‘r B rl‘_l‘kb (5.9)

The ¢, (R) are the one-particle HF energies and f denotes the set of orbitals

occupied in the HF ground state. As usually in the adiabatic approximation one
could write the eigenfunctions to H as products [x,R,d,). x|R), ,and further

expand < (R), Vy(R), and U, (R,6) about R, leaving the operators a and
a; unchanged:

H :Z Ci(RO)aitai +%Z VijkI(Ro)aitatjalak -

_Z z [Vikjk(RO)_Vikkj(Ro)]aitaj ++Z [Z {gslj (R=Ry)+

i kef s=1

Mo[ 0 e t 0
Z (Rs_Rso)(Rs'_Rs'O) ]aiai+"'+UNN(R0’90)+“'+TN D
. R
(5.10)
where M is the number of normal coordinates.
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Choosing Ry as the equilibrium geometry on the HF level and introducing
dimensionless normal coordinates Qs one can write the following Hamiltonian
(the subscript 0 stands for Ry):

H=H,+H,+H +HQ (5.11)

H, = z a +- Zvukl a,a,3, -

, (5.12)
Z Z Vi (Rg) = Vi ( )]a
i,j kef
M
H, :hz a)s(b;bS +
s=1
M
HE =278 [ j (b, +b)lata, ~n ]+
s=1
I o 406+l ). 619
4 i s,s'=1 8(?s,8
MoV
H® =27%%%" ( ”"'j (b, +b}) [, afa’a, +
s=1 s 0
+5v2a,akaiaj +2&/3ajaka|ai]
M o\
IS | S | b b, +
8 s,s'=1 aQsaQs 0
+b.[dv, ajaja, + M,aa.aa; +20,a;8,a8]
(5.14)
n =1 ief, oo, =1 (ijkeo;
=0, e f, =0 (ijk) ¢ o, (5.15)

where the index set v; means that at least 4, and ¢ 0or ¢ and ¢,are unoccupied,
v, that at most one of the orbitals is unoccupied, and v; that ¢, and ¢,or ¢ and
¢, are unoccupied.
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Besides, here for simplicity all terms leading to anharmonicities are
neglected. The w,are the HF frequencies and the b, and b; are destruction and

creation operators for vibrational quanta defined by

Q, =W2)(b,+b)), (5.16)
010Q, =(1/2)(b, - b)) (5.17)

The interpretation of the above Hamiltonian is given in ref. [3].
The HF-single-particle component H, of the Hamiltonian (9) is as

follows:

M
Ho= 3 e(R)aa +. o, (b, +3) +
s=1

+§_1: Z 2‘”{%)[@@ —n](b, +b}), +

le (6386(1)] [aia; —n;1(b, +bg) (b, +b;) (5.18)

Correspondingly in the one-particle picture the density of occupied states is
given by [65]

1 7 iner
Nf(e)zﬁf dte" “(®,| al(0)a, (t) ®,), ke f

(5.19)
and the density of unoccupied states by
1 T inter
NS (e) === [ dte" (| a, (1)} (0)] @,),
27th =, , (5.20)
ke f
. inH —inTHt
with a (t)=e ae . (5.21)
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Here |@,) is the product of the electronic and vibrational ground states, i.e.,
[@y) =| D) 0y, where |d,) is the ground state to the HF operator
> &(R)aja, and | O)is the state containing no vibrational quantum,
ie,b| 0=0 for all s.

From definitions (5.19) and (5.20) it follows immediately that [65]

[ee]

+inH

0 _ 1 in ™t (e—e )t of
Nk(e)—%:[o dte © e 0y, (5.22)
with
M M
Z wbb, Z 0¥ (b, + b))
s=1 s=1
+ Z Ve (b, + ;) (b, + ;) (5.23)
s,s'=1
where
- 1 ( Ce
I :i_ g B ’
g Z(GQJO 5.24)
- 1( o%.
i —4+= i
Vo =% ( 0.0, l (5.25)

As a first step in the evaluation of Eg. (22) new operators

i (b + A0) (5.26)

1=1

with real coefficients &', 2 were introduced in ref. [65]. The coefficients
2, 2 are now determined in such a way that H,, expressed in the new
operators, takes the form

- M M
=Y hdLC, + Y. G(c, +C)+k. (5.27)

s=1 s=1
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Inserting the inverse transformation
o | Is At
b,=>" A'c, - 4c) (5.28)
1=1

in Eg. (23) and comparing with Eg. (28) we obtain the equations
Y he (B4 + 225 +2) ) (R =) A —24)=0 (s=S)
| "
(5.29)

Z ho(B' 2 + A 4) ~ = ZZ A =)A= A4")=0 (5.30)

ha, =Y hoy(4 +23)°, (5.31)
6.=> 94 +4), (5.32)
k=3 %(h&),—ha)l). (5.33)

Equation (5.12) and (5.13) together with Egs. (5.10) and (5.11) constitute
a system of 2M? independent equations for the 2M? unknown coefficients

A4, 23 . Solution of this system yields the change in normal coordinates in terms
of the coupling constants y... Equations (32)-(32) determine the vibrational
frequencies @, of tion, the new coupling parameters §,and the constant k.

The next unitary operator

U= ]MYexp[f. (¢ —c)l
/] (5.34)

diagonalizes H, if

(5.35)
IS chosen:
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UHU' =" haclc, +Ae (5.36)

with
Ae=k—> §2/na,. (5.37)

Then the equation (14) can be rewritten as follows [13]:
N; (€) = iJ. dt exp[iz (e — €, £ Ae)t]
27th

(Q Ut exp[ir iZc?)Sc;cstjU\ 0)

(5.38)
or using the symbol | iy for states belonging to operators
c,.i.e.,c.c;| iy =ny Ay, (5.39)
the density of states takes the form
N@E)= > | (AU [0) [S(e—e, +Ae £n-1éD) (5.40)

5.3 The Cederbaum-Domske approach to the many-body problem

Below we give the Cederbaum-Domske perturbation theory approach to
ab initio calculation of frequencies, geometry shifts, and Franck-Condon factors
starting from the one-particle picture discussed above.

In a diagrammatic method in order to obtain the function N,(e) one

should calculate the Green’s function G,,.(¢) first:

Guele) =i [ dte" " (yo| T{ 8, 020) } o) (5.41)

where T is Wick’s time ordering operator and the function N, (¢)then follows
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from relation

N, (e)=almG,, (e —ain), (5.42)
a = —signe, , where 7is a positive infinitesimal.
Choosing the unperturbed Hamiltonian H, to be

Ho=2 caa +Hy (5.43)
one finds for the corresponding Green’s functions
Gy (€) = S /(e — ¢, —ain) (5.44)

The Dyson equation is
Gy = GI?k' + 2 , Glgkzkk"Gk"k' (5.45)
kll

relates the Green’s functions to the free ones introducing a new function
T, () called the (proper) self-energy part.

In in order to calculate =,,., a well-known diagrammatic method is used.

It is useful to remind that the sum of Feynman diagrams leading to the self-
energy part is shown in Fig. 1. All notations are standard.
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Figure 5.1. The sum of diagrams contributing to the self-energy part

The one-body problem treated above results in the exact solution of the
Dyson equation with the self-energy part given by the infinite number of

diagrams shown in the first row of Fig. 1 and the corresponding Green's function
is as follows [65]:

G2 (t) = +5, iexpl-in (s, F Ack]x ZKﬁk U, \O)‘Z exp(+in, - &,t)

(5.47)
The corresponding Dyson-like equation is as follows:

Gkk ) GkokB ZG ebkk”Gk’k’(e)

(5.48)
where O,,., isequal to =,,., less the diagrams of the first row in Fig. 5.1

The perturbation expansion of @ is shown in Fig. 2 where iGy’, is
symbolized by a double solid line.

[0-X-E0 - ¥0- 100

Figure 5.2. Perturbation expansion of ®y
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The expression for the sum of the first two diagrams appearing in Fig. 5.2
are written by a standard way [65]:

( klij _Vklij )‘/k’IiJUn |Un]JUnI n

,;F . Z e +E —E —E,

lgF

( inj _Vklij )‘/k IuUnlUn JUI’]|

+,ZFZ e +E —E —E,

leF
nii= <ﬁi Ui O>‘2

E =€, FA €

U

hn; - & (5.49)

+I

The direct method for calculation of Ni(e) as the imaginary part of the
corresponding Green's function implicitly includes the determination of the V. I.
P. s of the reference molecule and then of Nk (e)- The zeros of the functions

D, (€)= —[e” +x2(e)}, (5.50)

where (¢ +x), denotes the kth eigenvalue of the diagonal matrix of the one-

particle energies added to the matrix of the self-energy part, are the negative V.
I. P.'s for a given geometry.
Further it is easily to write:

V.I.P), =—(e, +F.). (5.51)

F :Zkk(_(\/-lp-)k)z : 2kk(ek)- (5.52)

Expanding the ionic energy E}*about the equilibrium geometry of the reference

molecule in a power series of the normal coordinates of this molecule leads to a
set of linear equations in the unknown normal coordinate shifts 6Qs, [65]
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(e +R)) _5o (e +R)
( aQs JO_Z;( aQsaQS’ joéQS!’ (5.53)

az(ek+Fk) _ _
—{[a—Q;l ha)s:léQs,S—l...M,

where o, are frequencies of the reference molecule.
The new coupling constants are then:

= J_r(llﬁla(ek +F)I6Q |, (5.54)
Vi = i(%j[@z(ek +F)/0Q,10Q,],

Further it can be shown [65-67] that the coupling constants ¢, and Y, are

calculated by the well-known perturbation expansion of the self-energy part
using the Hamiltonian Hgy of Eq. (6). In second order one obtains:

2) _ (Vksij _Vksji }‘/ksij (Vksij _Vksji )‘/ksij
Zkk(e) ;e+es—ei—ej +i,zj“e+es—ei—ej (5.58)
seF seF

and the coupling constant g, can be written as

L 1o 14010y (-1, P

R 1 ©/09)> W[-VIP)] " (5.59)
where
Z (Vksij _Vksji )2 {5 € 0 € _ 0 €; }
0 - [FVIP)+e —e-¢FloQ aQ oQ 550

(Vksij _Vksji

o€,
oQ, Z [—(V.I.P.)k+ € — ¢ —ej]z
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It is suitable to use further the pole strength of the corresponding Green's
function

Py ={1—%Zkk[—(\/.|.p)k]} 1> p, >0, (5.61)
g, = glo[pk + 0 (Pk _1)]’ 9’ =420 ¢, /10Q (5.62)

Below we firstly give the DFT definition of the pole strength

corresponding to V. I. P.'s and confirm earlier data [65]:
p=0,8-0,95.

The closeness of p¢ to 1 in fact means that a role of the multi-body
correlation effects is small (g, =~ g/).

The above presented results can be usefully treated in the terms of the
correlation and reorganization effects. Usually it is introduced the following
expression for an I.P.:

— (Vkikj _Vkijk) 1 (Vkijl _Vkilj) (
(LP), =—¢ _,-;F?_Ei;ek P—p— 1-5)
j.leF

1 (Vk _Vk' )2
2 ?Q‘%F & +J;qi - equp— < (1_5kpxl_5kq)

(5.64)

The first correction term is due to reorganization, the remaining correction
terms are due to correlation effects. Then the coupling constant g,, can be
written as

(Vkijl _Vkilj )2

KKKj 11 jer

9~ 9 1+ZK—T"
. iF \&j ~ € "2 (ijpq _ijqp)2

+ 2

)2 (1_5ki)+

-5, J1-5,)
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(5.65)

The second coupling constant can be written as

il 7ll(gl J \/_gl oQ ( ] (5.66)

Notice that 7 can be defined analogously to g°.

5.4 Quasiparticle Fermi-liquid density functional theory

In this chapter we present the quasiparticle Fermi-liquid version of the
DFT theory, starting from the problem of searching for the optimal one-electron
representation and following to refs. [80-87,111]. Two decades ago Davidson
had pointed the principal disadvantages of the traditional representation
based on the self-consistent field approach and suggested the optimal
"natural orbitals" representation [22,23]. Nevertheless there remain
insurmountable calculational difficulties in the realization of the Davidson
program.

One of the simplified recipes represents, for example, the Kohn-
Sham DFT theory [40-42]. In ref. [111] the QED DFT version, based on the
formally exact QED perturbation theory (PT), has been developed and a new
approach to construction of the optimized one-quasiparticle representation has
been proposed. In fact this approach is based on the energy approach, which is
well known in the theory of radiative and non-radiative decay of the quasi-
stationary states for multielectron systems. The energy approach uses the
adiabatic Gell-Mann and Low formula [59] for the energy shift 6E with
electrodynamic scattering matrices. In a modern theory of molecules there is a
number of tasks, where an accurate account for the complex exchange-
correlation effects, including the continuum pressure, energy dependence of a
mass operator etc., is critically important. It includes also the calculation of the
vibration structure for the molecular systems. In this case it can be very useful
the quasiparticle DFT [80-87].
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In order to get the master equations and construct an optimal basis of the
one-particle wave functions ¢, one could use the Green’s function method. Let

us define the one-particle Hamiltonian for functions ¢, so that the Greens’
function pole part in the (¢,) representation is diagonal on A. Starting equation
is the Dyson equation for multi-electron (for example atom or molecule):

(g—p2/2+zza/ra)-G(x,x’,g)—jdx’z(x,x’,g):5(x—x’) (5.67)

where x=(r,s) are the spatial and spin variables, s~ is the mass operator; Z , as
usually, a charge of a nucleus (nuclei) «a», G is the Green’s function. In the
representation of auxiliary functions ¢/ the equation (5.67) has the following
form:

(c-5,, -[p?—zzr—u Y (%, X,6)],, )G, =5, (5.68)

(24

where 4, is an index of summation. It is natural to choose ¢, so that the
following expression will be diagonal:

[pZ/Z—ZZa/ra+Z(X,x/,g)]Ml =E/1(8)-5M1 (5.69)
Then the Green’s function is diagonal on A :
G, =G, 3,,,G, =1 —E,(¢)] (5.70)
and the functions ¢/, which diagonalizes G , satisfy to equation as follows: :

(P*12-2.2,17,)¢,(x &) +

(5.71)
+ [ 206X ), (%, £)dx, — E, ()9} (%, )

One could introduce the mixed representation for a mass operator as follows:
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> (% p.8) = [ D (6 X, &) expli(r — 1) pldr; (5.72)

Then equation (5.71) with account for of the expression (5.72) can be
written as follows:

[pZ/Z—ZZa/ra +Z(X, p, &), (X, &) =

(5.73)
=E, ()9} (x,€)

It can be shown that an operator p =iv in (5.67) acts on functions which
are on the right of Z(x, p,€). So, in order to find the one-particle energies,
defined by the pole part of the Green’s function G, it is sufficient to know the
functions q)ﬁ under ¢ = ¢, . The Greens’ function pole part is as follows:

G, =a%5, le—¢, +iy;) (5.74)
where

a* =1/(1-0E, / 8¢)|,_,,,(CE 1 d¢) |,_, =(CE/¢) |,

g=¢g, !

&, =E,(&)={p*12-D.Z, It + > (X, p. &)} (5.75)

The functions ¢! (x) = ¢, (x,&,) are satisfying to following equation:

[p’ /Z_Zza It, +Z(X’ p.&)lo, =€,0,(X) (5.76)

Introducing an expansion for self-energy part Z into set on degrees

X,e—&g,p°—pg (here & and p. are the Fermi energy and pulse

correspondingly):
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D pe)=D o (X)+ (0 lop*)(p* - pE) +
+ (52/85)(8 —&:)+ ..

then equation (5.76) is rewritten as follows:

[p?12-2"Z, 11+ o(X)+ P8 /op*) pl®,(x) =

(5.77)
=(1-0) log)e,®,(x)

The functions @ ; in (77) are orthogonal with a weight:

pcl=at =[1-03 fes].
Now one can introduce the wave functions of the quasiparticles:

_1/2
@, =a "D,

which are, as usually, orthogonal with weight 1.
For complete definition of {@,} it should be determined the values

> 0.0> 1op?,0> loe . Naturally, the equations (5.77) can be obtained on the basis
of the variational principle, if we start from a Lagrangian of a system L,

(density functional). It should be defined as a functional of the following
quasiparticle densities:

vo(r)=n, |@,(r)[,
A

() =n, |V, N[, (5.78)
A

Vv,y(r) = Z n, [CDZCIM - CDZCIM]-
7

The densities v, and v, are similar to the HF electron density p (po=v-a)and
kinetical energy density correspondingly; the density v, has no an analog in the

HFock or standard Kohn-Sham theory and appears as result of account for the
energy dependence of the mass operator 5~ . Lagrangian L, can be written as
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sum of a free Lagrangian and Lagrangian of interaction:

0 int
Lq=Lq+L'q”,

where a free Lagrangian Lg has a standard form:
L0 = jdr; n, @ (i0/0t—&,)®,, (5.79)

And an interaction Lagrangian is defined in the form, which is characteristic for
a standard (Kohn-Sham) density functional theory (as a sum of the Coulomb and
exchange-correlation terms), however, it takes into account for the energy

dependence of a mass operatorz ;

_ 2
L, _% S [ BF (i (v, (n)dndr,  (5.80)

i,k=0

where g, are some constants (look below), F is an effective potential of the

exchange-correlation interaction. Let us explain here the essence of the
introduced constants. Indeed, in some degree they have the same essence as
similar constants in well-known Landau Fermi liquid theory and Migdal finite
Fermi-systems theory. The Coulomb interaction part L, looks as follows:

L =—%J.[1—Z (D)o (R -
_Z () () /| —r, [drdr,

(5.81)

where 3, =00

Regarding the exchange-correlation potential F, it should be noted the
there are many possible approximations (directly in the DFT and its modern
generalizations). Earlier in our atomic and molecular theories we use the
following form:
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F(r,r,)= X(Idl’p(o)lls(l’)/h’—I’1||I’—I’2|—
—(jdr pLOM3(r! )/‘rl—r"-
-Idr”pé")”s(r”)/‘r” ‘)/<,0(0)1/3

< péO)1/3 >:jdrp§°)l’3(r) (5.82)

where X is the numerical coefficient.

It has been obtained in the refs. [80-87] on the basis of calculating the
Rayleigh-Schrédinger perturbation theory Feynman diagrams of the second and
higher order (so called polarization diagrams) in the Thomas-Fermi
approximation. The corresponding relativistic generalization of the potential
(5.82) looks as follows [76]:

Foo (1;) = X(jdr’ (O)lls(r’)H(r’)/‘r —r’Hr’ —rz‘—

(Idl’l (0)1/3(r )Q(r )/‘r U’dr// (0)1/3(I’”)9(|’”)/

e =n1 < pM ),

< p >= [drp® (r)o(r)
(5.83)
o(r) ={1+[37°p” (N1*° 1c”¥"2,
where c is the light velocity.

Another alternative expression has been introduced by Victor- Laughlin-
Taylor (c.f. refs. [24,25]):

(04
F(rllrz):r__ 2d2 pl(C03912)W3(r2 /ro)Ws(rz /ro)_
12 112

(5.84)
(cos&y, )W, (1, /r)w, (r, /1,)
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where p, are the Legander polynomials, cosé,, =r, r,/(rr,).
In the local density approximation in the density functional the potential F
can be expressed through the exchange-correlation pseudo-potential V. as
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follows [87]:

F(rr) =Ny /0vy-o(r—r,). (5.85)

Further, one can get the following expressions for > ; = —éL‘qm lov, :

ZO :(1_Ze)VK _I_ng_l_
+%ﬁ0052\/xc | 6V* -Vg + LNy [ OVy - vy +

+ Ly Ny 1OV, v, + /30152\/XC /51/5 VoV, +
+ ,Boz5zvxc /5‘/5 VoV, + BNy 16V -V,

Zl = BNy [ 0Vy vy + BNy [V, v, +
+ BNy [ 0vy vy,

Zz = LNy 1 6Vy Vo + BNy [ vy vy +

+ BNy [0V -V,
(5.86)

Here V, is the Coulomb term (look above), ZSX Is the exchange term. Using

the known canonical relationship:
Hy =@, /5D, +®,8,/5D, - L,

after some transformations one can receive the expression for the quasiparticle
Hamiltonian, which is corresponding to a Lagrangian L,:
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0 in 0
Ho=Hj+H=H;-L, +

q

+%ﬂOOéVXC 18V, -V +
1
+ ﬂOléVXC /5‘/0 VoV t+ Eﬂﬂé\/xc /51/0 . V12 — (587)

1
_Eﬂzzévxc [6v, ‘Vz2

Further let us give the corresponding comments regarding the constants
Bk
First of all, it is obvious that the terms with constants Sy, 81, B B

give omitted contribution to the energy functional (at least in the zeroth
approximation in comparison with others), so they can be equal to zero. The
value for a constant f,, in some degree is dependent upon the definition of the

potential V. .
If as V. it is use one of the correct exchange-correlation potentials from

the standard density functional theory, then without losing a community of
statement, the constant g,, can be equal to 1. The constant f,, can be in
principle calculated by analytical way, but it is very useful to remember its
connection with a spectroscopic factor Fg,of atomic or molecular system (it is

usually defined from the ionization cross-sections) [60]:

0

Fy ={1—£Zkk[—(\/.l.P.)k]} (5.88)

The term 0> loe is defined above.

It is easily to understand the this definition is in fact corresponding to the
pole strength of the corresponding Green's function [62].
In further calculation as potential V,. we use the exchange-correlation

pseudo-potential which contains the correlation (Gunnarsson-Lundgvist)
potential and relativistic exchange Kohn-Sham one [40-42]:

Vi (r) = f(O)V, (r)-0,0333-IN[1+18376- p*3(r)]  (5.89)
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where
Vy == n)[37% - p(r)]"®

is the Kohn-Sham exchange potential, 8 =[37z2p]"3/c, and function f(8) is as
follows:

f(0) =3[0+ (0 +1)Y?]/[26(0% +1)"?]-1/2 (5.90)

Using the above written formula, one can simply define values (61), (88).
As example in table 1 we present our calculational data for spectroscopic factors
of some atoms together with available experimental data and results, obtained in
the Hartree-Fock theory plus random phase approximation.

Further, let us give a short comment regarding an universality of the
constants . From the point of view of the analogous universality of the
constants in the well-known Landau Fermi-liquid theory and Migdal finite
Fermi-systems theory [62]. Indeed, as we know now, the entire universality of
the constants in the last theories is absent, though a range of its changing is quite
little.

Without a detailed explanation, we note here that the corresponding
constants in our theory possess the same universality as ones in the Landau
Fermi-liquid theory and Migdal finite Fermi-systems theory. More detailed
explanation requires a careful check.

Further it is obvious that omitting the energy dependence of the mass
operator (i.e. supposing f,, =0) the quasiparticle density functional theory

can be resulted in the standard Kohn-Sham theory.

Table 5.1.
Spectroscopic factors of the external ns? shells of some atoms and ions

Tn

Atom, ion Tepm N Fsp Fexo Frea
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0,56
A 1 3 0,60 ’
' 3 0,70
0,34
TV 1 3 0,50 ’

> 0,60
Xe 1s 5 0,36
TI 20 6 0,36
Pb* 20 6 0,33
Pb 3 6 0,34
Pb 1p 6 0,34
Pb 1s 6 0,34
Bi* 3p 6 0,32
Bi 4 6 0,33
Bi 25 6 0,33
Bi 20 6 0,33
Po* 4 6 0,31
Po 3 6 0,31
Po 15 6 0,31
Po 15 6 0,31
As’ 3p 6 0,30
As 20 6 0,30
As 1s 6 0,31
RN 20 6 0,29

Table 5.1 (continuation).
Spectroscopic factors of the external ns? shells of some atoms and ions

Rn 1s 6 0,29

Fr' 1s 6 0,28
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Fr 25 6 0,28
Ra 1s 7 0,43
Ac 2p 7 0,41
Ac 2r 7 0,42
Th 3u 7 0,41
Th 3k 7 0,42
Pa 4 7 0,42
U SL 7 0,42

~

Note: F, - experimental value of spectroscopic factor; Fg., is the value,
obtained in the random phase approximation with exchange.

In this essence the presented approach to definition of the functions basis {®,}
of a Hamiltonian H, can be treated as an improved in comparison with similar
basises of other 1-particle representations (HF, Hatree-Fock-Slater, Kohn-Sham
etc.). Naturally, this advancement can be manifested during studying those
properties of the multi-electron systems, when accurate account for complex
exchange-correlation effects, including continuum pressure, energy dependence
of mass operator etc., is critically important.

5.5 The application of the combined Green’s function method and
guasiparticle DFT approach to diatomics

We choose the diatomic molecules of N,, CO (and some others) for
application of the combined Green’s function method and quasiparticle DFT
approach. In ref. [65] it has been shown that the diatomics spectra can be in
principle reproduced by applying a one-particle theory with account of the
correlation and reorganization effects. The corresponding coupling constants
depend on the balance of these effects.  The nitrogen molecule has been
naturally discussed in many papers. The valence V. I. P. 's of N, have been
calculated [61,62,65] by the method of Green's functions and therefore the pole
strengths py are known and the mean values gy can be estimated.

In should be reminded that the N, molecule is the classical example where
the known Koopmans' theorem even fails in reproducing the sequence of the V.
I. P.'s in the PE spectrum. From the calculation of Cade et al.[71,72] one finds

that including reorganization the V. I. P. 's assigned by o,and o, improve while
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for the m V. I. P. the good agreement between the Koopmans value and the
experimental one is lost, leading to the same sequence as given by Koopmans'
theorem.  The above-mentioned Green's functions calculation which takes
account of reorganization and correlation effects leads to the experimental
sequence of V. I. P.'s. In Table 2 the experimental V. I. P.'s (a), the one-particle
HF energies (b), the V. I. P. 's calculated by Koopmans' theorem plus the
contribution of reorganization (c), the V. I. P. 's calculated with Green's
functions method (d), the combined Green’s functions and DFT approach (e)
and corresponding pole strengths (d,e) are listed.

Table 5.2.
The experimental and calculated V. I. P.'s (in eV) of N,. Ry is the contribution of
reorganization; py stands for pole strength.

Exp

© Calc® Calc®

= b d e
= V;P Sk &S aps | P vaps| P
30. | 156 | 174 16,0 15,5 0,9 15,5 0,9

«

1z, | 16,9 [17,1| 157 16,8 | 0,9 16,8 0,9
20,188 1209 199 186 | 0,9 18,6 0,8

Therefore, the results, obtained within the Green functions approach and
combined method are very much close. Taking into account a simplification of
the calculational procedure within the DFT approach, the generalized
Cederbaum et al theory looks more attractive else.
As it’s known, of the three bands in the experimental low-energy spectrum of N,
molecule (Fig. 3), only the In, band exhibits a strong vibrational structure.
When a change of frequency due to ionization is small, the density of states can
be well approximated using only one parameter g:
= gn
N (e) = Ze_s —
n=0

v Sle—¢g +Aeg, +n-1d)

(5.70)
S =g*(ho)”
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In case if the frequencies change considerably, the intensity distribution of the
most intensive lines can analogously be well approximated by an effective
parameter S. In fig.3 the experimental and calculated photoelectron spectra for
the N, molecule are presented.
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Figure 5.3. Experimental [65]and calculated PE spectra N,; Uppermost spectrum
is calculated with S° and Eq. (70). The middle spectrum is calculated with S
values from (62) (see text).

The uppermost spectrum is calculated with S° (i.e. the constant S
calculated with g° ) and Eq. (5.70) [13]. The middle spectrum is calculated with
values of S from Eq. (5.62). It is important to note that the original Green’s
functions and combined Green functions +DFT approach coincide in the scale of
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the figure. In a whole the agreement between the calculated spectrum (corrected
g ) and the experimental one is improved. As another example, the molecule CO
can be considered.

The experimental and calculated photoelectron spectra for CO molecule
are listed in Fig.4. One can see quite physically reasonable agreement between
experiment and theory. The original Green’s functions [13] and combined
Green’s functions +DFT approach practically coincide.
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Figure 5.4. The experimental [65] and calculated photoelectron spectra of CO.
The upper spectrum is calculated with S° and Eq. (70) (see text).
On inclusion of the anharmonicites it should be mentioned that a theory can be
generalized by means a standard normal coordinate expansion of Hamiltonian to
third and higher orders and correspondingly the theory of the density of states
functions Ny developed above can easily be generalized too.
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5.6 Summary

In this chapter it has been presented a new combined theoretical approach
to vibrational structure in photo-electron spectra of molecules, which is based
on the Green’s function method and DFT [80-87,111]. In fact approach
presented generalizes the standard Green’s function approach [65-68]. The
density of states, which describe the vibrational structure in molecular
photoelectron spectra, is calculated with the help of combined DFT-Green’s-
functions approach. It is important that the calculational procedure is
significantly simplified with using the quasiparticle DFT formalism.
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